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Background

The identification of the non-degenerate normalized n-block maxima with the Fréchet, Gumbel, or Weibull
random variables is the collective product of a number of probabilists working in Europe from the 1920’s to
the 1940’s. For a survey of the important proofs, see [2].

This was a foundational result that helped define statistics and probability as a distinct sub-field of
mathematics.

Today it is referred to as the “first extreme value theorem”, because an extension was discovered in
the 1970’s that connected it with, and provided a theoretical foundation for, a panoply of contemporaneous
empirical “power-law” results. This is now termed the “second extreme value theorem”.

The Second Extreme Value Theorem

The second theorem says, in brief, that the relative probabilities of sufficiently extreme events are arbitrarily
similar to the relative probabilities one would assign to a generalized Pareto random variable.

I would like to give an informal demonstration of this connection here. Please see [1] for a more careful
treatment.

Let’s start with the excess distribution. If a random variable X has distribution F (·), the “excess distri-
bution” is

Fη(x) , P [X − η ≤ x|X > η]

=
F (x+ η)− F (η)

1− F (η)

= 1− 1− F (x+ η)

1− F (η)

Let’s further assume that the normalized n-block maxima converges to a Fréchet (other cases are simi-
lar). This means that for some sufficiently large n,
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(
−(1 + ξx)−1/ξ

)
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or

F (x) ≈ exp

(
− 1

n

(
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x− bn
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)

≈ 1− 1

n

(
1 + ξ
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where we are using the approximation e−x ≈ 1− x for small x in the second line.
Substituting this into the excess distribution, we get

Fη(x) ≈ 1−

(
1 + ξ x+η−bncn

)−1/ξ

(
1 + ξ η−bncn

)−1/ξ

= 1−
(
1 + ξ

x

cn + ξ(η − bn)

)−1/ξ

So, defining β(η) , cn + ξ(η − bn), we get the result

Fη(x) ≈ 1−
(
1 + ξ

x

β(η)

)−1/ξ

which says that the excess is approximated by a generalized Pareto.
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