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[08.1] Let T € Homy(V) for a finite-dimensional k-vectorspace V, with k a field. Let W be a T-stable
subspace. Prove that the minimal polynomial of T" on W is a divisor of the minimal polynomial of 7" on V.
Define a natural action of T' on the quotient V/W, and prove that the minimal polynomial of T on V/W is
a divisor of the minimal polynomial of 7" on V.

Discussion: Let f(x) be the minimal polynomial of T on V', and g(x) the minimal polynomial of T on W.
(We need the T-stability of W for this to make sense at all.) Since f(T) = 0 on V, and since the restriction
map

Endy (V) — End; (W)

is a ring homomorphism,
(restriction of) f(t) = f(restriction of T')

Thus, f(T) =0 on W. That is, by definition of g(z) and the PID-ness of k[x], f(x) is a multiple of g(z), as
desired.

Define T'(v 4+ W) = Tv+ W. Since TW C W, this is well-defined. Note that we cannot assert, and do not
need, an equality TW = W, but only containment. Let h(z) be the minimal polynomial of T' (on V/W).
Any polynomial p(T) stabilizes W, so gives a well-defined map p(T) on V/W. Further, since the natural
map

El’ldk(V) — Endk(V/W)

is a ring homomorphism, we have

p(T) (0 +W) =p(T)(v) + W =p(T)(v + W) + W = p(T)(v + W)
Since f(T) =0on V, f(T) = 0. By definition of minimal polynomial, h(z)|f(z). ///

[08.2] Let T € Homy (V) for a finite-dimensional k-vectorspace V, with k a field. Suppose that T is
diagonalizable on V. Let W be a T-stable subspace of V. Show that T is diagonalizable on W.

Discussion: Since T is diagonalizable, its minimal polynomial f(z) on V factors into linear factors in
k[z] (with zeros exactly the eigenvalues), and no factor is repeated. By the previous example, the minimal
polynomial g(z) of T on W divides f(x), so (by unique factorization in k[x]) factors into linear factors
without repeats. And this implies that 7" is diagonalizable when restricted to W. ///

[08.3] Let T € Homg (V) for a finite-dimensional k-vectorspace V', with k a field. Suppose that T is
diagonalizable on V', with distinct eigenvalues. Let S € Homy (V) commute with T, in the natural sense that
ST =TS. Show that S is diagonalizable on V.

Discussion: The hypothesis of distinct eigenvalues means that each eigenspace is one-dimensional. We have
seen that commuting operators stabilize each other’s eigenspaces. Thus, S stabilizes each one-dimensional
M-eigenspaces V) for T. By the one-dimensionality of V), S is a scalar uy on V). That is, the basis of
eigenvectors for T is unavoidably a basis of eigenvectors for S, too, so S is diagonalizable. ///

[08.4] Let T € Homg (V) for a finite-dimensional k-vectorspace V', with k a field. Suppose that T is
diagonalizable on V. Show that k[T] contains the projectors to the eigenspaces of T.

Discussion: Though it is only implicit, we only want projectors P which commute with T
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Since T is diagonalizable, its minimal polynomial f(z) factors into linear factors and has no repeated factors.
For each eigenvalue A, let fy(x) = f(x)/(z — A\). The hypothesis that no factor is repeated implies that the
ged of all these fx(z) is 1, so there are polynomials ay(z) in k[z] such that

1= Za,\(if) ()
)

For p # A, the product fy(x)f.(x) picks up all the linear factors in f(x), so

f/\(T)fu(T) =

Then for each eigenvalue p

(au(T) £u(T))? = (au(T) ful1)) (1 = Y ax(T) FA(T)) = (au(T) fu(T))

AFp

Thus, P, = a,(T) fu(T) has P? = P,,. Since fx(T)f.(T) = 0 for A # p, we have P, Py = 0 for X # . Thus,
these are projectors to the eigenspaces of T', and, being polynomials in 7', commute with 7.

For uniqueness, observe that the diagonalizability of T implies that V is the sum of the A-eigenspaces V)
of T. We know that any endomorphism (such as a projector) commuting with T stabilizes the eigenspaces
of T. Thus, given an eigenvalue A of T, an endomorphism P commuting with 7" and such that P(V) = V),
must be 0 on T-eigenspaces V,, with u # A, since

P(V,)CV,NVy=0

And when restricted to V) the operator P is required to be the identity. Since V is the sum of the eigenspaces
and P is determined completely on each one, there is only one such P (for each ). ///

[08.5] Let V be a complex vector space with a (positive definite) inner product. Show that T' € Homy (V)
cannot be a normal operator if it has any non-trivial Jordan block.

Discussion: The spectral theorem for normal operators asserts, among other things, that normal operators
are diagonalizable, in the sense that there is a basis of eigenvectors. We know that this implies that the
minimal polynomial has no repeated factors. Presence of a non-trivial Jordan block exactly means that the
minimal polynomial does have a repeated factor, so this cannot happen for normal operators. ///

[08.6] Show that a positive-definite hermitian n-by-n matrix A has a unique positive-definite square root
B (that is, B? = A).

Discussion: Even though the question explicitly mentions matrices, it is just as easy to discuss
endomorphisms of the vector space V = C".

By the spectral theorem, A is diagonalizable, so V' = C" is the sum of the eigenspaces V) of A. By hermitian-
ness these eigenspaces are mutually orthogonal. By positive-definiteness A has positive real eigenvalues A,
which therefore have real square roots. Define B on each orthogonal summand Vy to be the scalar v/A.
Since these eigenspaces are mutually orthogonal, the operator B so defined really is hermitian, as we now
verify. Let v = ), vy and w = ) Wy be orthogonal decompositions of two vectors into eigenvectors vy
with eigenvalues A and w, with eigenvalues p. Then, using the orthogonality of eigenvectors with distinct

eigenvalues,
(Bv,w) BZUA,ZwM Z)\UA,ZwM Z)\<’U)\,w,\>
A
= Z(m,)\wm = (Z Z)\wA (v, Bw)
A M
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Uniqueness is slightly subtler. Since we do not know a priori that two positive-definite square roots B and
C of A commute, we cannot immediately say that B? = C? gives (B + C)(B — C) = 0, etc. If we could do
that, then since B and C' are both positive-definite, we could say

((B+ C)v,v) = (Bv,v) + (Cv,v) >0

so B + C' is positive-definite and, hence invertible. Thus, B — C' = 0. But we cannot directly do this. We
must be more circumspect.

Let B be a positive-definite square root of A. Then B commutes with A. Thus, B stabilizes each eigenspace
of A. Since B is diagonalizable on V|, it is diagonalizable on each eigenspace of A (from an earlier example).
Thus, since all eigenvalues of B are positive, and B? = \ on the M-eigenspace V) of A, it must be that B is
the scalar v/X on Vy. That is, B is uniquely determined. ///

[08.7] Given a square n-by-n complex matrix M, show that there are unitary matrices A and B such that
AMB is diagonal.

Discussion: We prove this for not-necessarily square M, with the unitary matrices of appropriate sizes.

This asserted expression
M = unitary - diagonal - unitary

is called a Cartan decomposition of M.

First, if M is (square) invertible, then T = M M* is self-adjoint and invertible. From an earlier example, the
spectral theorem implies that there is a self-adjoint (necessarily invertible) square root S of T. Then

1=8"1'T7S " = (S *M)("tSM)*

so k1 = S7!M is unitary. Let ko be unitary such that D = koSk3 is diagonal, by the spectral theorem.
Then
M = Sky = (kaDk3)ky = ko - D - (k3k1)

expresses M as
M = unitary - diagonal - unitary

as desired.

In the case of m-by-n (not necessarily invertible) M, we want to reduce to the invertible case by showing
that there are m-by-m unitary A; and n-by-n unitary Bj such that

M 0
w200

where M’ is square and invertible. That is, we can (in effect) do column and row reduction with unitary
matrices.

Nearly half of the issue is showing that by left (or right) multiplication by a suitable unitary matrix A an
arbitrary matrix M may be put in the form

(M My
AM_(O O)

with 0’s below the 7" row, where the column space of M has dimension r. To this end, let fi,..., f, be
an orthonormal basis for the column space of M, and extend it to an orthonormal basis f1,..., f,, for the
whole C™. Let eq,...,e,, be the standard orthonormal basis for C™. Let A be the linear endomorphism
of C™ defined by Af; = e; for all indices i. We claim that this A is unitary, and has the desired effect on
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M. That is has the desired effect on M is by design, since any column of the original M will be mapped
by A to the span of eq,...,e,, so will have all 0’s below the 7*" row. A linear endomorphism is determined
exactly by where it sends a basis, so all that needs to be checked is the unitariness, which will result from
the orthonormality of the bases, as follows. For v =) a;f; and w = >, b; f;,

(Av, Aw) = ( E a; Af;, E b Afj) = ( E a; €;, E bje;) = E a;b;
i j i j i
by orthonormality. And, similarly,

ZaiE: <Z a; fuzbj fi) = (v,w)

Thus, (Av, Aw) = (v,w). To be completely scrupulous, we want to see that the latter condition implies
that A*A = 1. We have (A*Av,w) = (v,w) for all v and w. If A*A # 1, then for some v we would have
A*Av # v, and for that v take w = (A*A — 1)v, so

(A*A — 1), w) = (A*A — 1)v, (A*A — 1)) > 0

contradiction. That is, A is certainly unitary.

If we had had the foresight to prove that row rank is always equal to column rank, then we would know
that a combination of the previous left multiplication by unitary and a corresponding right multiplication
by unitary would leave us with
M 0
(v )

with M’ square and invertible, as desired. ///

[08.8] Given a square n-by-n complex matrix M, show that there is a unitary matrix A such that AM is
upper triangular.

Discussion: Let {e;} be the standard basis for C". To say that a matrix is upper triangular is to assert
that (with left multiplication of column vectors) each of the maximal family of nested subspaces (called a
maximal flag)

Vo=0CcVi=Cey CCe;+CeyCc...CcCey;+...+Cep_1 CV, =C"
is stabilized by the matrix. Of course

MVoyCcMViCMVC...CMV,_1CV,

is another maximal flag. Let f;11 be a unit-length vector in the orthogonal complement to MV; inside
MV;11 Thus, these f; are an orthonormal basis for V, and, in fact, fi,..., f; is an orthonormal basis for
MV;. Then let A be the unitary endomorphism such that Af; = e;. (In an earlier example and in class we
checked that, indeed, a linear map which sends one orthonormal basis to another is unitary.) Then

AMV; =V;
so AM is upper-triangular. /]
[08.9] Let Z be an m-by-n complex matrix. Let Z* be its conjugate-transpose. Show that
det(Ly, — Z2*) = det(1, — Z*Z)
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Discussion: Write Z in the (rectangular) Cartan decomposition
Z =ADB
with A and B unitary and D is m-by-n of the form

dy
da

where the diagonal d; are the only non-zero entries. We grant ourselves that det(xy) = det(x) - det(y) for
square matrices x,y of the same size. Then

det(1y, — ZZ*) = det(1,, — ADBB*D*A*) = det(1,, — ADD*A*) = det(A - (1, — DD*) - A*)

= det(AA") - det(l,, — DD*) = det(1,, — DD*) = [[(1 — didy)

K3

Similarly,
det(1,, — Z*Z) = det(1,, — B*D*A*ADB) = det(1,, - B*D*DB) = det(B* - (1, — D*D) - B)

= det(B"B) - det(1, — D*D) = det(1, — D*D) = [[(1 - did;)

7

which is the same as the first computation. ///

[08.10] Give an example of two commuting diagonalizable operators S, 7T on a 4-dimensional vectorspace V'
over a field k£ such that each operator has exactly two eigenvalues, and the eigenspaces are two-dimensional,
but/and the intersection of any S-eigenspace with any T-eigenspace is just 1-dimensional. Explain why this
does not contradict results about simultaneous eigenvectors

Discussion: Let
1 1

S = T =
0 0

act on V = k* (column vectors). Then the standard basis elements e;.ez.e3.€4 are the joint eigenvectors for
S and T', with four different ordered pairs of eigenvalues.

The too-naive assertion that for commuting endomorphisms S, T the eigenvectors of S are eigenvectors for
T is contradicted by this example, since any vector ae; + bey (with a,b € k) is an eigenvector for S, but not
for T unless ab = 0.

But, of course, this is perfectly fine, since there is still a basis consisting of joint eigenvectors. The point is
that it is unwise to hastily choose a basis of eigenvectors for one operator, hoping or presuming that they’ll
be eigenvectors for the other operator. For example, e; 4 €3, €2, €3, e4 is a basis consisting of S-eigenvectors,
but the first of these is not an eigenvector for 7. ///

[08.11] Let T be a diagonalizable operator on a finite-dimensional vector space V over a field k. Suppose
that some T-eigenspace is not one-dimensional. Exhibit a diagonalizable endomorphism S of V' commuting
with T not lying in k[T].
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Discussion: Let P € k[T] be the projector to the A-eigenspace V) of T, with dimVy > 1. Let A be a
non-scalar endomorphism of V). Such A exists exactly because dim V), > 1. Then take S = A o P. This
commutes with 7', because for any v € V

ST (v) = (AP)T(v) = A(TPv) = A(\- Pv) = \- APv =T (APv)

since APv € V). Yet, given a polynomial f(x), take v € V}, and compute

so f(T) is a scalar operator on V. Thus, S is not of the form f(7T). ///

[08.12] Let Ay,...,\, be distinct elements of a field k. Let u1,...,u, be arbitrary elements of k. Show
that there is a unique polynomial f(z) in k[x] of degree < n — 1 such that f(\;) = p; for all 4.

Discussion: [This is Lagrange interpolation again.]

[08.13] Let T be a diagonalizable operator on a finite-dimensional vector space V over a field k. Suppose
that all the eigenspaces are one-dimensional. Prove that any endomorphism commuting with 7" is in k[T].

Discussion: We know that an endomorphism S commuting with 7" stabilizes the eigenspaces of T'. Since
each eigenspace V), is just one-dimensional, S acts by a scalar py on V). Let f(z) be the minimal polynomial
of T, and fx(x) = f(z)/(x — X). These polynomials have ged 1, so there are polynomials ay(x) such that

1= Z ax(z) - fr(x)

A

As observed earlier,

idy = ax(T) - fA(T)

A
and fr(T) is 0 on V), for p # A. Further, Py = ax(T)fx(T) is in k[T] and is the projector to V. Then

S=>" pr- Py €k[T]
A

as claimed. ///

[08.14] Let S,T be commuting diagonalizable endomorphisms of a finite-dimensional vector space V' over
a field k. Suppose that there is a basis {v1,...,v,} of simultaneous eigenvectors such that for i # j the two
vectors v; and v; either have different eigenvalues for S or have different eigenvalues for T'. Show that there
is a single diagonalizable operator R on V' such that k[S,T| = k[R).

Discussion: Let Py € k[S] be the projector to the A-eigenspace of S, and @, € k[T] the projector to the
p-eigenspace of 1. Since S and T' commute, P\Q, = @, P> is a projector commuting with both S and
T. We claim that P\@Q, is the projector to the joint eigenspace where S is A and 1" is p. Certainly @,
maps the whole space to the p eigenspace for T. Since P, commutes with T, it stabilizes this eigenspace,
so (PrQ,)(V) is contained in the p-eigenspace of T. Symmetrically, it is contained in the A eigenspace for
S, so is contained in the joint eigenspace. On the other hand, for a joint eigenvector v with Sv = Av and
Tv = pv, we have
(PAQu)(v) = PA(Quv) = PA(v) =

In the form the question is asked, let v; have eigenvalue A; for S and pu; for T. Then E; = Py,Q,,, is a family
of mutually orthogonal projectors (meaning that E;E; = 0 unless ¢ = j, in which case it is E;), whose sum
is the identity endomorphism on V.
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Now assume that there are at least n distinct elements o, ..., «,, in the field &k, and let

R=Yo;-E; €k[S,T]

By arrangement R is diagonalizable and has one-dimensional eigenspaces. Since S and T commute with R,
by an earlier example both S and T are in k[R]. Thus, k[R] = k[S,T]. ///

[08.15] Give an example of a diagonalizable operator T on a 2-dimensional complex vector space V' (with
hermitian inner product (,)) with eigenvectors v, w such that application of the Gram-Schmidt process does
not yield two orthonormal eigenvectors.

Discussion: Let V = C? (column vectors) with the usual hermitian inner product, and let T = ( 012 1 )

It has eigenvectors v; = 1) (eigenvalue 1) and vy = (1> (eigenvalue 2). These are not orthogonal to

0 1
each other. If we apply Gram-Schmidt, instead of vy we have

beemt=(3)-()= ()

The latter vector is not an eigenvector. ///

[08.16] Let S be a hermitian operator on a finite-dimensional complex vector space V with hermitian inner
product (,). Let W be a S-stable subspace of V. Show that S is hermitian on W.

Discussion: Let S, be the restriction of S to W. If we show that for all w,w’ € W
(Sow,w") = (w, S,w')

then by the uniqueness of adjoints S} = S,. Indeed, because
(Sw,w") = (w, Sw’)

for w,w’ in the whole space V, the identity certainly holds for w,w’ € W. ///

[0.1] Remark: In a similar vein, one can directly show more generally that, for a normal endomorphism 7'
on V stabilizing a subspace W, the restriction of T* to W is the adjoint of the restriction of T' to W.

[08.17] Let S,T be commuting hermitian operators on a finite-dimensional complex vector space V with
hermitian inner product (,). Show that there is an orthonormal basis for V' consisting of simultaneous
eigenvectors for both S and 7.

Discussion: First, the Spectral Theorem for S says that V' is the orthogonal direct sum of the eigenspaces
V), for S. We know that T stabilizes each such eigenspace. From the previous example, the restriction of T'
to each Vj is still hermitian, so on each Vy there is an orthonormal basis {e}'} consisting of eigenvectors for T
(and A-eigenvectors for S). Then, since the different eigenspaces V), are mutually orthogonal, the aggregate
{e?} is an orthonormal basis for all of V. ///

[08.18] Let k be a field, and V' a finite-dimensional k vectorspace. Let A be a subset of the dual space V*,
with |A] < dim V. Show that the homogeneous system of equations

A(v) =0 (for all A € A)
has a non-trivial (that is, non-zero) solution v € V' (meeting all these conditions).
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Discussion: The dimension of the span W of A is strictly less than dim V*, which we’ve proven is
dim V* = dim V. We may also identify V' ~ V** via the natural isomorphism. With that identification, we
may say that the set of solutions is W+, and
dim(W+) + dim W = dim V* = dim V/

Thus, dim W+ > 0, so there are non-zero solutions. ///

[08.19] Let k be a field, and V' a finite-dimensional k vectorspace. Let A be a linearly independent subset of
the dual space V*. Let A — a) be a set map A — k. Show that an inhomogeneous system of equations

Av) =ay (forall A € A)

has a solution v € V' (meeting all these conditions).

Discussion: Let m = |A|, A = {A1,...,A\n}. One way to use the linear independence of the functionals
in A is to extend A to a basis Aq,..., A, for V* and let e1,...,e, € V** be the corresponding dual basis
for V**. Then let vy, ..., v, be the images of the e; in V under the natural isomorphism V** ~ V. (This

achieves the effect of making the A; be a dual basis to the v;. We had only literally proven that one can go
from a basis of a vector space to a dual basis of its dual, and not the reverse.) Then

v = g ax; " Vi

1<i<m

is a solution to the indicated set of equations, since

N(0)= Y ax - A(v) = ay,

1<i<m

for all indices 7 < m. /]

[08.20] Let T be a k-linear endomorphism of a finite-dimensional k-vectorspace V. For an eigenvalue A of
T, let V) be the generalized A-eigenspace

Ww={veV:(T—-\N"v=0forsomel<necZ}

Show that the projector P of V' to V) (commuting with T') lies inside k[T].
Discussion: First we do this assuming that the minimal polynomial of T factors into linear factors in k[z].

Let f(x) be the minimal polynomial of T, and let fx(z) = f(z)/(z — A)® where (x — \)¢ is the precise power
of (x — \) dividing f(z). Then the collection of all fy(x)’s has ged 1, so there are ay(x) € k[x] such that

1= Zax(x) ()
A
We claim that Ey = ax(T)fx(T) is a projector to the generalized A-eigenspace V. Indeed, for v € V},
o=y 0 =3 @) v =3 au(T)fu(T) v = ax(TYA(T) - v
1 1

since (z — A\)© divides f,(x) for p # A, and (T'— X\)°v = 0. That is, it acts as the identity on V. And
(T = Ao Ex=ax(T) f(T) =0 € Endi(V)

8
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so the image of E) is inside V). Since E) is the identity on V), it must be that the image of E) is exactly
Vi. For p # A, since f(x)|fu(z)fa(z), E,Ex =0, so these idempotents are mutually orthogonal. Then

(@x(T)AA(T))* = (@x(T)AA(T)) - (1= D au(T) fu(T)) = ax(T)fr(T) = 0

HFEX
That is, Ei = FE), so F) is a projector to V.

The mutual orthogonality of the idempotents will yield the fact that V' is the direct sum of all the generalized
eigenspaces of T'. Indeed, for any v € V,

v=1~v:(ZE>\)U=Z(E>\v)
A

A
and E\v € V). Thus,

W=V
A

To check that the sum is (unsurprisingly) direct, let vy € V), and suppose
S0
by

Then vy = E)vy, for all \. Then apply E, and invoke the orthogonality of the idempotents to obtain
v, =0
This proves the linear independence, and that the sum is direct.

To prove uniqueness of a projector E to V) commuting with T', note that any operator S commuting with
T necessarily stabilizes all the generalized eigenspaces of T', since for v € V),

(T-=XN¢Sv=8(T—-Nv=85-0=0

Thus, £ stabilizes all the V;s. Since V is the direct sum of the V), and £ maps V to V), it must be that £
is 0 on V), for u # A. Thus,

E=1-Ex+ ) 0-E,=E,
JTEN
That is, there is just one projector to V) that also commutes with T. This finishes things under the

assumption that f(x) factors into linear factors in k[x].

The more general situation is similar. More generally, for a monic irreducible P(x) in k[z] dividing f(x),
with P(x)¢ the precise power of P(z) dividing f(x), let

fp(x) = f(x)/P(z)"

Then these fp have ged 1, so there are ap(z) in k[z] such that
1=3 ap(z)- fr(z)
P

Let Ep = ap(T)fp(T). Since f(x) divides fp(z) - fo(z) for distinct irreducibles P, @, we have Ep o Eg =0
for P # Q. And

E} =Ep(1- ) Eq)=Ep
Q#P

9
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so (as in the simpler version) the Ep’s are mutually orthogonal idempotents. And, similarly, V is the direct
sum of the subspaces
Vp=FEp-V

We can also characterize Vp as the kernel of P¢(T) on V, where P°(z) is the power of P(x) dividing f(z).
If P(z) = (x — \), then Vp is the generalized M-eigenspace, and Ep is the projector to it.

If E were another projector to V) commuting with 7', then E stabilizes Vp for all irreducibles P dividing
the minimal polynomial f of T, and E is 0 on Vg for @ # (x — \), and E is 1 on V). That is,

E=1-E, x+ Y 0-Eq=Ep
QFT—A
This proves the uniqueness even in general. ///
[08.21] Let T be a matrix in Jordan normal form with entries in a field k. Let T, be the matrix obtained
by converting all the off-diagonal 1’s to 0’s, making 7' diagonal. Show that T is in k[T.
Discussion: This implicitly demands that the minimal polynomial of T factors into linear factors in k[x].

Continuing as in the previous example, let E) € k[T] be the projector to the generalized A-eigenspace Vj,
and keep in mind that we have shown that V' is the direct sum of the generalized eigenspaces, equivalent,
that ), E)\ = 1. By definition, the operator T, is the scalar operator A on V. Then

Tis = A-Ex €k[T]
A
since (from the previous example) each F) is in k[T]. ///

A

[08.22] Let M = (o D

Show that

> be a matrix in a block decomposition, where A is m-by-m and D is n-by-n.

det M =det A-det D

Discussion: One way to prove this is to use the formula for the determinant of an N-by-N matrix
det C = Z o(m) Ar(1),1 -+ An(N),N
TESN
where ¢;; is the (i,7)" entry of C, 7 is summed over the symmetric group Sy, and o is the sign
homomorphism. Applying this to the matrix M,

det M = Z O’(Tr) Mﬂ.(l)71 e MTr(m—i—n),m-i—n

Tres'rrz+7L

where M;; is the (i,4)"" entry. Since the entries M;; with 1 < j <mand m <i < m+n are all 0, we should
only sum over m with the property that

That is, 7 stabilizes the subset {1,...,m} of the indexing set. Since 7 is a bijection of the index set,
necessarily such 7 stabilizes {m + 1,m + 2,...,m + n}, also. Conversely, each pair (71, m2) of permutation
w1 of the first m indices and 75 of the last n indices gives a permutation of the whole set of indices.

Let X be the set of the permutations m© € Sy,4, that stabilize {1,...,m}. For each 7 € X, let m; be the
restriction of 7 to {1,...,m}, and let mo be the restriction to {m + 1,...,m +n}. And, in fact, if we plan

10



Paul Garrett: Discussion 08 (April 9, 2024)

to index the entries of the block D in the usual way, we’d better be able to think of w5 as a permutation of
{1,...,n}, also. Note that o(7r) = o(m1)o(m2). Then

det M = > o(m) Mr(i),1 - - Mr(rntn)mesn
TeX

= Z 0(77) (Mﬂ'(l),l e Mﬂ'(m),m) . (Mw(m+1),m+1 cee M'n'(m+n),m+n)
TeX

= ( Z 0(’”1) M-rrl(l),l cee M7r1 (m),m) : ( Z U(WQ)(MWQ(m—&-l),m—i-l cee M7r2(m+n),m+n>

T1ESm T2 €Sy

= < Z O’(7T1) Aﬂ-l(l),l ce Aﬂ'](’ﬂl),’l’ﬂ) : ( Z (T(7T2)Dﬂ.2(1)71 ve Dﬂ'z(n),n) =detA-detD

T1E€ESm T2E€Sn

where in the last part we have mapped {m + 1,...,m + n} bijectively by £ — £ —m. ///

[08.23] The so-called Kronecker productt] of an m-by-m matrix A and an n-by-n matrix B is

All'B Alg'B AlmB

Agl'B A22'B A2mB
A®B = .

Ap1-B Ap2-B ... Anm-B

where, as it may appear, the matrix B is inserted as n-by-n blocks, multiplied by the respective entries A;;
of A. Prove that
det(A® B) = (det A)"™ - (det B)™

at least for m =n = 2.

Discussion: If no entry of the first row of A is non-zero, then both sides of the desired equality are 0, and
we’re done. So suppose some entry Aj; of the first row of A is non-zero. If ¢ # 1, then for £ = 1,...,n
interchange the ¢** and (i — 1)n + ¢t columns of A ® B, thus multiplying the determinant by (—1)". This
is compatible with the formula, so we’ll assume that A7 # 0 to do an induction on m.

We will manipulate n-by-n blocks of scalar multiples of B rather than actual scalars.

Thus, assuming that A;; # 0, we want to subtract multiples of the left column of n-by-n blocks from the
blocks further to the right, to make the top n-by-n blocks all 0 (apart from the leftmost block, A11B). In
terms of manipulations of columns, for £ = 1,...,n and j = 2,3,...,m subtract A;;/A1; times the ¢*"
column of A® B from the ((j — 1)n + £)*". Since for 1 < ¢ < n the (" column of A ® B is Aj; times the
¢t column of B, and the ((j — 1)n + £)" column of A ® B is Ay; times the (" column of B, this has the
desired effect of killing off the n-by-n blocks along the top of A ® B except for the leftmost block. And the
(i,7)"" n-by-n block of A® B has become (A;; — A1jAi1/A11) - B. Let

Al = Ay — AjAn /An

and let D be the (m — 1)-by-(m — 1) matrix with (i, )" entry D;; = Ali_1y,(j—1)- Thus, the manipulation
so far gives

o AllB 0
det(A®B)det< , D®B>

(1 As we will see shortly, this is really a tensor product, and we will treat this question more sensibly.

11



Paul Garrett: Discussion 08 (April 9, 2024)

By the previous example (or its tranpose)

AuB 0 N
det ( 1: Do B) = det(A1n1 B) - det(D @ B) = AY; det B - det(D ® B)
by the multilinearity of det.

And, at the same time subtracting A;;/A:; times the first column of A from the jth column of A for
2 < j < m does not change the determinant, and the new matrix is

A11 0
x D

0
D

Also by the previous example,

det A = det <A*“ ) = A;1-detD

Thus, putting the two computations together,
det(A® B) = A%, det B - det(D @ B) = A7, det B - (det D)"(det B)™ !

= (Ay;det D)"det B - (det B)™ ™! = (det A)"(det B)™
as claimed. ///

Another approach to this is to observe that, in these terms, A ® B is

Ay 0 ... 0 A 0 ... 0
0 A11 0 Alm
0 A 0 A, B 0 0
0 B
0 Aml 0 Amm
0 Aml 0 Amm

where there are m copies of B on the diagonal. By suitable permutations of rows and columns (with an
interchange of rows for each interchange of columns, thus giving no net change of sign), the matrix containing
the A;js becomes

A 0 ... O
0 A
0 A
with n copies of A on the diagonal. Thus,
A 0 ... 0 B 0 0
0 A 0 B
det(A® B) =det | . . ~det [ . . = (det A)™ - (det B)™
0 A 0 B
This might be more attractive than the first argument, depending on one’s tastes. ///
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[08.24] For distinct primes p, g, compute

Z/p ®Z/pq Z/q
where for a divisor d of an integer n the abelian group Z/d is given the Z/n-module structure by

(r4+nz) - (x+dZ)=rx+dZ

Discussion: We claim that this tensor product is 0. To prove this, it suffices to prove that every m ® n
(the image of m x n in the tensor product) is 0, since we have shown that these monomial tensors always
generate the tensor product.

Since p and q are relatively prime, there exist integers a, b such that 1 = ap + bg. Then for all m € Z/p and
n€Z/q,

men=1-(m®n)=(ap+bg)(me@n)=alpmen)+bmeqe)=a-0+b-0=0
An auxiliary point is to recognize that, indeed, Z/p and Z/q really are Z/pg-modules, and that the equation
1 = ap + bq still does make sense inside Z/pq. ///
[08.25] Compute Z/n ®7 Q with 0 < n € Z.

Discussion: We claim that the tensor product is 0. It suffices to show that every m ® n is 0, since these
monomials generate the tensor product. For any « € Z/n and y € Q,

=0

gc®y:90®(n-g):(nas)éag:()@g
n n n

as claimed. /]

[08.26] Compute Z/n ®z Q/Z with 0 < n € Z.

Discussion: We claim that the tensor product is 0. It suffices to show that every m ® n is 0, since these
monomials generate the tensor product. For any € Z/n and y € Q/Z,

=0

n n n

as claimed. ///

[08.27] Compute Homgz(Z/n,Q/Z) for 0 < n € Z.

Discussion: Let g : Z — Z/n be the natural quotient map. Given ¢ € Homgy(Z/n,Q/Z), the composite
o ¢ is a Z-homomorphism from the free Z-module Z (on one generator 1) to Q/Z. A homomorphism
® € Homy(Z,Q/Z) is completely determined by the image of 1 (since ®(¢) = ®(¢-1) = ¢ - ®(1)), and since
Z is free this image can be anything in the target Q/Z.

Such a homomorphism ® € Homy(Z, Q/Z) factors through Z/n if and only if ®(n) = 0, that is, n- ®(1) = 0.

A complete list of representatives for equivalence classes in Q/Z annihilated by nis 0,1, 2,3 . "Tfl Thus,

Homy,(Z/n,Q/7Z) is in bijection with this set, by B
i/ +nZ) =iz/n+ 7

In fact, we see that Homy(Z/n,Q/Z) is an abelian group isomorphic to Z/n, with
<p1/n(:1: +nZ)=z/n+72

13
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as a generator. ///

[08.28] Compute Q ®7 Q.

Discussion: We claim that this tensor product is isomorphic to Q, via the Z-linear map /3 induced from
the Z-bilinar map B : Q x Q — Q given by

B:xxy—ay

First, observe that the monomials  ® 1 generate the tensor product. Indeed, given a/b € Q (with a,b
integers, b # 0) we have

x®%:(%-b)@)%:%@(b-g):E@a:E@a-lz(a-£)®l:%®1

proving the claim. Further, any finite Z-linear combination of such elements can be rewritten as a single
one: letting n; € Z and x; € Q, we have

Zni'(i’?i@l) = (Z”ilTi)@l

This gives an outer bound for the size of the tensor product. Now we need an inner bound, to know that
there is no further collapsing in the tensor product.

From the defining property of the tensor product there erists a (unique) Z-linear map from the tensor
product to Q, through which B factors. We have B(z,1) = x, so the induced Z-linear map £ is a bijection
on {x®1:x € Q}, so it is an isomorphism. ///

[08.29] Compute (Q/Z) ®7 Q.

Discussion: We claim that the tensor product is 0. It suffices to show that every m ® n is 0, since these
monomials generate the tensor product. Given z € Q/Z, let 0 < n € Z such that nz = 0. For any y € Q,

=0

x®y:x®(n-g):(nx)®g:0®g
n n n

as claimed. ///

[08.30] Compute (Q/Z) @7 (Q/Z).

Discussion: We claim that the tensor product is 0. It suffices to show that every m ® n is 0, since these
monomials generate the tensor product. Given x € Q/Z, let 0 < n € Z such that nz = 0. For any y € Q/Z,

x®y=x®(n-g)=(nx)®f=0®720
n n

as claimed. Note that we do not claim that Q/Z is a Q-module (it is not!), but only that for given y € Q/Z
there is another element z € Q/Z such that nz = y. That is, Q/Z is a divisible Z-module. ///

[08.31] Prove that for a subring R of a commutative ring S, with 1z = 1g, polynomial rings R[z] behave
well with respect to tensor products, namely that (as rings)

Rlz] ®r S =~ S[x]

Discussion: Given an R-algebra homomorphism ¢ : R — A and a € A, let ® : R[z] — A be the unique
R-algebra homomorphism R[x] — A which is ¢ on R and such that ¢(z) = a. In particular, this works

14
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for A an S-algebra and ¢ the restriction to R of an S-algebra homomorphism ¢ : S — A. By the defining
property of the tensor product, the bilinear map B : R[z] x S — A given by

B(P(x) x s) =s-®(P(x))

gives a unique R-module map § : R[x] @z S — A. Thus, the tensor product has most of the properties
necessary for it to be the free S-algebra on one generator x ® 1.

[0.2] Remark: However, we might be concerned about verification that each such 3 is an S-algebra map,
rather than just an R-module map. We can certainly write an expression that appears to describe the
multiplication, by

(P(z) ®s) - (Qz) @) = P(z)Q(z) @ st
for polynomials P,Q and s,t € S. If it is well-defined, then it is visibly associative, distributive, etc., as
required.

[0.3] Remark: The S-module structure itself is more straightforward: for any R-module M the tensor
product M ®p S has a natural S-module structure given by

s-(Mm®t)=m® st

for s,t € S and m € M. But one could object that this structure is chosen at random. To argue that this
is a good way to convert M into an S-module, we claim that for any other S-module N we have a natural
isomorphism of abelian groups

Homg(M ®p S, N) ~ Hompg(M, N)

(where on the right-hand side we simply forget that N had more structure than that of R-module). The
map is given by
® — py where wg(m)=2(M®1)

and has inverse
O, +— ¢ where P, ,(Mm®s)=s-¢(m)

One might further carefully verify that these two maps are inverses.

[0.4] Remark: The definition of the tensor product does give an R-linear map
B: R[z] ®r S — S[z]

associated to the R-bilinear B : R[z] x S — S[z] by
B(P(z)®s) =s-P(x)

for P(z) € R[z] and s € S. But it does not seem trivial to prove that this gives an isomorphism. Instead, it
may be better to use the universal mapping property of a free algebra. In any case, there would still remain
the issue of proving that the induced maps are S-algebra maps.

[08.32] Let K be a field extension of a field k. Let f(x) € k[z]. Show that
klz]/f ®r K ~ K(z]/f
where the indicated quotients are by the ideals generated by f in k[z] and K[z], respectively.

Discussion: Upon reflection, one should realize that we want to prove isomorphism as K[z]-modules. Thus,
we implicitly use the facts that k[z]/f is a k[z]-module, that k[z] @, K =~ K[z] as K-algebras, and that
M ®y K gives a k[z]-module M a K[z]-module structure by

(Z siz') - (me1) = Z(xl “m) ® S;

%

15
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The map
klx] @k K iing Klz] — K[z]/f

has kernel (in K[z]) exactly of multiples Q(z) - f(x) of f(z) by polynomials Q(z) = Y, s;z" in K[z]. The
inverse image of such a polynomial via the isomorphism is

lef(x) ® 8;

Let I be the ideal generated in k[z] by f, and I the ideal generated by f in K[z]. The k-bilinear map

klz]/f x K — Klz]/f

by
B:(P(x)+I)xs—s-Plx)+1

gives a map B : klz]/f @k K — K[z]/f. The map B is surjective, since

B(Z(x +1)® s;) st +1

%

hits every polynomial ), s;z* mod I. On the other hand, if

B(Z(mi +hHes)el

%

then Y, s;2° = F(z) - f(x) for some F(z) € K[z]. Let F(z) = > t;zd. With f(z) =, coz’, we have

S; = Z tng

jHe=i

Then, using k-linearity,

Y@ HNesi=Y | +I0 () tie) | =) (@ +T0tc)

i i j+e=i I
:Z ng”e—i—[@t ZZngJH—l—I Z x]—i—I :Z():O
JiL J J
So the map is a bijection, so is an isomorphism. ///

[08.33] Let K be a field extension of a field k. Let V be a finite-dimensional k-vectorspace. Show that
V ®r K is a good definition of the extension of scalars of V from k£ to K, in the sense that for any
K-vectorspace W

Homp (V @i K, W) ~ Homy(V, W)

where in Homy (V, W) we forget that W was a K-vectorspace, and only think of it as a k-vectorspace.

Discussion: This is a special case of a general phenomenon regarding extension of scalars. For any k-
vectorspace V' the tensor product V ®j K has a natural K-module structure given by

s-(vt)=v® st

16
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for s,t € K and v € V. To argue that this is a good way to convert k-vectorspaces V into K-vectorspaces,
claim that for any other K-module W have a natural isomorphism of abelian groups

Hom g (V @) K, W) ~ Homy(V, W)
On the right-hand side we forget that W had more structure than that of k-vectorspace. The map is
® — pg where wa(v) =P(v®1)
and has inverse
O, «— ¢ where P (v®s)=s-p(v)

To verify that these are mutual inverses, compute

po, (V) = Po(v@ 1) =1 p(v) = p(v)

and
P, (v®1)=19a(v) =P(v®1)

which proves that the maps are inverses. ///

[0.5] Remark: In fact, the two spaces of homomorphisms in the isomorphism can be given natural structures
of K-vectorspaces, and the isomorphism just constructed can be verified to respect this additional structure.
The K-vectorspace structure on the left is clear, namely

(s P)(m®t)=P(Mmst) =s-P(mt)

The structure on the right is
(s-p)(m) =s-@(m)

The latter has only the one presentation, since only W is a K-vectorspace.

[08.34] Let M and N be free R-modules, where R is a commutative ring with identity. Prove that M @ N
is free and
rank M ®@gr N = rank M - rank N

Discussion: Let M and N be free on generators i : X — M and j : Y — N. We claim that M ®z N is
free on a set map
{: X XY >M®rN

To verify this, let ¢ : X x Y — Z be a set map. For each fixed y € Y, the map © — ¢(z,y) factors through
a unique R-module map B, : M — Z. For each m € M, the map y — B,(m) gives rise to a unique R-linear
map n — B(m,n) such that

B(m, j(y)) = By(m)
The linearity in the second argument assures that we still have the linearity in the first, since for
n=7y,7¢j(y) we have

B(m,n) = B(m, Y _rj(y)) = Y _ 1By, (m)

which is a linear combination of linear functions. Thus, there is a unique map to Z induced on the tensor
product, showing that the tensor product with set map i X j : X x Y — M ®g N is free. ///

[08.35] Let M be a free R-module of rank r, where R is a commutative ring with identity. Let S be a
commutative ring with identity containing R, such that 1z = 1g. Prove that as an S module M ®g S is free
of rank r.

17
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Discussion: We prove a bit more. First, instead of simply an inclusion R C S, we can consider any ring
homomorphism 4 : R — S such that ¢(1g) = 1g.

Also, we can consider arbitrary sets of generators, and give more details. Let M be free on generators
i: X — M, where X isaset. Let 7: M xS — M ®pg S be the canonical map. We claim that M ®g S is
freeon j: X - M ®pg S defined by

jla) = 7(i(z) x 1s)

Given an S-module N, we can be a little forgetful and consider N as an R-module via 9, by r - n = ¢(r)n.
Then, given a set map ¢ : X — N, since M is free, there is a unique R-module map ® : M — N such that
@ = ® oi. That is, the diagram

X— N

commutes. Then the map
Yv:MxS—N

by
PY(m x s) =s-P(m)

induces (by the defining property of M ® g S) a unique ¥ : M ® g S — N making a commutative diagram

M®grS
N
r N
N
N
M xS N
N \
N N\
1X1ine N \
N " \
XX{IS} \\ \\
h \
t \\ \\‘
Q
X d N

where inc is the inclusion map {15} — S, and where t : X — X x{1g} by # — z x 1g. Thus, M ®p S is free
on the composite j : X — M ®p S defined to be the composite of the vertical maps in that last diagram.
This argument does not depend upon finiteness of the generating set. ///

[08.36] For finite-dimensional vectorspaces V, W over a field k, prove that there is a natural isomorphism
VW) =V @W*
where X* = Homy (X, k) for a k-vectorspace X.

Discussion: For finite-dimensional V' and W, since V ®; W is free on the cartesian product of the generators
for V and W, the dimensions of the two sides match. We make an isomorphism from right to left. Create a
bilinear map

VEx W* = (Ve W)*

as follows. Given A € V* and p € W*, as usual make Ay , € (V ®; W)* from the bilinear map
B)HH VW =k

defined by
B (v, w) = A(v) - p(w)

18
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This induces a unique functional Ay, on the tensor product. This induces a unique linear map
VW' = (Ve W)*
as desired.

Since everything is finite-dimensional, bijectivity will follow from injectivity. Let ej,..., e, be a basis for
V, fi,--., fn a basis for W, and Ay,..., Ay, and pq, ..., 4, corresponding dual bases. We have shown that
a basis of a tensor product of free modules is free on the cartesian product of the generators. Suppose that
Zij cijAi @ py gives the 0 functional on V @ W, for some scalars c;;. Then, for every pair of indices s, , the
function is 0 on es ® f;. That is,

0= Zciin(eS) i (ft) = cst

Thus, all constants c;; are 0, proving that the map is injective. Then a dimension count proves the
isomorphism. /]

[08.37] For a finite-dimensional k-vectorspace V, prove that the bilinear map
B:V x V* = Endy(V)

by
B(v x M) (z) = Az) -v

gives an isomorphism V ® V* — Endg (V). Further, show that the composition of endormorphisms is the
same as the map induced from the map on

VeV ) x(VeV) -VeV"
given by
(V@A) x (wep) = AMw)o & p

Discussion: The bilinear map v x A — T, 5 given by
Tya(w) = Aw) -v
induces a unique linear map j : V ® V* — Endg (V).

To prove that j is injective, we may use the fact that a basis of a tensor product of free modules is free on
the cartesian product of the generators. Thus, let eq,..., e, be a basis for V', and Ay, ..., A, a dual basis for
V*. Suppose that

Z Cij €4 ® )\j — OEndk(V)
i,j=1
That is, for every ey,
ZC@)\j(Bg)ei =0eV
ij
This is
Z cijei =0  (for all j)

Since the e;s are linearly independent, all the c;;s are 0. Thus, the map j is injective. Then counting
k-dimensions shows that this j is a k-linear isomorphism.

Composition of endomorphisms is a bilinear map
Endk (V) X Endk(V) HEndk(V)
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by
SxT —=SoT

Denote by

c: (VAN X (wp) = Mwhopu
the allegedly corresonding map on the tensor products. The induced map on (V @ V*) ® (V ® V*) is an
example of a contraction map on tensors. We want to show that the diagram

[e]

End,, (V) x Endg(V) End,, (V)

A4

(Ve V) x (Vep V) ——=Vg, V*

commutes. It suffices to check this starting with (v ® A) x (w® p) in the lower left corner. Let x € V. Going
up, then to the right, we obtain the endomorphism which maps « to

Jw@A) ej(wep) () =jveA)(i(wep)(z) =i e ) (uz)w)

— () (v ® N (w) = ) A(w) v

Going the other way around, to the right then up, we obtain the endomorphism which maps = to

Jle((v @A) x (w @ p))) (2) = j(AMw)(v @ p)) (x) = Mw) p(z) v

These two outcomes are the same. /1]

[08.38] Under the isomorphism of the previous problem, show that the linear map
tr: Endg (V) — k

is the linear map
VeV =k

induced by the bilinear map v x A = A(v).

Discussion: Note that the induced map
VerV* =k by v®A— Av)
is another contraction map on tensors. Part of the issue is to compare the coordinate-bound trace with
the induced (contraction) map t(v ® \) = A(v) determined uniquely from the bilinear map v x A — A(v). To
this end, let eq,...,e, be a basis for V, with dual basis A1,...,A,. The corresponding matrix coefficients
T;; € k of a k-linear endomorphism 7" of V' are
Tij = Ai(Tey)
(Always there is the worry about interchange of the indices.) Thus, in these coordinates,
trll = Z i (Tei)
i
Let T = j(es ® A¢). Then, since At(e;) = 0 unless i = ¢,

0T = 3ON(Te) = 3 MGles @ Ae) = o AMu(er) ) = A(hulen) - ) = {(1) el
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On the other hand,
1 (s=1)
t(es [ Af) = )\t(es) = O (S 7& t)

Thus, these two k-linear functionals agree on the monomials, which span, they are equal. ///

[08.39] Prove that tr(AB) = tr(BA) for two endomorphisms of a finite-dimensional vector space V over a
field k, with trace defined as just above.

Discussion: Since the maps
Endk(V) X Endk(V) — k

by
Ax B —tr(AB) and/or A x B — tr(BA)

are bilinear, it suffices to prove the equality on (images of) monomials v ® A, since these span the
endomophisms over k. Previous examples have converted the issue to one concerning Vk®V*. (We have
already shown that the isomorphism V ®; V* =~ Endg(V) is converts a contraction map on tensors to
composition of endomorphisms, and that the trace on tensors defined as another contraction corresponds to
the trace of matrices.) Let tr now denote the contraction-map trace on tensors, and (temporarily) write

(v@No(wepu)=ANw)v®u
for the contraction-map composition of endomorphisms. Thus, we must show that
tr(v@AN)o(w@p) =tr (wep)o(veA)

The left-hand side is

tr (08 ) o (w® ) = tr(Aw) v @ ) = A(w) tr(v @ 1) = A(w) p(v)
The right-hand side is

tr (@ p) o (@A) = tr( () w e A) = (o) trw  A) = p(v) Aw)
These elements of k are the same. ///
[08.40] Prove the expansion by minors formula for determinants, namely, for an n-by-n matrix A with
entries a;;, letting A% be the matrix obtained by deleting the i'" row and j*" column, for any fixed row

index 1,

det A= (—=1)" Y (=1)7 a;; det AY

1

n
j:
and symmetrically for expansion along a column.

Discussion: [iow: prove that this formula is linear in each row/column, and invoke the uniqueness of
determinants]

[08.41] Let M and N be free R-modules, where R is a commutative ring with identity. Prove that M @z N
is free and
rank M ®r N = rank M - rank N

Discussion: Let M and N be free on generators i : X — M and j : Y — N. We claim that M ®r N is
free on a set map
(: X XY —>M®@rN
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To verify this, let ¢ : X XY — Z be a set map. For each fixed y € Y, the map x — ¢(x,y) factors through
a unique R-module map By : M — Z. For each m € M, the map y — B, (m) gives rise to a unique R-linear
map n — B(m,n) such that

B(m, j(y)) = By(m)

The linearity in the second argument assures that we still have the linearity in the first, since for
n =73 ,7¢j(y) we have

B(m,n) = B(m,> _rij(y)) = 7By, (m)

which is a linear combination of linear functions. Thus, there is a unique map to Z induced on the tensor
product, showing that the tensor product with set map i X j : X x Y — M ®g N is free. ///

[08.42] Let M be a free R-module of rank r, where R is a commutative ring with identity. Let S be a
commutative ring with identity containing R, such that 1z = 1g. Prove that as an S module M ®g S is free
of rank r.

Discussion: We prove a bit more. First, instead of simply an inclusion R C S, we can consider any ring
homomorphism ¢ : R — S such that ¥(1g) = 1g.

Also, we can consider arbitrary sets of generators, and give more details. Let M be free on generators
i: X — M, where X is aset. Let 7: M x S — M ®g S be the canonical map. We claim that M ®g S is
freeon j: X - M ®p S defined by

j(x) = 7(i(z) x 1s)
Given an S-module N, we can be a little forgetful and consider N as an R-module via ¥, by r - n = ¥(r)n.

Then, given a set map ¢ : X — N, since M is free, there is a unique R-module map ® : M — N such that
@ = ® o4. That is, the diagram

M ~
T, N 2
X P SN
commutes. Then the map
Yv:MxS—N

by
(m x s) = s-P(m)

induces (by the defining property of M ® g S) a unique ¥ : M ®p S — N making a commutative diagram

M®grS
AN
- N
N
\
M xS AN
N 34
. N \
ixinc N \
N ® \
N \
X X {13} N \
h \
t \\ \
AN

where inc is the inclusion map {15} — S, and where t : X — X x{1g} by # = # x 1g. Thus, M ®g S is free
on the composite j : X — M ®p S defined to be the composite of the vertical maps in that last diagram.
This argument does not depend upon finiteness of the generating set. ///
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[08.43] For finite-dimensional vectorspaces V, W over a field k, prove that there is a natural isomorphism
VW)=V @W"

where X* = Homy (X, k) for a k-vectorspace X.

Discussion: For finite-dimensional V' and W, since V ®; W is free on the cartesian product of the generators
for V' and W, the dimensions of the two sides match. We make an isomorphism from right to left. Create a
bilinear map

VEx W* = (Ve W)*

as follows. Given A € V* and p € W*, as usual make Ay , € (V ®; W)* from the bilinear map
Bay:VXW =k

defined by
By (v, w) = A(v) - p(w)

This induces a unique functional Ay, on the tensor product. This induces a unique linear map
VW' = (Ve W)*

as desired.

Since everything is finite-dimensional, bijectivity will follow from injectivity. Let eq,..., e, be a basis for
V, fi,-.., fn a basis for W, and Aq,..., A\, and pq, ..., i, corresponding dual bases. We have shown that
a basis of a tensor product of free modules is free on the cartesian product of the generators. Suppose that
>4 CijAi ® py gives the 0 functional on V @ W, for some scalars ¢;;. Then, for every pair of indices s, ¢, the
function is 0 on es ® f;. That is,

0= Zcij/\i(es) Aj(ft) = cst
ij

Thus, all constants c;; are 0, proving that the map is injective. Then a dimension count proves the
isomorphism. /]

[08.44] For a finite-dimensional k-vectorspace V', prove that the bilinear map
B:V xV* — Endg(V)

by
B(v x M) (z) = Az) -v

gives an isomorphism V ®; V* — Endy (V). Further, show that the composition of endormorphisms is the
same as the map induced from the map on

VaVIx(VeV) VeV

given by
(0@ ) x (w® ) = Aw)v @ p

Discussion: The bilinear map v x A — T, 5 given by
Toa(w) = Aw) - v
induces a unique linear map j : V ® V* — Endg (V).

23



Paul Garrett: Discussion 08 (April 9, 2024)

To prove that j is injective, we may use the fact that a basis of a tensor product of free modules is free on
the cartesian product of the generators. Thus, let eq,..., e, be a basis for V, and A1, ..., A, a dual basis for
V*. Suppose that

Z Cij €; & )\j — OEndk(V)
ij=1

That is, for every ey,

Zcij)\j(eg)ei =0€ 1%

ij
This is

Z Cij€; = 0 (fOI“ all j)

i
Since the e;s are linearly independent, all the c¢;;s are 0. Thus, the map j is injective. Then counting
k-dimensions shows that this j is a k-linear isomorphism.

Composition of endomorphisms is a bilinear map

Endk(V) X Endk(V) HEndk(V)
by
SxT —=SoT

Denote by
c: (VAN X (wp) = AMwhopu

the allegedly corresonding map on the tensor products. The induced map on (V @ V*) @ (V ® V*) is an
example of a contraction map on tensors. We want to show that the diagram

Endg (V) x Endg (V) —>— Endy (V)

A

(Ver V) x (Ve V) ——=V g, V*

commutes. It suffices to check this starting with (v ® A) X (w ® p) in the lower left corner. Let € V. Going
up, then to the right, we obtain the endomorphism which maps « to

Ho® A 0w ) (2) = j(v ® N(i(w e (@) = (v @ A) () w) = p(@) (0 & A)(w) = p(e) Aw) v
Going the other way around, to the right then up, we obtain the endomorphism which maps = to
Jle((v @A) x (w @ p)) (x) = j(AMw)(v @ p)) () = Mw) p(z) v
These two outcomes are the same. ///
[08.45] Via the isomorphism Endy, (V) & V ®;, V*, show that the linear map
tr: Endg (V) — k

is the linear map
VeV —k

induced by the bilinear map v x A — A(v).
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Discussion: Note that the induced map
VearV =k by v®@A— Av)

is another contraction map on tensors. Part of the issue is to compare the coordinate-bound trace with
the induced (contraction) map t(v ® A) = A(v) determined uniquely from the bilinear map v x A — A(v). To
this end, let eq,...,e, be a basis for V, with dual basis A1,...,A,. The corresponding matrix coefficients
T;; € k of a k-linear endomorphism 7" of V' are

Tij = Xi(Tey)
(Always there is the worry about interchange of the indices.) Thus, in these coordinates,
tr’ll = Z i (T@i)
Let T = j(es ® A¢). Then, since At(e;) = 0 unless i = ¢,
_ _ . _ _ 1 (s=1)
0T =D Xi(Tei) = 3 Aililes ® AJes) = D Ni(Aued) - es) = Mlhiler) - e5) = {0 (s # 1)

On the other hand,
1 =1

Thus, these two k-linear functionals agree on the monomials, which span, they are equal. ///

[08.46] Prove that tr(AB) = tr(BA) for two endomorphisms of a finite-dimensional vector space V over a
field k, with trace defined as just above.

Discussion: Since the maps
Endk(V) X Endk(V) — k

by
Ax B —tr(AB) and/or Ax B — tr(BA)

are bilinear, it suffices to prove the equality on (images of) monomials v @ A, since these span the
endomophisms over k. Previous examples have converted the issue to one concerning Vk®V*. (We have
already shown that the isomorphism V ®; V* =~ Endg(V) is converts a contraction map on tensors to
composition of endomorphisms, and that the trace on tensors defined as another contraction corresponds to
the trace of matrices.) Let tr now denote the contraction-map trace on tensors, and (temporarily) write

(@A) o (wap) =Aw)vp
for the contraction-map composition of endomorphisms. Thus, we must show that
tr (V@A) o(w®p)=tr(weu)o(vaA)

The left-hand side is

r (0@ \) o (w0 1) = tr( A(w) v @ 1) = Aw) tr(v @ 1) = Aw) (v)
The right-hand side is

tr (w®p)o (V@A) =tr(uv)w® ) = p)tr(w @A) = pv) A(w)
These elements of k are the same. ///
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[08.47] Prove that tensor products are associative, in the sense that, for R-modules A, B, C, we have a
natural isomorphism
A®r(BR®rC)~ (A®r B)®rC

In particular, do prove the naturality, at least the one-third part of it which asserts that, for every R-module
homomorphism f: A — A’, the diagram

AQ®g (B®RC) — (A®RB) ®RrC
lf®(13®1c) l(f®13)®1c
A @r (B®r(C) = (A ®r B)®@rC
commutes, where the two horizontal isomorphisms are those determined in the first part of the problem.

(One might also consider maps g : B — B’ and h : C — C’, but these behave similarly, so there’s no real
compulsion to worry about them, apart from awareness of the issue.)

Discussion: Since all tensor products are over R, we drop the subscript, to lighten the notation. As usual,
to make a (linear) map from a tensor product M ® N, we induce uniquely from a bilinear map on M x N.
We have done this enough times that we will suppress this part now.

The thing that is slightly less trivial is construction of maps to tensor products M ® N. These are always
obtained by composition with the canonical bilinear map

MxN-—=->M@N

Important at present is that we can create n-fold tensor products, as well. Thus, we prove the indicated
isomorphism by proving that both the indicated iterated tensor products are (naturally) isomorphic to the
un-parenthesis’d tensor product A ® B ® C', with canonical map 7: A x Bx C - A® B® C, such that for
every trilinear map ¢ : A x B x C' — X there is a unique linear & : A ® B ® C — X such that

AB®C

~
T \\‘P
~
~
NN

AxBx(C——>

The set map
AXBxC=(AxB)xC—=(A®B)®C

by
axbxe— (axb)xc—=(a®b)®c

is linear in each single argument (for fixed values of the others). Thus, we are assured that there is a unique
induced linear map
AB®C — (A®B)®C

such that
AR B®C
T T~ Al
AxBxC (A®B)® C
commutes.

Similarly, from the set map
(AxB)xC~AxBx(C—-A®B®C
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by
(axb)xec—axbxc—=a®b®c
is linear in each single argument (for fixed values of the others). Thus, we are assured that there is a unique

induced linear map
(A B)@C —>A®B®C

such that
(AR B)®C
T R
\"\s
(AxB)xC —AQB®C
comimutes.

Then joi is a map of A® B® C to itself compatible with the canonical map Ax Bx C =+ A® B® C. By
uniqueness, j o is the identity on A ® B ® C. Similarly (just very slightly more complicatedly), ¢ o j must
be the identity on the iterated tensor product. Thus, these two maps are mutual inverses.

To prove naturality in one of the arguments A, B, C, consider f : C — C’. Let japc be the isomorphism for
a fixed triple A, B, C, as above. The diagram of maps of cartesian products (of sets, at least)

jasc

(AxB)xC—=AxBxC
l(lAX1B)><f llAXlBXf
(A><B)><04>j AxBxC

does commute: going down, then right, is
japer (1a x 1p) x f)((a x b) x ¢)) = japcr ((a x b) x f(c)) = axbx f(c)
Going right, then down, gives
(1ax1gx f)(Japc((axb)xc))=(1ax1lpx f)laxbxc)=axbx f(c)

These are the same. /]

t
[08.48] Consider the injection Z/2— Z/4 which maps
t:x+4+ 27 — 2z + 47

Show that the induced map
tR1z/0:2/2R7Z)2 — L[4®7Z/2

is no longer an injection.
Discussion: We claim that ¢ ® 1 is the 0 map. Indeed,
e)(men)=2men=2-(mMn)=me2n=mx0=0

for all m € Z/2 and n € Z/2. /1]

[08.49] Prove that if s : M — N is a surjection of Z-modules and X is any other Z module, then the
induced map
sl M®zX - N®zX
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is still surjective.

Discussion: Given ), n; ® z; in N ®7 X, let m; € M be such that s(m;) = n;. Then

(s®1)(Zmi®xi) :Zs(mi)@)xi :Zni®xi

% i

so the map is surjective. ///
[0.6] Remark: Note that the only issue here is hidden in the verification that the induced map s ® 1 exists.

[08.50] Give an example of a surjection f : M — N of Z-modules, and another Z-module X, such that the
induced map
fo—:Homyg(X, M) — Homy(X, N)

(by post-composing) fails to be surjective.
Discussion: Let M =Z and N = Z/n with n > 0. Let X = Z/n. Then
Homy (X, M) = Homg(Z/n,Z) =0

since
0=¢(0) = p(nz) =n-px) € Z
so (since n is not a 0-divisor in Z) ¢(x) = 0 for all © € Z/n. On the other hand,

Homy (X, N) = Homy(Z/n,Z/n) =~ Z/n # 0

Thus, the map cannot possibly be surjective. ///

[08.51] Let G : {Z — modules} — {sets} be the functor that forgets that a module is a module, and just
retains the underlying set. Let F': {sets} — {Z — modules} be the functor which creates the free module
F'S on the set S (and keeps in mind a map ¢ : S — F'S). Show that for any set S and any Z-module M

Homy,(F'S, M) ~ Homges (S, GM)

Prove that the isomorphism you describe is natural in S. (It is also natural in M, but don’t prove this.)

Discussion: Our definition of free module says that F'S = X is free on a (set) map i : S — X if for every
set map ¢ : S — M with R-module M gives a unique R-module map ® : X — M such that the diagram

S——M

commutes. Of course, given ®, we obtain ¢ = ® o4 by composition (in effect, restriction). We claim that
the required isomorphism is

Homy (F'S, M) e Homges (S, GM)

Even prior to naturality, we must prove that this is a bijection. Note that the set of maps of a set into an
R-module has a natural structure of R-module, by

(r-9)(s) = r-(s)
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The map in the direction ¢ — ® is an injection, because two maps ¢, mapping S — M that induce the

same map ® on X give ¢ = ®oi =1, so ¢ = 1. And the map ¢ — P is surjective because a given ® is
induced from ¢ = ® 0.

For naturality, for fixed S and M let the map ¢ — ® be named jg /. That is, the isomorphism is
Homg, (FS, M) < Homges (S, GM)

To show naturality in S, let f : S — S’ be a set map. Let 7' : S — X’ be a free module on S’. That is,
X' = FS’. We must show that

Jjs,M

HOII'IZ(}‘—’;S7 M) -~ Homsets(s7 GM)

—oFfT T—of
jS/‘M

HOIIlz(}?S/7 M) < Homsets(S/7 GM)

commutes, where — o f is pre-composition by f, and — o F'f is pre-composition by the induced map
Ff : FS — FS' on the free modules X = FS and X' = FS'. Let ¢ € Homg (S, GM), and
x=> .1s-i(s) € X = FS, Go up, then left, in the diagram, computing,

(s o (=0 ) (@) (@) =dsa (po f)(z) =jsm(pof) (Z m’(S)) = rilpof)(s)

On the other hand, going left, then up, gives

(=0 Ff)ojs m)(p)(@) = (jsrm(p) o Ff) (x) = (jsr ar () F f(x)
= (Jsr,m(¥)) (Z m”(fS)) = rep(fs)

These are the same. /]

m31 M3z M33
minors is 1. Prove that there exist three integers mq1, m12, m33 such that

[08.52] Let M = a1 22 m23> be a 2-by-3 integer matrix, such that the ged of the three 2-by-2

mi1 MmMi2 Mi13
det mo1 M22 Maj3 =1
m31 M32 1MM33

Discussion: This is the easiest of this and the following two examples. Namely, let M; be the 2-by-2 matrix
obtained by omitting the i*" column of the given matrix. Let a, b, c be integers such that

adet My — bdet My + cdet M3 = ged(det My, det My, det M3) =1
Then, expanding by minors,
a b c
det | ma1 Moy me3 | = adet My — bdet My + cdet M3 =1
m31 M3z M33

as desired. ///
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[08.53] Let a, b, ¢ be integers whose ged is 1. Prove (without manipulating matrices) that there is a 3-by-3
integer matrix with top row (a b ¢) with determinant 1.

Discussion: Let F' = Z3 and E = Z - (a,b,c). We claim that, since ged(a,b,c) = 1, F/E is torsion-free.
Indeed, for (z,y,2) € F =73, r € Z, and 7 - (z,y,2) € E, there must be an integer ¢ such that ta = rx,
tb = ry, and tc = rz. Let u,v,w be integers such that

ua + vb +wz = ged(a, b,c) =1
Then the usual stunt gives
t=t-1=1-(ua+vb+wz)=u(ta) + v(th) + w(tc) = u(rz) + v(ry) + w(rz) =r- (ux + vy + wz)
This implies that r|t. Thus, dividing through by r, (z,y,2) € Z - (a,b, ¢), as claimed.

Invoking the Structure Theorem for finitely-generated Z-modules, there is a basis fi, fa, f3 for F' and
0 < dy € Z such that E = Z - d; f1. Since F/E is torsionless, d; = 1, and E = Z - f;. Further, since both
(a,b,c) and f; generate E, and Z* = {£1}, without loss of generality we can suppose that f; = (a,b,c).

Let A be an endomorphism of F = Z2 such that Af; = e;. Then, writing A for the matrix giving the
endomorphism A,
(a,b,c)- A=(1,0,0)

Since A has an inverse B,
1=detly =det(AB) =det A-det B

so the determinants of A and B are in Z* = {+1}. We can adjust A by right-multiplying by

1 0 O
0 1 0
0 0 -1

to make det A = +1, and retaining the property fi -

A:
e1 a b ¢
At =13- A = e | - A7 =% % =«
€3 * *

*

e1. Then

That is, the original (a, b, c) is the top row of A~!, which has integer entries and determinant 1. ///

[08.54] Let
mi1 M1z M3 M4 Mis
M= | ma1 maz Moz Moy Mas
m31 M3z M3z M34 M3s

and suppose that the ged of all determinants of 3-by-3 minors is 1. Prove that there exists a 5-by-5 integer
matrix M with M as its top 3 rows, such that det M = 1.

Discussion: Let F = Z°, and let E be the submodule generated by the rows of the matrix. Since Z is a
PID and F is free, FE is free.

Let €1, ..., es be the standard basis for Z°. We have shown that the monomials €i, Nei, Neij, With i1 <9 < i3
are a basis for /\3F . Since the ged of the determinants of 3-by-3 minors is 1, some determinant of 3-by-3
minor is non-zero, so the rows of M are linearly independent over Q, so E has rank 3 (rather than something
less). The structure theorem tells us that there is a Z-basis f1,. .., f5 for F and divisors d; |dz|d3 (all non-zero
since E is of rank 3) such that

E=7Z-difi®Z -dofo ®Z-dsfs
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Let i : E — F be the inclusion. Consider A* : A>E — A®F. We know that A>E has Z-basis

difi Ndafa Ndzfs = (didads) - (f1 A f2 A f3)

On the other hand, we claim that the coefficients of (didads)- (f1 A faA f3) in terms of the basis e;;, Aej, Aesy,
for A*F are exactly (perhaps with a change of sign) the determinants of the 3-by-3 minors of M. Indeed,
since both f1, f2, f3 and the three rows of M are bases for the rowspace of M, the f;s are linear combinations
of the rows, and vice-versa (with integer coefficients). Thus, there is a 3-by-3 matrix with determinant £1
such that left multiplication of M by it yields a new matrix with rows fi, fo, f3. At the same time, this
changes the determinants of 3-by-3 minors by at most 4, by the multiplicativity of determinants.

The hypothesis that the ged of all these coordinates is 1 means exactly that A*F/A®E is torsion-free. (If
the coordinates had a common factor d > 1, then d would annihilate the quotient.) This requires that
dydads =1, so dy = do = d3 =1 (since we take these divisors to be positive). That is,

E=7-{1®Z -f2r®Z- f3

Writing f1, f2, and f3 as row vectors, they are Z-linear combinations of the rows of M, which is to say that
there is a 3-by-3 integer matrix L such that

fi
L-M=|f
f3

Since the f; are also a Z-basis for F, there is another 3-by-3 integer matrix K such that
fi
M=K-| f,
I3

Then LK = LK = 13. In particular, taking determinants, both K and L have determinants in Z>, namely,
+1.

Let A be a Z-linear endomorphism of F = Z° mapping f; to e;. Also let A be the 5-by-5 integer matrix such
that right multiplication of a row vector by A gives the effect of the endomorphism A. Then

fl €1
L-M-A=|fo] A= es
f3 es

Since the endormorphism A is invertible on F' = Z?, it has an inverse endomorphism A~!, whose matrix has
integer entries. Then

€1
M=L"1 ]e | A"
es
Let
L=t 0 0
A= 0 1 0
0 0 =41
where the +£1 = det A = det A~!. Then
€1
€2
Ales| - A T=A-1;-AT=A-A4""
eq
es
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has integer entries and determinant 1 (since we adjusted the +1 in A). At the same time, it is

€1
Lil 0 0 €9 M
AA =1 0 1 0 ]-|es| -At=| % | =5Dbyb
0 0 #+1 * *

*

This is the desired integer matrix M with determinant 1 and upper 3 rows equal to the given matrix.

"

[08.55] Let R be a commutative ring with unit. For a finitely-generated free R-module F, prove that there
is a (natural) isomorphism
Homp(F,R) ~ F

Or is it only
Homp(R,F)~ F

instead? (Hint: Recall the definition of a free module.)
Discussion: For any R-module M, there is a (natural) isomorphism
i: M — Hompg(R, M)
given by
i(m)(r)y=r-m

This is injective, since if i(m)(r) were the 0 homomorphism, then ¢(m)(r) = 0 for all r, which is to say that
r-m = 0 for all » € R, in particular, for r = 1. Thus, m =1-m =0, so m = 0. (Here we use the standing
assumption that 1-m = m for all m € M.) The map is surjective, since, given ¢ € Hompg(R, M), we have

p(r)=¢(r-1) =r-p(1)

That is, m = (1) determines ¢ completely. Then ¢ = i(¢(m)) and m = i(m)(1), so these are mutually
inverse maps. This did not use finite generation, nor free-ness. ///

Consider now the other form of the question, namely whether or not
Homp(F,R) ~ F

is valid for F finitely-generated and free. Let F' be free on i : S — F', with finite S. Use the natural
isomorphism
Hompg(F, R) ~ Homges(S, R)

discussed earlier. The right-hand side is the collection of R-valued functions on S. Since S is finite, the
collection of all R-valued functions on S is just the collection of functions which vanish off a finite subset.
The latter was our construction of the free R-module on S. So we have the isomorphism. ///

[0.7] Remark: Note that if S is not finite, Homg(F, R) is too large to be isomorphic to F. If F is not free,
it may be too small. Consider F' = Z/n and R = Z, for example.

[0.8] Remark: And this discussion needs a choice of the generators i : § — F. In the language style which
speaks of generators as being chosen elements of the module, we have most certainly chosen a basis.

[08.56] Let R be an integral domain. Let M and N be free R-modules of finite ranks r, s, respectively.
Suppose that there is an R-bilinear map

B:MxN—R
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which is non-degenerate in the sense that for every 0 # m € M there is n € N such that B(m,n) # 0, and
vice-versa. Prove that r = s.

Discussion: All tensors and homomorphisms are over R, so we suppress the subscript and other references
to R when reasonable to do so. We use the important natural isomorphism (proven afterward)

1A,B,C

Hom(A ® B,C) Hom(A, Hom(B, C))

by
ia,B,c(®)(a)(b) = ®(a® D)

We also use the fact (from an example just above) that for F' free on ¢ : S — F' there is the natural (given
t:S — F, anyway!) isomorphism

j : Hom(F, R) ~ Homges(S, R) = F

for modules E, given by
J(@)(s) = ¥(t(s))

where we use construction of free modules on sets S that they are R-valued functions on S taking non-zero
values at only finitely-many elements.

Thus,
Hom(M ® N, R) ——= Hom(M, Hom(N, R)) —= Hom(M, N)
The bilinear form B induces a linear functional £ such that
B(m ®&n) = B(m,n)
The hypothesis says that for each m € M there is n € N such that
i(B)(m)(n) # 0

That is, for all m € M, i(8)(m) € Hom(N, R) ~ N is 0. That is, the map m — i(8)(m) is injective. So the
existence of the non-degenerate bilinear pairing yields an injection of M to N. Symmetrically, there is an
injection of N to M.

Using the assumption that R is a PID, we know that a submodule of a free module is free of lesser-or-equal
rank. Thus, the two inequalities

rank M < rank NV rank N < rank M

from the two inclusions imply equality. ///

[0.9] Remark: The hypothesis that R is a PID may be too strong, but I don’t immediately see a way to
work around it.

Now let’s prove (again?) that

Hom(A® B,C) : Hom(A, Hom(B, C))

by
i(®)(a)(b) = ®(a® D)

is an isomorphism. The map in the other direction is
i(@)(a®b) = ¢(a)(b)
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First,
i(j())(a)(b) = j(¥)(a@b) = p(a)(b)
Second,
J(i(®))(a @ b) = i(®)(a)(b) = ®(a @ b)
Thus, these maps are mutual inverses, so each is an isomorphism. ///

[08.57] Let ¢ : R — S be commutative rings with unit, and suppose that p(1g) = 1g, thus making S
an R-algebra. For an R-module N prove that Hompg(S, N) is (yet another) good definition of extension of
scalars from R to S, by checking that for every S-module M there is a natural isomorphism

Hompg (Resz M, N) ~ Homg (M, Homg(S, N)

where Res%, M is the R-module obtained by forgetting S, and letting r € R act on M by r-m = p(r)m. (Do
prove naturality in M, also.)

Discussion: Let
i : Hompg(Resy M, N) — Homg(M, Homg(S, N)

be defined for ¢ € Hompg(Resz, M, N) by
i(p)(m)(s) = ¢(s-m)

This makes some sense, at least, since M is an S-module. We must verify that i(p) : M — Hompg(S, N) is
S-linear. Note that the S-module structure on Hompg(S, N) is

(s-)(t) = ¥(st)
where s,t € S, ¥ € Hompg(S, N). Then we check:
(i(p)(sm)) (t) = i(p)(t - sm) = i(p)(stm) = i(p)(m)(st) = (s - i(¢)(m)) (1)

which proves the S-linearity.

The map j in the other direction is described, for ® € Homg (M, Hompg(S, N), by
j(®)(m) = @(m)(1s)
where 1g is the identity in S. Verify that these are mutual inverses, by
i(j(®))(m)(s) = j(@)(s - m) = ®(sm)(1s) = (s - ©(m)) (1s) = B(m)(s - 15) = ®(m)(s)

as hoped. (Again, the equality
(s- @(m)) (1s) = (m)(s - 1s)

is the definition of the S-module structure on Hompg(S, N).) In the other direction,
i(i(@))(m) = i()(m)(1s) = @(1 - m) = @(m)
Thus, 7 and j are mutual inverses, so are isomorphisms.

For naturality, let f : M — M’ be an S-module homomorphism. Add indices to the previous notation, so
that
insn : Hompg(Resy M, N) — Homg(M, Homg(S, N)
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is the isomorphism discussed just above, and iy y the analogous isomorphism for M’ and N. We must
show that the diagram

iM,N

Homp(Resy M, N) Homg(M,Homp(S, N)

ofT T o

Homp(ResS M, N) — " Homg(M’, Homp(S, N)

commutes, where — o f is pre-composition with f. (We use the same symbol for the map f: M — M’ on
the modules whose S-structure has been forgotten, leaving only the R-module structure.) Starting in the
lower left of the diagram, going up then right, for ¢ € HomR(Resf;M', N),

(iase,n 0 (=0 f) @) (m)(s) = (ine,n (0 0 f)) (M)(s) = (@ o f)(s-m) = e(f(s-m))

On the other hand, going right, then up,

(= f)ein n @) (m)(s) = (inr,v @) (fm)(s) = (s - frm) = (f(s-m))

since f is S-linear. That is, the two outcomes are the same, so the diagram commutes, proving functoriality
in M, which is a part of the naturality assertion. ///

[08.58] Let
M=Z®LOLZLDZL N =7Z®AZ @ 247 & 1447
What are the elementary divisors of A*(M/N)?

Discussion: First, note that this is not the same as asking about the structure of (A*M)/(A*N). Still, we
can address that, too, after dealing with the question that was asked.

First,
M/N =Z]Z®Z/AL S L/247 & 7/1447. =~ Z/]4A & 7./24 & 7./144

where we use the obvious slightly lighter notation. Generators for M/N are
m=18000 me=0p180 m3=0001

where the 1s are respectively in Z/4, Z/24, and Z/144. We know that e; A e; generate the exterior square,
for the 3 pairs of indices with ¢ < j. Much as in the computation of Z/a ® Z/b, for e in a Z-module E with
a-e=0and fin E with b- f =0, let , s be integers such that

ra + sb = ged(a, b)

Then
ged(a,b) e f=r(aeNf)+s(enbf)=r-04+s5-0=0

Thus, 4-e; Aes =0 and 4-e; Aeg = 0, while 24 - e5 A ez = 0. If there are no further relations, then we could
have
N (M/N) ~ Z/4 & 7/4 & 7./24

(so the elementary divisors would be 4,4,24.)

To prove, in effect, that there are no further relations than those just indicated, we must construct suitable
alternating bilinear maps. Suppose for r,s,t € Z

r-egNes+s-egNeg+t-eaNe3 =0
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Let
Blg : (Z61 D Zeg D Z@g) X (Zel D Z62 &) Zeg) — Z/4

by
Bia(wey +yea + zes, Eex +nex + Ces) = (xn — &y) + 42

(As in earlier examples, since 4|4 and 4|24, this is well-defined.) By arrangement, this Bjs is alternating,
and induces a unique linear map By on A*(M/N), with

Biz(er Nea) =1  fra(er Aes) =0 Bia(ea Aez) =0

Applying this to the alleged relation, we find that » = Omod 4. Similar contructions for the other two pairs
of indices ¢ < j show that s = Omod 4 and ¢ = Omod 24. This shows that we have all the relations, and

N (M/N) ~ 7./4 & 7]4 & Z.]24
as hoped/claimed. ///
Now consider the other version of this question. Namely, letting
M=Z®LZLOZLDZL N =7 S AZ © 247 & 1447

compute the elementary divisors of (A*M)/(A°N).

Let eq, ea, €3, e4 be the standard basis for Z*. Let i : N — M be the inclusion. We have shown that exterior
powers of free modules are free with the expected generators, so M is free on

€1 /\62, 61/\63, €1 /\647 62/\63, 62/\647 63/\64
and N is free on
(1-4)ey Nea, (1-24)eg Neg, (1-144)e; Ney, (4-24)eaNes, (4-144)es Ney, (24-144)e3 Ney

The inclusion i : N — M induces a natural map A% : A> = A\°M, taking 7 - e; Ae; (in N) to r-e; Aej (in
M). Thus, the quotient of A?M by (the image of) A’N is visibly

ZJA® )24 ® 7,/144 & 7./96 & Z/576 & Z,/3456

The integers 4,24,144,96,576,3456 do not quite have the property 4]24]/144]|96|576|3456, so are not
elementary divisors. The problem is that neither 144|96 nor 96|144. The only primes dividing all these
integers are 2 and 3, and, in particular,

4=2%224=2%.3 144=2%.32 96 =12°.3, 576 = 20 .32, 3456 = 27 - 33,

From Sun-Ze’s theorem,
7/(2%-3%) = 7)2% & 7./3

so we can rewrite the summands Z/144 and Z/96 as
Z/144 0 Z/96 = (Z/2* © Z/3%) @ (Z/2° © Z/3) ~ (Z/2* © Z/3) © (Z/2° © Z/3?) ~ 7./48 & 7./288
Now we do have 4|24|48|288|576|3456, and
(N°M)/(N°N) = Z/4 ® 7,/24 & 7./48 & 7./288 & 7./576 & 7,/ 3456

is in elementary divisor form. /]
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