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[04.1] Give a harmonic function v on the annulus % < |z| < 2 such that on the outer boundary circle |z| = 2
the boundary-value function is u(2¢?) = €, while on the inner boundary circle |z| = % the boundary-value
function is u(e’) = e,

Recall that we showed that all harmonic functions on an annulus are of the form

a, + b, log |z| + Z anz" + b,z"
0#n€Z

At the very least, one should remember that log |z| is harmonic, and all the other terms are either holomorphic
or anti-holomorphic, so certainly harmonic.

We might also break the problem into two pieces, namely, making one harmonic function u; that is €?0 on
the outer circle while 0 on the inner, and making a second harmonic function us that is 0 on the outer circle

and e~ on the inner.

For the On circles z = 7", both 2" and Z™" give constant multiples of ¢, for any n € Z. Thus, any
az + bz~ will give a multiple of ¢ on every circle. To make the multiple be exactly ¢ on |z| = 2 and 0 on
|z| = 1 is to require

a-24+b-3 =1
a-3+b-2 = 0
which gives a = 8/15, b = —2/15, so
s 2,
up = —z— —7%
15 15

Similarly, for us, every expression az~! 4 bZ will be a constant multiple of e~* on circles. To make the

multiple be exactly 0 on |z| =2 and e~ on |z| = Hf is to require

a-3+b-2 = 0
a-24+b-2 =1
which is the same system as for the constants for u;. Thus,
8 1 2_
Uy = —2 = — —Z
T 15 15

Putting the two together, the desired harmonic function on the annulus is

82 + 8,1 2
15 15 15 15

[04.2] Show that for t € R
2

. 2
TG+l = o=

It is reasonable to imagine that this would follow from the relation

s

I(s) T(1—s) =

sin s
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and then we can contemplate how much of the proof of this relation we might want to recall.

Taking s = § + it with real ¢, recalling that I'(s) = I'(s),

(3 +it)]* = D3 +it) T(3+it) = T(3+it) - T(5 +it) = D3 +it) - I(3 —it)
Vs

=TG+i) TA-G+i) = S

Then
) (1 N ‘t) e’iﬂ"(%*f’it) o e*i'ﬂ'(%Jrit) eiﬂ'/2 Cem Tt 672‘71—/2 emt o=t 4 emt
sinw(s +1it) = = =
2 21 2 9
So )
™ m
(L +4a))? = -
T ) sin (5 + it) e ™t 4 et

That reflection identity can be proven in at least two ways. One way is to use Euler’s integral for both I'(s)
and I'(1 — s) in the range 0 < Re(s) < 1, change variables, and then use the Hankel contour, as in the notes.
Another way, feasible after we have the Hadamard product facts in hand, if we somehow believe that T'(s)
has no 0s, and is of growth-order A = 1, is to use the product expansion

ﬁ _ gotbs ﬁ (1+%)€_s/n

n=1

and use I'(1 — s) = —sI'(—s):

1 -5 s s s —s
_ . gpatbs 1 7) —s/n | ja—bs (1 7) s/n
T T(1—s  Te)(=s) = °° 11 (1 )eimee nl;[l )
= —¢¥ .5 1:[1 (1 — ﬁ) = constant - sin s

by grouping terms. To determine the constant, take s = %, and recall the usual trick:

1—‘(%)2 _ (/Oooe—tté %)2 = (/Oooe_tZtQ;dt)z = (/_OO e_tzdt)2

o

0o 27 0o 00
= / e~ (@ +v%) dedy = / / e dordr = 277/ e rdr = 7r/ e~ 2rdr
R2 o Jo 0 0
= 7r/ e Ydu = T
0

Thus,

[04.3] Prove that
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For the first, let’s prove by induction that
N
H(l—i—an) > 14a;+ax+...+an (for a,, > 0)
n=1

The assertion is 1 +a; > 1 4+ a7 for N = 1. By induction,

N+1 N
H(1+an): (14 an41) - H1+an > 1+aN+1)~(1+a1+...+aN)

n=1

= 1—|-Cl1+.-.+aN+1+aN+1<a1+...+a1v) >14+a1+...+ann

by the positivity assumption. Thus, using the monotonicity of 1/¢logt,

1 1 Noat
Il (1+ ) > 1+ E > / = loglog N —loglog3 > loglog N
nlogn nlogn 3 tlogt
3<n<N 3<n<N

This goes to +o00 as N — 400, so the infinite product has value +oc.

For the second product, use

log(lfa):f<a+a—+—+...) < —a (for 0 <a < 1)

SO

log H ( nlogn) = _Z IOg(l_nlign) s - Z nlign

3<n<N 3<n<N

Noat
< —/ < —(loglog N — loglog 3)
3

again by monotonicity of 1/tlog¢. This goes to —oo as N — +00, so the product itself goes to 0.
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