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1. Weak-to-strong differentiability

A V-valued function f : [a,c] — V on an interval [a,c] C R is differentiable if for every x, € [a, ¢]

f@o) = lim (=)t (flw) = f(ao)

T—=T,

ezists. The function f is continuously differentiable when it is differentiable and f’ is continuous. A k-times
continuously differentiable function is C*, and a continuous function is C°.

A V-valued function f is weakly C* when for every A € V* the scalar-valued function Ao f is C*. This sense
of weak differentiability of a function f does not refer to distributional derivatives, but to differentiability of
every scalar-valued function A o f where A\ € V* for V-valued f.

[1.1] Theorem: For quasi-complete, locally convex V', a weakly C* V-valued function f on an interval [a, c]
is strongly C*~1.

Proof: To have f be (strongly) differentiable at fixed b € [a, ] is to have (strong) continuity at b of

flx) = f(b)

b (for = # b)

g(x) =
Weak C?-ness of f implies that every X o g extends to a C'! scalar-valued function on [a,c]. We need to get
from this to a (strongly) continuous extension of g to the whole interval.

The (strong) continuity of f’ will follow from consideration of the function of two variables (initially for

Y @) - (0
x) — fly
g(z,y) = ———=

r—y
The weak C%-ness of f assures that g extends to a weakly C! function on [a,c] X [a,c]. In particular, the
function & — g(z,z) of (the extended) g is weakly C!, and z — g(x, ) is f'(z), so f’ is weakly C'. From
above, f’ is (strongly) C°. Suppose that we already know that f is C¥, for £ < k — 1. As the ¢** derivative
g = fO of fis weakly C?, it is (strongly) C' by the first part of the argument. That is, f is C*+1. ///
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2. Holomorphic vector-valued functions

Let V be a quasi-complete, locally convex topological vector space. A V-valued function f on a non-empty
open set @ C C is (strongly) complez-differentiable when lim._,., (f(z) — f(2,))/(z — z,) exists (in V)
for all z, € 2, where z — z, specificially means for compler z approaching z,. The function f is weakly
holomorphic when the C-valued functions Ao f are holomorphic for all A in V*. The useful version of vector-
valued meromorphy of f at z, is that (z — z,)™ - f(z) extends to a vector-valued holomorphic function at z,
for some n. After some preparation, we will prove

[2.1] Theorem: Weakly holomorphic V-valued functions f are continuous. (Proof below.) ///

[2.2] Corollary: Weakly holomorphic V-valued functions are (strongly) holomorphic. The Cauchy integral
formula applies:

1
fiz) = — / de (as Gelfand-Pettis V-valued integral)
2 J, w— 2z

Proof: Since f(z) is continuous, the integral

exists as a Gelfand-Pettis integral. Thus, for any A € V*

21 w—z

1 Ao f)(w
A1) = 5 [ B2 — ey
¥
by the holomorphy of Ao f. By Hahn-Banach, linear functionals separate points, so I(z) = f(z), giving the

Cauchy integral formula for f itself.

To prove (strong) complex-differentiability of f at z,, take z, = 0 and use f(0) = 0, for convenience. There
is a disk |z| < 3r such that for every A € V*

Fe) — (00

(on 0 <|z] <)
z

extends to a holomorphic function on |z| < r. Continuity of f assures existence of
1 / fw) dw
2 J, w ow—2z

By Cauchy theory for C-valued functions, and Gelfand-Pettis,

VI9) < g = [ QoD e (L S oy

z 2mi w w—z

Since functionals separate points,

=
N

—
S~
E

QU

S

z 27 w o ow—z
From
1 1 z
= —+
w(w — z) w?  w(w — z)
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we have

0 _ LS, LS,

z 2mi w? 2mi (w—z)

Using the continuity of f, given a convex balanced neighborhood U of 0 in V, the compact set
K = {f(w) : lw| = 2r} is contained in some multiple ¢,U of U. Thus, for |z| < r,

flz) 1 [ flw) 1
— —— [ —==d € . “toU
z 2mi ), w? v 12 (2r)2r
so lim, o f(2)/z exists. Since f(0) =0,
i L)1) L[ S
220 Z— % 2mi J, (w— 2,)?
giving the complex differentiability of f. ///

[2.3] Corollary: The usual Cauchy-theory integral formulas apply. In particular, weakly holomorphic f is
(strongly) infinitely differentiable, in fact expressible as a convergent power series with coefficients given by
Cauchy’s formulas:

f) = Y eaz—z)"  with Cn_f(’”@o)_l_/(wf(wdw

n! 271
n>0

for v a path with winding number 41 around z,.

Proof: Without loss of generality, treat z, = 0, and |2| < p|w| with p < 1, and |w| = 7. The expansion

1 11 1 Z L Z\2 Z\N (z/w)N“)
w—z wl— 7w(1+w+(w) Jr'“Jr(w) + 1-2

Z
w

combined with an integration around + against f(w), and the basic Cauchy integral formula, give

N
B 1 flw)dw 1 1 flw)dw niy
]0(2)20271'2/7 wntt F +2m'/7wN+1 w—z

Much as in the previous proof, given a convex balanced neighborhood U of 0 in V, the compact set
K = {f(w) : lw| =} is contained in some multiple ¢,U of U, and

1 I flw)dw  yiy 1 1 N+1 to N1
— AT — U —. = U——2_pNt
21 ), wNTLw — 2 : rN+1 r(1—p) (or) r(l— p)p
Since 0 < p < 1, pN*1/r(1 — p) < 1 for sufficiently large N, so the leftover term is inside given U. ///

An appendix discusses the differentiability of power series with coefficients in topological vector spaces.

The next section collects some important corollaries of the main result, prior to preparation for the proof
that weak holomorphy implies continuity,
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3. Holomorphic Hol(),V')-valued functions

The vector-valued versions of Cauchy’s formulas have useful corollaries. First, recall some aspects of the
classical scalar-valued case.

For open ¢ # Q C C, give the space Hol(Q2) of holomorphic functions on € the topology given by the
seminorms fix (f) = sup,cg |f(z)| for compacts K C €.

[3.1] Claim: Hol(Q) is a Fréchet space.

Proof: Let {f,} be a Cauchy sequence in that topology. As in [13.5], the pointwise limit f(z) = lim,, f,,(2)
is at least continuous. Then, for a small circle  inside €2 and enclosing z,

L o Lo fa(w)
f(z) = 117rlnfn(z) = 1171111 i Wr—z dw

Since 7 is compact and the limit is uniformly approached on compacts, this gives

L. lim Jn(w) dw = i f(w) dw
21 Jy on o w—2 271 Sy W— 2

f(z) =

Direct estimates (simpler than in the previous section) show that the latter integral is complex-differentiable

in w. ///

Let V' be quasi-complete, locally convex, with topology given by seminorms {v}. The space Hol(Q2, V) of
holomorphic V-valued functions on €2 has the natural topology given by seminorms

ok (f) = sup v(f(2)) (compacts K C 2, seminorms v on V)
zeK

This topology is obviously the analogue of the sups-on-compacts seminorms on scalar-valued holomorphic
functions, and there is the analogous corollary of the vector-valued Cauchy formulas:

[3.2] Corollary: Hol(Q, V) is locally convex, quasi-complete. ///

Proof: Let {f,} be a bounded Cauchy net. Just as in the scalar case, the pointwise limits lim,, f,,(z) exist.
The same three-epsilon argument as for scalar-valued functions will show that the pointwise limit exists and
is continuous, as follows. First, using compact K = {z}, the value py.y ,(f) is just v(f(z)). Thus, by quasi-
completeness of V', for each fixed z the bounded Cauchy net f,(z) converges to a value f(z). Given ¢ > 0 and
zo € Q, let K be a compact neighborhood of z,, and take N sufficiently large so that v(f,(2) — fn(2')) <e
for all z,2z’ € K and all m,n > N. Then

i (f(2) = £(20)) < prw(f(2) = fa(2) + 1w (fa(2) = fn(20)) + prcw (Ful20) = f(20)) < 3¢

proving the continuity of the pointwise limit. Then, as in the previous scalar-valued argument, the vector-
valued Cauchy formula gives, for a small circle  inside €2 and enclosing z,

fn(w)

w—z

dw

n 211

1
f(z) = lim f,(2) = lim —/
" ¥
with Gelfand-Pettis integrals. Since ~ is compact and the limit is uniformly approached on compacts, this

gives
1 . fu(w) 1 fw)
f(z) = /Yhmdw—[/w_zdw

211 n o w—2z 21

4



Paul Garrett: Holomorphic vector-valued functions (November 28, 2016)
Again, the differentiability of latter integral is directly verifiable, and f is holomorphic. ///

It is occasionally useful to iterate the previous ideas: A V-valued function f(z,w) on a non-empty open
subset  C C2 is complex analytic when it is locally expressible as a convergent power series in z and w, with
coefficients in V. The two-variable version of the discussion of convergence of power series with coefficients
in V in the appendix succeeds without incident in the two-variable case. [1]

[3.3] Corollary: Let f(z,w) be complex-analytic C-valued in two variables, on a domain Q; x Qy C C2.
Then the function w — (z — f(z,w)) is a holomorphic Hol(£2 )-valued function on 2.

Proof: The issue is the uniformity in z in compacts K of the limit

h—0 h

Using the scalar-valued Cauchy integral, for a small circle v about w, letting f> be the partial derivative of
f with respect to its second argument,

1

[(zw+h) = f(zw) _ 1 o w1
) ~ntew) = g [ 0(FERSEE - ) e

1 1 !
= MLf<Zv<>(<<_(w+h>><<—h> o)

The two-variable analytic function z,{ — f(z,() is certainly continuous as a function of two variables, so is
uniformly continuous on compacts K x . Thus, the limit as h — 0 is approached uniformly. ///

Application of the vector-valued form of Cauchy’s integrals gives the same result for f(z,w) taking values
in a quasi-complete, locally convex V':

[3.4] Corollary: Let V be quasi-complete, locally convex. Let f(z,w) be complex-analytic V-valued in
two variables, on a domain Q; x Qy C C2. Then the function w — (z — f(z,w)) is a holomorphic
Hol(€, V)-valued function on s. ///

4. Banach-Alaoglu: compactness of polars

The polar U° of an open neighborhood U of 0 in a topological vector space V is

Ue={AeV*: |\l <1, forallu e U}
[4.1] Theorem: (Banach-Alaoglu) In the weak dual topology on V* the polar U° of an open neighborhood
U of 0in V is compact.

Proof: For every v in V there is real t, sufficiently large such that v € ¢, - U, and || < ¢, for A € U°.
Tychonoff gives compactness of the product

P = H{ze(C:|z|§tv} C H(C

veV veV

[11 We have no immediate need of subtleties concerning functions of several complex variables, such as Hartogs’
theorem that separate analyticity implies joint analyticity.
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Map V* to [[,cy C by j(A) = {A\(v) : v € V}. By design, j(U?) C P. To prove the compactness of U it
suffices to show that the weak dual topology on U? is identical to the subspace topology on j(U?) inherited
from P, and that j(U?) is closed in P.

The sub-basis sets
{ANeV*: D — o] < b} (for v € V and § > 0)

for V* are mapped by j to the sub-basis sets
{pe€ P:lp, — A\ov| <3} (for v € V and § > 0)
for the product topology on P. That is, j maps U° with the weak star-topology homeomorphically to j(U?).
To show that j(U?) is closed in P, consider L in the closure of U° in P. Given x,y € V, a,b € C, the sets
peP:lp—Lal<6  {peP:lp—L)[<0}  {peP:|(p—Lhawin <3}

are open in P and contain L, so meet j(U°). Let A € j(U?) lie in the intersection of these three sets and
j(U°). Then

|aLy +bLy — Lagtby| < la| - [Ly = Ax| 4+ [b] - |Ly = Ay| + |Laz+by — Aaz + by)| + ladz + bAy — Aaz + by))|
< la|-6+1b|-6+35+0 (for every § > 0)
so L is linear. Given € > 0, for N be a neighborhood of 0 in V such that x — y € N implies Ax — Ay € N,
|Ly — Ly| = |Ly — Az|+|Ly — Ay| + [z — Ay|d + 0 + ¢

Thus, L is continuous. Also, |L, — Ax| < é for all z € U and all § > 0, so L € j(U?), and j(U°) is closed,
giving compactness. /1]

5. Variant Banach-Steinhaus/uniform boundedness

This variant of the Banach-Steinhaus (uniform boundedness) theorem is used with Banach-Alaoglu to show
that weak boundedness implies boundedness in a locally convex space, the starting point for weak-to-strong
principles. It uses the version of Baire category for locally compact Hausdorff spaces, rather than complete
metric spaces.

[5.1] Theorem: (Variant Banach-Steinhaus) Let K be a compact convex set in a topological vectorspace
X, and 7 a set of continuous linear maps X — Y from X to another topological vectorspace Y. Suppose
that for every individual x € K the collection of images Tz = {Txz : T € J} is bounded in Y. Then
B =,ex Zx is bounded in Y.

Proof: Let U,V be balanced neighborhoods of 0 in Y so that U + U C V, and let

E= () 77'0)
TeT

By the boundedness of 7z, there is a positive integer n such that 72 C nU, and then = € nE. For every
x € K there is such n, so

K = |J(KnnE)

n

Since FE is closed, the version of the Baire category theorem for locally compact Hausdorff spaces implies
that at least one set K NnE has non-empty interior in K. For such n, let z, be an interior point of K NnFE.
Pick a balanced neighborhood W of 0 in X such that

Kn(xz,+W) C nE

6
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Since K is compact, it is bounded, so K — z, is bounded, and K C x, + tW for large enough positive real
t. Since K is convex, (1 —t Yz +t~ !z € K for any 2 € K and t > 1. At the same time,

z—x, = t Nz —20) EW (for large enough t)

by the boundedness of K, so z € z,+W. Thus, z € KN (r,+V) C nE. From the definition of £, TE C U,
so T(nE) =nT(F) CnU. And z =tz — (t — 1)z, yields

Tz € tnU — (t — 1)nU C tn(U + U)

by the balanced-ness of U. Since U + U C V, we have B C tnV. Since V was arbitrary, this proves the
boundedness of B. /1]

6. Weak boundedness implies (strong) boundedness

[6.1] Theorem: Let V be a locally convex topological vectorspace. A subset E of V is bounded if and only
if it is weakly bounded.

Proof: For the proof, we need the notion of second polar N°° of an open neighborhood N of 0 in a topological
vector space V:

N = {veV:|Av|<1foral e N%

where N° is the polar of N. Conveniently,

[6.2] Claim: (On second polars) For V a locally convex topological vectorspace and N a convex, balanced
neighborhood of 0, the second polar N°° of N is the closure N of V.

Proof: Certainly N is contained in N°°, and in fact N is contained in N since N is closed. By the
local convexity of V', Hahn-Banach implies that for v € V but v € N there is A € V* such that Av > 1 and

|A\v| <1 for all v/ € N. Thus, X is in N°, and every element v € N°° is in N, so N°° = N. ///

Returning to the proof of the theorem: clearly boundedness implies weak boundedness. On the other hand,
take £ weakly bounded, and U be a neighborhood of 0 in V' in the original topology. By local convexity,
there is a convex (and balanced) neighborhood N of 0 such that the closure N is contained in U.

By the weak boundedness of E, for each A € V* there is a bound by such that |Az| < by for x € E. By
Banach-Alaoglu the polar N° of N is compact in V*. The functions A — Az are continuous, so by variant
Banach-Steinhaus there is a uniform constant b < oo such that [Az| < b for x € E and A € N°. Thus,
b~z is in the second polar N°° of N, shown by the previous proposition to be the closure N of N. That is,
b~'z € N. By the balanced-ness of N, E C tN C tU for any t > b, so E is bounded. ///

7. Proof that weak C* implies strong C°

The claim below, needed to complete the proof that weak C* implies (strong) C*~1, is an application of the
fact that weak boundedness implies boundedness.

[7.1] Claim: Let V be a quasi-complete locally convex topological vector space. Fix real numbers a < b < c.
Let g be a V-valued function defined on [a,b) U (b, c]. Suppose that for A € V* the scalar-valued function
Aog extends to a C! function Fy on the whole interval [a, c]. Then g(b) can be chosen such that the extended
g(x) is (strongly) continuous on [a, c].
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Proof: For each A € V*, let Fy be the extension of Ao g to a C! function on [a, c]. The differentiability of
F, implies that for each A the function

Baay) = DB (for = # y)

has a continuous extension ®y to the compact set [a,c] X [a,¢]. The image Cy of [a,c] X [a,c] under this
continuous map is compact in R, so bounded. Thus, the subset

{Af (z) = A\f(y)

PR :J:;éy}CCA

is bounded in R. That is,
B — {g(x)—g(y) :“éy} c v
z—y

is weakly bounded. Because weakly bounded implies (strongly) bounded, F is (strongly) bounded. That
is, for a balanced, convex neighborhood N of 0 in V, there is t, such that (g(x) — g(y))/(x —y) € tN for
x #yin [a,c] and ¢t > ¢,. That is, g(x) — g(y) € (x — y)tN. Given N and ¢, as above, g(z) — g(y) € N for
|z —y| < % That is, as  — b the collection g(z) is a bounded Cauchy net. By quasi-completeness, define
g(b) € V as the limit of the values g(z). For x — y the values g(z) approach g(y), so this extension of g is
continuous on [a, c]. /1]

8. Proof that weak holomorphy implies continuity

With the above preparation, we prove that weak holomorphy implies (strong) continuity, completing the
larger proof, as another application of the fact that weak boundedness implies boundedness, by an argument
parallel to that of the first section that weak C'! implies C° for vector-valued functions on [a, b].

[8.1] Claim: Weak holomorphy implies (strong) continuity.

Proof: To show that weak holomorphy of f implies f : D — V is (strongly) continuous, without loss
of generality prove continuity at z = 0 and suppose f(0) = 0 € V. Since A o f is holomorphic for each
A € V* and vanishes at 0, each function (Ao f)(z)/z initially defined on a punctured disk at 0 extends to

a holomorphic function on a full disk at 0. By Cauchy theory for the scalar-valued holomorphic function
Af(2)
z— 2D

z i

(ehE _ 1 [ 1 Qepw)

z 2mi v W= 2 w

where v is a circle of radius 2r centered at 0, and |z| < r. With M) the sup of |Ao f| on 7,

’(AOf)(Z)

z

length 1 M 1 1 M M.
< engthy .sz.(gw.gr).,.i’\zi’\
2 2r—r 2r 2T r 2r T

Thus, the set of values

S = {f(z) s 2] Sr}

is weakly bounded. Weak boundedness implies (strong) boundedness, so S is bounded. That is, given a
balanced convex neighborhood N of 0 in V| there is ¢, > 0 such that for complex w with |w| > t,, the set S
lies inside wN. Then f(z) € zwN and f(z) € N for |z] < |w|. As f(0) = 0, we have proven that, given N,
for z sufficiently near 0 f(z) — f(0) € N. This is (strong) continuity. ///
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9. Appendix: vector-valued power series

We should confirm that power series with values in a quasi-complete, locally compact vectorspace V' behave
essentially as well as scalar-valued ones. First,

[9.1] Lemma: Let ¢, be a bounded sequence of vectors in the locally convex, quasi-complete topological
vector space V. Let z, be a sequence of complex numbers, let 0 < r,, be real numbers such that |z,| < r,, and
suppose that > 7, < +o0o. Then ) ¢, 2, convergesin V. Further, given a convex balanced neighborhood
U of 0in V let t be a positive real such that for all complex w with |w| > t we have {¢,} C tU. Then

> enz € (; |zn|> U C <Z rn> U

n n

Proof: For convex balanced neighborhood N of 0 in the topological vector space, with complex numbers z
and w such that |z| < Jw|, then zN C wN, since |z/w| < 1 implies (z/w)N C N, or zN C wN. Further, for
an absolutely convergent series ), of complex numbers, for any n,

> (an-V) = > (anl-V) € | D Janl | N C <Z|an|>~N

n<n, n<n, n<n, n<oo

For a balanced open U containing 0, let ¢ be large enough such that for any complex w with |w| > ¢ the
sequence ¢, is contained in wU. The previous discussion shows that

>z € (Jzml+ ...+ |zal) - tU

m<t<n
Given ¢ > 0, invoking absolute convergence, take m sufficiently large such that |z,,|+ ...+ |z,| < t-€ for all

n > m. Then
Z czg € t-(gft)-U =U

m<el<n

Thus, the original series is convergent. Since X is quasi-complete the limit exists in V. The last containment
assertion follows from this discussion, as well. ///

[9.2] Corollary: Let ¢, be a bounded sequence of vectors in a locally convex quasi-complete topological
vector space V. Then on |z| < 1 the series f(z) = ), ¢,2" converges and gives a holomorphic V-valued
function. That is, the function is infinitely-many-times complex-differentiable.

Proof: The lemma shows that the series expressing f(z) and its apparent k' derivative Y, ¢, (})2" "% all
converge for |z| < 1. The usual direct proof of Abel’s theorem on the differentiability of (scalar-valued)
power series can be adapted to prove the infinite differentiability of the X-valued function given by this
power series, as follows. Let

g(z) = Z nep 2"

n>0
Then N N
JDI0) ) = e (22— )
n>1

For n = 1, the expression in the parentheses is 1. For n > 1, it is
(z”fl + 2" 2w 2w+ w”fl) — nw" !

9
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_ (Zn—l _ wn—l) + (zn—2w _ wn—l) 4+ (Zan—S _ wn—l) 4 (an—Q _ wn—l) + (wn—l _ wn—l)

= (z—w) [(z"_2 Fo AW ) w0 " (e w) Fw T 0]

n—2

= (z —w) Z (k+1) 2" 27 Fyk

k=0

For |z| <r and |w| < r the latter expression is dominated by

n—2 TL(TL — 1)
2

<|z—w| -n*r"2

|z —w|-r
Let U be a balanced neighborhood of 0 in X, and ¢ a sufficiently large real number such that for all complex
w with |w| > ¢ all ¢, lie in wU. For |z| <r <1 and |w| <r < 1, by the lemma,

FEZTW) gy =z w) 3 e (i(kﬂ)zn“wk) € (e -w): (Zn) U

n>2 k=0

f(z)%i(“’) — g(w) lies in U. "

Thus, as z — w, eventually ==

[9.3] Corollary: Let ¢, be a sequence of vectors in a Banach space X such that for some 7 > 0 the series
> len] - ™ converges in X. Then for |z] < r the series f(z) = Y ¢,2™ converges and gives a holomorphic
(infinitely-many times complex-differentiable) X-valued function. ///
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