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[07.1] Compute the Fourier transform of |z| on R. (Hint: its second derivative is 24.)
(Beware! There was a computational error in the discussion from last year!)

Discussion: (There are several lines of computation which succeed.) Let u(x) = |z|, or, rather, the
distribution given by integrating against |x|. This is certainly a tempered distribution, so it has a Fourier
transform, even if it is not (integration against) a pointwise-valued function. Its first derivative is (integration
against) sgn x, which has no pointwise value at 0, but that doesn’t matter. The derivative of this is 0 away
from 0, and, more importantly, gives a jump of 2 at 0, so u” = 26.

Taking Fourier transform, (2mi&)? 4 = 2, since 5=1. We are reasonably tempted to divide through and say
that (&) = —1/272[£|%2. However, this cannot be literally correct, since 1/|z|? is not locally integrable, so
this description of the distribution @ is inadequate. Also, attempting a naive principal value version fails
because there’s no cancellation.

But we might be reminded of the earlier example that the principal value distribution v(f) =

lim, o+ flm\Zs - dx appears as a Fourier transform:

__ 1
sgn = —wv
m

In that case, we similarly saw that £sgn = 1/mi, but we could not simply divide, due to problems at 0.
Rather, since also £-v =1, - (Sgn—v/mi) = 0. Thus, Sgn —v/mi is supported at 0, so is a linear combination
of § and its derivatives. Being annihilated by multiplication by &, it must be a constant multiple of § itself.
But sgn — v/mi is odd, and 0 is even, so it must be that Sgn — v/mi = 0.

Still, we might imagine that, since (1/£)’ = —1/|£|? away from 0, @ may be the derivative of the principal
value functional (up to a constant multiple). Taking the derivative of both sides of £ - v = 1, we have
v+ &' =0, so £(—v') = v. Multiplying again by &,

2. (=) =¢v=1

Thus,
& (u—1'/2n%) = 7—14—i =0
2w2 272
Thus, @ — v'/27? is supported at 0, so is a (finite) linear combination of § and its derivatives. Being
annihilated by multiplication by &2, it is necessarily just a linear combination of § and §’. Since @, v’,§ are
even, but ¢’ is odd, the linear combination can only involve §. So we know that

/

. v
U= —=+c-¢ (for some constant c)
272

That is, up to the to-be-determined multiple of §, © is essentially the derivative of the principal-value
functional. Unlike the previous, simpler example, we need to evaluate the constant. To do 50, it’s handy to
use a Schwartz function that is its own Fourier transform, such as the Gaussian g(xz) = e~™ . Then
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2
~ v’ ~ v, Cra? 1 . —2mxe ™"
el = cdlg) = o) = 55(0) = u@ + 525(0) = [ Jele™ do+ o lim P
1 1
- —_Z =09
T ow
Thus, \/sc\| =’ /272, with v the principal-value functional above. ///

[0.1] Remark: This can also be understood as an example of Hadamard’s finie partie (finite part), as well
as in terms of Riesz’s explanation of Hadamard’s idea in terms of meromorphic continuation of a family
of distributions. All of these viewpoints are useful. (A previous year’s computation of the constant was
apparently incorrect!)

[07.2] (Trace Theorem T? — T') For f € H*(T?) with s > %, show that f o) € Hs~=(T).
X

Discussion: Let’s recall the more general case of this done in class: let m < n and T™ — T™ by mapping
(1, Tm) = (T1,.. ., Tm, 0,...,0).

[0.2] Claim: For s > 5™ for f € H*(T"), the restriction f|ym is in H*~ "2 ~¢(T™) for every ¢ > 0.

Proof: Fix € > 0, and let h = 25™ by (k,£) with k € T™ and ¢ € T"~™. Also,
it suffices to consider f having a finite Fourier series, since these are dense in every H?®, so we do not have
to worry about convergence, only comparison of norms. Then

A = S Fwof e mp

keZm tefn—m

By Cauchy-Schwarz-Bunyakowsky,

Y Akl < X ROl = Y o 1T O] (L )

teln—m teZn—m veam (L 1€1%)
1 2 ~ 1
<( X arwp) (X 1for-army)
ezn—m eznem

Since h > %, the first sum has finite value Cj. Then
Lol < o 30 (020 1FU DR (L [2)") - (14 (k)"
keZm™ teZn—m
Since s —h >0 and h > 0, for all a,b > 0,
(1+a) 1+ < A+a+b)" - I+a+b)*" = (1+a+0b)°

Thus,
| Lo € G D0 Y 1RO (L K2+ 103 = Ca T

keZm teln—m

This comparison of norms on finite Fourier series extends by continuity to give the same comparison for all
elements of H®. ///

[07.3] Let ¢¢(x) = e?¢. Tell in what useful sense [, 1 - ¢ d€ converges.
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Discussion: It is easy to imagine that the integral should converge in some genuine sense, and express
d, since § = 1, and Fourier inversion holds for tempered distributions. This is the R™ analogue of the T™
situation with Fourier series having coefficients all 1, the Fourier expansion of the Dirac comb (a periodic
version of Dirac §). But for tempered distributions there is no reason to expect pointwise convergence either
of Fourier transform or inversion, so from this viewpoint that integral can only refer to an extension-by-
continuity of Fourier inversion. We can do somewhat better.

First, since 8 = 1 is locally integrable, and Jrn 1112 (1 + [€[%)% d€ < oo for s < —2%, we find that § € H*(R™)

for such s. We might aim to show that the integral in question converges (in some sense) to § in H® for such
s.

Just as Fourier series need not be interpreted as converging numerically to pointwise-valued functions, these
Fourier integrals need not be interpreted as converging numerically to pointwise-valued functions. One point
is that infinite sums or integrals over infinite-measure sets should be construed as limits of (for example)
finite sums or finite integrals.

We claim that this integral converges in the Sobolev space H*(R") for every s < —n/2, and converges there
to §. For example, the truncated integrals

unN = / 1-’(#5 dg
sup; [£i|[<N

are absolutely convergent pointwise, so can be taken literally. Taking advantage of the box-truncations
(rather than other shapes that do not easily allow separation of variables),

n

sin 2w Nx;
uv(e) = 220

T
i=1 v

We should expect that uy — § in H*(R"). Indeed, by Fourier inversion, #g is the characteristic function
XBy Of the box By = {z : sup; |x;| < N}. Then

|6 —unlF. = / 1= Xy l* - (L€ d¢ < / (1+1¢*)* ds — 0
R» |z| >N

for s < —3. /]

[07.4] Show that there exists f € C°(R™) and 0 < k € Z such that (1 — A)*f = 4.

o~

Discussion: The key idea is that solving the equation (1—A)f = g gives (1+472|£|?) f(€) = g(€), and then

FO) = G(6)/(1 + 4m2|€[?). Thus, (1 — A)ef = g gives f(€) = §(€)/(1 + 4x2|€|2)k. This puts f in a better
Sobolev space than g was in, shifting the index by 2k. If the index is shifted to H® with s > 5 + £, then by
Sobolev inequalities /imbedding, actually f € C*.

Again, 0 € H*(R") for any s < —%, since §=1and L1112+ (14 |€[%)® d€ < co. Let F(€) = 1/(1 + 4m?|€[?)*
with k large enough so that for some £ > 0

1 .
L 0l < oo

With f = F, f € H5*¢, and (1 — A)kf = 6. By Sobolev imbedding, f € C°, as desired. ///

[07.5] Show that the characteristic function of an interval is in H %’E(R) for every ¢ > 0, but is not in
H3(R).
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Discussion: By direct computation,
6727rib§ _ 6727ria£
—2mi&

Xjap)(§) =

For ¢ > 0,

o—2mibE _ p—2miag |2 . o s 1 28
/R‘ —2mié (re)a <</R(1+\€I)2 e < =

for 2 — 2s > 1, which is s < 3. /]

[07.6] (Corrected!) Show that f(z) = e~1#l is in H3~¢(R) for every ¢ > 0, but is not in H? (R).
Discussion: The correct indexes for the Sobolev spaces are easily discovered by doing a simple computation:
basic calculus gives

~ 2

1O = Time

and then, with implicit constant that doesn’t matter,
e = [IFOR -+ de < [ ey ag

This if finite for s — 2 < f%, which is s < % On the other hand, with implicit constants that don’t matter,

f

2 . Y 2. 2\s 2\s—2
2. = /le(f)l (1482 de > /R(Hf) de

which diverges for s —2 = —1. ///
[07.7] Recall the argument that § € H~%~¢(R") for every &, but is not in H~% (R™).
Discussion: This is a an important cliche:
[y ds = [ 1-lep) e
Rn Rn
which is finite for s < —%, but not for s = —3. ///

[07.8] Let u be a distribution on R. Show that § * u = v and & *u = u’.

Discussion: Use the definition/characterization
(ux f)(z) = w(T-of")
where f¥(y) = f(—y), for u € £* and f € €. Then
O @) = 0(T-of”) = (T-aly = f(=y)ly=0 = (y = f(=y+2))ly=0 = f(2)
Similarly,

(0% f)(x) = 8T, f") = 7<di‘ly<yw_xf<—y>>|y:o - *(d%(y%f(*wx)))ly:o

= (Y= f'(—y+2)ly=0 = f'(x)
as claimed. /]
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Another reasonable approach, is to use Fourier transforms: apparently

Sxu=10-u=11a=a
and by Fourier inversion it would seem that ¢ * u = u. Indeed, if ¥ has pointwise values this argument is
correct. Thus, for u € £*, since by Sobolev H*>® C &£ and then £* C (H*>)* = H~*°, we know that u does
have pointwise values, justifying the argument. ///

Also, if u is a compactly-supported distribution, multiplication of it by any f € £ is defined, not pointwise,
but by duality, by (f -@)(p) =u(f - ¢) for ¢ € €. ///

07.9] For compactly supported distributions u,v on R, show that (u*v) = *v = u*v'.
[ pactly supp : ,

Discussion: First, there is an argument from the definitions: for f € &£, using associativity,

(wxv) % @) = (usv)(T_pf¥) = —(U*v)(d%(y%f(—yv%))) - —u*(v*(%(wf(—ym»))

Then, going back, this is
—u % (U(fo%(y = f(=y)) = —ux (v(*nym(y = f(=y))) = ux (' (T-a(y = f(=1))))

as claimed. ///

Another approach uses the idea that 6’ * uw = v’ = u * §’ for u € £*, together with associativity. Namely,

uxv = ux(v*xd) = (uxv)xd = (u*v)
and
uxv = (0 *xu)xv = 8 x(uxv) = (uxv)
This might motivate us to think again why ¢’ behaves this way on £*, not only on £. ///

While we’re here, let’s explicitly prove associativity of x for u,v,w € &*: for every f € &£, using the
associativity (u*v) * f = w* (v x f) that essentially defines u * v,

(usx(vxw))*f = ux((vxw)xf) = ux(vx(wxf)) = (uxv)x(w* f) = ((u*xv)*xw)x* f
as desired. /!
[07.10] Let H be the Heaviside step function (with H’ = §). Let 1 denote the identically-one function.
Verify that (1% ¢") « H = 0, while 1 % (6’ « H) = 1, so associativity fails:
(10« H =0 #1 = 1% (5« H)

(This is not a pathology, because there is no purposeful definition of convolution involving two or more
general not-compactly-supported distributions.)

Discussion: [... jou ...]

[07.11] (*) Show that the functional on f € D(R?) given by integrating around the unit circle

2m
u(f) = f(cos@, sinb) d
0
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is in H—27¢(R?) [Terrible typo: I had R! in the original...] for every & > 0.

Discussion: The (correct) idea is that restriction to a smooth, nicely imbedded submanifold reduces the
Sobolev index by half the codimension divided by 2, plus epsilon. To carry this out precisely, we’d need
to choose some change-of-coordinates to flatten out the round circle, to reduce to the cases of T™ C T" or
R™ C R”. ///




