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[06.1] Given f in the Schwartz space S , show that there is F ∈ S with F ′ = f if and only if
∫
R f = 0.

[06.2] Let u(x) = ex ·sin(ex). Explain in what sense the integral

∫
R
f(x)u(x) dx converges for every f ∈ S .

[06.3] Show that sin(nx)→ 0 in the S ∗-topology as n→ +∞.

[06.4] Let −∞ < a < b < c < +∞, and

f(x) =


0 (for x < a)
A (for a < x < b)
B (for b < x < c)
0 (for c < x)

Show that (extended) d
dxf = Aδa + (B −A)δb −Bδc.

[06.5] Show that the principal value functional u(ϕ) = P.V.
∫
R
ϕ(x)
x dx is in S ∗ and satisfies x · u = 1.

[06.6] Compute the Fourier transform of the sign function

sgn(x) =

 1 (for x > 0)

−1 (for x < 0)

Hint: d
dx sgn = 2δ. Since Fourier transform converts d/dx to multiplication by 2πix, this implies that

(2πi)x · ŝgn = 2δ̂ = 2. Thus, (πi)x · ŝgn = 1.

[06.7] Show that xδ′ = −δ on R. On Rn, show that xiδ = 0.

[06.8] On Rn, show that r2 ·∆δ = 2n · δ.

[06.9] On R2, compute the Fourier transform of (x± iy)n · e−π(x2+y2) for n = 0, 1, 2, . . .. (Hint: Re-express
things, including Fourier transform, in terms of z = x+ iy and z = x− iy, w = u+ iv, and w = u− iv.)
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