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[00.1] (There is not much hope to make sense of the outcome of an uncountable number of non-zero
operations:) Let Ω be an uncountable collection of positive real numbers. Letting F range over all finite
subsets of Ω, show that supF

∑
α∈F α = +∞.

[00.2] Prove (or review the proof) that a continuous real-valued function f on a finite closed interval
[a, b] ⊂ R is uniformly continuous: for all ε > 0 there is δ > 0 such that, for all x, y ∈ [a, b], |x − y| < δ
implies |f(x)− f(y)| < ε.

[00.3] Prove (or review the proof) that a uniform pointwise limit of continuous, real-valued functions on
[a, b] is continuous.

[00.4] Prove (or review the proof) of the Fundamental Theorem of Calculus: for a continuous function f
on [a, b], the function F (x) =

∫ x
a
f(t) dt is continuously differentiable, and has derivative f . (Use Riemann’s

integral.)

[00.5] Prove (or review the proof) that for a sequence of real-valued functions fn on [0, 1] approaching f

uniformly pointwise, limn

∫ 1

0
fn(x) dx =

∫ 1

0
limn fn(x) dx. (Use Riemann’s integral.)

[00.6] Show that every open subset of R is a countable union of open intervals.

[00.7] Define Lebesgue (outer) measure µ(E) of subsets E of R by

µ(E) = inf{
∞∑
n=1

|bn − an| : E ⊂
∞⋃
n=1

(an, bn)}

Show that µ(Q) = 0. Show that µ(M) = 0, where M is Cantor’s middle-thirds set.
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