Camera Projection Model



3D Point Projection (Pixel Space)
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Camera intrinsic parameter
: metric space to pixel space




2D Inverse Projection

Pixel space Metric space
| Uimg X
2D point == 3D ray
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The 3D point must lie in
the 3D ray passing through the origin and 2D image point.



Coordinate Transform (Rotation)

Camera

Origin at world coordinate

Ground plane
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Coordinate transformation from world to camera;
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Degree of freedom?

°R, €S0(@3)

* Orthogonal matrix — (CRW)T(CRW)

X =°R, X

l,, det(‘R,)=1



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;
Cy L _ _
Ry, | r
X
W X, = r, X="R,X
X‘ D - k3D world ) .

Origin at world coordinate

‘R, €S0(3
Ground plane w € 503)

« Orthogonal matrix —> (°R,) (‘R,)=1l; det(R,)=1
v — o X=(x,y,2) « Right hand rule

\
’
y \
K e F X
4 Tt —
. K / —
. .
/ L C crJCc'=C
’ J /
’ 2 /
’ ’
. g ’
! .
. 4 i
/ g .
/ .
. g ’
! /
(- |- /= - / 4
—————— /
N
N
i
\

Camera

World




Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

Oc. _ I,
X kBD world

Origin at world coordinate

X =°R, X

‘R, €S0(3
Ground plane w €303)

« Orthogonal matrix —> (°R,) (‘R,)=1l; det(R,)=1

A * Right hand rule
T
r, :camera X axis seen from |
the world coord "
~.j Camera
O

World



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

Oc. _ I,
X kBD world

Origin at world coordinate

X =°R, X

‘R, €S0(3
Ground plane w € 503)

| « Orthogonal matrix — (°R,) (°R,)=1,. det(‘R,)=1
Iy rcameray axis seen from + Right hand rule

A
I, the world coord. ,
X
r, :camera x axis seen from , T
Y
the world coord. <
Camera
P

World



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

X.=|h G I [X="R,X

Origin at world coordinate

‘R, €S0(3
Ground plane w €303)

« Orthogonal matrix —> (°R,) (‘R,)=1l; det(R,)=1
* Right hand rule

Th

r2
<
Camera
r. - world X axis seen from P
World *

the camera coord. r, =1 xI,



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

Xc=| M L [ X=CR,X

Origin at world coordinate

‘R, €S0(3
Ground plane w € 503)

£ « Orthogonal matrix — (°R,) (°R,)=1,. det(‘R,)=1
* Right hand rule

1, world y axis seen from T {
--------------- 5 the camera coord. r '

Camera

World " :world x axis seen from P
or the camera coord. r, =1 xI,



Camera Projection (Pure Rotation)

Camera Coordinate transformation from world to camera;

Xc=| M L [ X=CR,X

Origin at world coordinate  Camera projection of world point:

u X
Ground plane ¢
r ALV | = K Y,
A 1 Z
_ I, - world y axis seen from
--------------- 5 the camera coord.
Camera
r, - world x axis seen from
World

the camera coord.



Camera Projection (Pure Rotation)

Camera Coordinate transformation from world to camera;

Xc=| M L [ X=CR,X

Origin at world coordinate  Camera projection of world point:

4 X
Ground plane C
. AV |= K Ye
. 1 Ze
I ;r:/vorld y axis sezn from o Te T
€ camera coora. =
= K P PR
mer
Camera _rzl If22 I‘23 L

World r world x axis seen from
gl the camera coord.



Fuclidean Transform=Rotation+Translation

Camera

Origin at world coordinate

Ground plane

X=(xy,2)
/




Fuclidean Transform=Rotation+Translation

Camera

Origin at world coordinate

Ground plane




Fuclidean Transform=Rotation+Translation

Camera

Origin at world coordinate

Ground plane




Fuclidean Transform=Rotation+Translation

Camera

Coordinate transformation from world to camera;

X, =CR, X+t

Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
xC = (XC’yC’ZC)

World



Fuclidean Transform=Rotation+Translation

Camera

Coordinate transformation from world to camera;

rx1 rx2 rx3 1:x X
Xc =" R X+"t={r, 1, Iy t L}

for. r. t
X. <k3D world SR

Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
xC = (XC’yC’ZC)

World



Geometric Interpretation

Camera Coordinate transformation from world to camera;

rx1 rx2 rx3 X X
—C C4 —
Xe = Ry X+ t=r, 1, s t L}

for. r. t
X‘ "kBD world SR

Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
Rotate and then, translate.

World



Geometric Interpretation

Camera

Coordinate transformation from world to camera;

- . 1 rx1 rx2 rx3 1:x
X.="R X+‘t= .
c—  ‘w + 1= ry1 ry2 ry3 y 1
r, r, r, t
.< kg,[) world |21 z2 3tz
X
Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
Rotate and then, translate.

cf) Translate and then, rotate.

_rxl rx2 rx3 I 1 -Cx | X
\ X. =" Ry (X-C)=|r, r, T, 1 -C, L}
_rzl r22 rzS_ | 1 _Cz_

World where C Is the camera location seen from world.



Projective Line



Point-Point in Image

A 2D line passing through two 2D points:
au,+bv,+c=0  au,+bv,+c=0

T T _
X,I=0 X, =0
u, | u, | (a
where X, =|V,| X,=|V, l=|Db
1 1 C

A I=I —>I=null[ Aj or l=x, xXx,

2%3



Line-Line In Image

Two 2D lines in an image intersect at a 2D point:

au+by+c, =0 au+by+c,=0

Ty Tv
| x=0 l,Lx=0
m a rh
where Xx=|v | I =[b | I =|b,
1 C, C,
IT
1|y —
—> 1 x=0
2

or x=1, xl,



Vanishing Point

Parallel lines:
|11=u4><u3 |, =Uu,xu,

Ground plane




Vanishing Point

Parallel lines:
I11=u4><u3 |, =Uu,xu,
L, =u, <y, l,, =u, xu,

Ground plane



Vanishing Point

Parallel lines:
I11=u4><u3 |, =Uu,xu,
L, =u, <y, l,, =u, xu,

Vanishing points:
X, = I11 X I12 X, = I21 X I22

Ground plane



Vanishing Point

Parallel lines:
l, =u, xu, l, = U, xU,
|21:U4XU1 |22:U3XU4

Vanishing points:

v, =1, xl, V, =1y xl,

Ground plane Vanishing line:

=V, xV,




Where was | (how high)?

Taken from my hotel room (6% floor) Taken from beach



Vanishing point




Vanishing point




What can vanishing line tell us about me?

* Horizon
 Camera pitch angle (looking down)
 Camera roll angle (tilted toward right)



Single Vanishing Point

Camera 1

I

3 rl
o k?,D world

I

| Ground plane

O - O O




Single Vanishing Point

Camera 1

I

3 rl
o kBD world

I

| Ground plane

0
AV, :K[r1 o, tSV] (1)
_0_
AV, =Kr,
—> I, = ﬂ because rs is a unit vector.
C kv |

Z vanishing point tells us about the surface normal
of the ground plane



Single Vanlshlng Point

Camera

I

3 rl
o kBD world

0

0 &
1

0

| Ground plane

0
AV, = K[r1 r, o, t@,] (1)
_0_
AV, =K,
> K 1V because rs is a unit vector.
e

Z vanishing point tells us about the surface normal
of the ground plane

Rotation ambiguity

ko o

Ground plane



Two Vanishing Points

Camera

Ground plane




Two Vanishing Points

Camera

Ground plane




Two Vanishing Points

Camera

Ground plane - K™, B Ky,

kvl kv

I; =1 XTI, :Orthogonality constraint




Single View Metrology



Cross Ratio

s
e

O
O
'

Target points
TA\C/B_D B %@ _ac'bd
3CAD bcad b'c’ad

Cross ratio (perspective transformation invariant)

Ground plane




h_prime =norm(pl-p2);
h_R=norm(pl-p3);
h_prime_inf=norm(p4-p2);
h_inf =norm(p4-p3);

H=H R*h prime*h _prime_inf/h_R/h_inf

H=
1.6779 Ground truth: 1.7m

ComputeHeightFromCrossRatio.m



Homography



Perspective Transform (Homography)

X 11 h12 h13 ux ux
A Vy — h21 h22 h23 uy —H uy : General form of plane to plane linear mapping
1] |hy by 1]1] |12




Perspective Transform (Homography)

' Camera plane
Au=K/R t[X
Camem_plane Ground | plane
o
1Y
— Au=K t
u=Kr r, 1, t] )
_l_
o
—— Au=K[r, r, t]Y
1




Perspective Transform (Homography)

Invariant properties

* Cross ratio

« Concurrency

ES

 Colinearity
v, | |hy hy hyly, u, Degree of freedom
A vV, |= h,, h, h, u, =H u, 8 (9 variables — 1 scale)
1] hy by 11 ] |1




Hierarchy of Transformations

Euclidean (3 dof) Similarity (4 dof) Affine (6 dof) Projective (8 dof)

* Length  Length ratio  Parallelism  Cross ratio
* Angle * Angle  Ratio of area  Concurrency
» Area « Ratio of length  Colinearity
cos@ —sin@ t, acos® -—asind t, d; 8, aj h, h, hg
sin@  cos@ t, asin®  acos® t Ay Ay Ay h,, h, hy,
1 1 0 0 1 h, h, 1



Image Transform via Plane

| L

Keller entrance left Keller entrance right



Image Transform via 3D Plane

Au=KR t[X
— Au=K[r, 1, t]Y
_1_
]
yv:K'[rl' r, t’} Y
_1_
How are two image coordinates (u,v) related?
X
-1
— A, t]Klu=|Y |= y[rl' r, t’} K"
1




Image Transform by Pure 3D Rotation

Camera \3




Image Transform by Pure 3D Rotation

e X AU =KX
AV =KRX

Camera

—— X=AKu= AR'K™
— v =KRK™u

— H=KRK"™
—— R=K™HK



Homography Computation

X 11 h12 h13 ux
A vV, |= h,, h, h, u,
1] |hsy hy hgl 1




Homography Computation

. hllux + hlzuy + h13

X

h31ux + h32uy + h33

v = h21ux + hzzuy + h23

y =
h3lux + h32uy + h33




Homography Computation

_ hllux + hlzuy + h13
h31ux + h32uy + h33

X

_ h21ux + hzzuy + h23

V =
y
hBlux + h32uy + h33

h11ux + h12uy + h13 + h3luxvx + h32uny + h33Vx =0

U +hou +h, +houy +houv +hv =0
vV, h11 h12 h13 u, Unknowns: h,--- 1.,
AV, =y hy hygflu, Equations: 2 per correspondence
1 _h31 n;, hy 1




Homography Computation

_ hllux + hlzuy + h13
h31ux + h32uy + h33

X

— hZlux + h22uy + h23
y
hBlux + h32uy + h33

Vv

hllux + hlzuy + hl3 o h3luxVx B h32uny o h33vx = O

n,u, + h22uy +h,, —h31uxvy — h32uyvy — h33vy =0
b
h12
hl3
T My | h
Vy h11 h12 h13 u, u u, 1 Uy Uy -Vx:| - {0
_ g hzz = 0
AWV, | = hy hy hy iUy U Uy bo-uyy -y -, h,,
_1_ _h31 h32 h33 _1_ h,,
h32
_h33_




Homography Computation

. hllux + hlzuy + h13

h31ux + h32uy + h33

X

_ h21ux + hzzuy + h23

V =
y
hBlux + h32uy + h33

hllux + hlzuy + h13 o h3luxVx B h32uny o h33Vx = O
—>

n,u, + h22uy +h,, —hsluxvy — h32uyvy — h33vy =0
SaE

1

1

h12

h13

v | T My | h
Vy h11 h12 h13 Uy {UX u, 1 A Uy, -uyv, -vx}bz I
—p =
A Vy = h21 h22 h23 Uy e b Uy, Yy Y -
1] [hy hy Ny 1 29 hy,

h
h,
;s




Homography Computation

How many correspondences are needed?

Vx hll h12 h13 ux
A vV, |= h,, h, h, u,
1] [Ny hy hyfl 1]

u, u, 1
u, u

2X9

-UXVX

Uy,

_uyVX =

-uyvy -




Homography Computation

How many correspondences are needed? 4

————
-

Vx hll h12 h13 ux
A vV, |= h,, h, h, u,
1] [Ny hy hyfl 1]




Epipolar Geometry



Fundamental Matrix

o X

Bob's image Alice’s image
Properties of Fundamental Matrix

* Transpose: if F is for Pbob, Paiice, then FT is for Paiice, Phob.

« Epipolar line: |, =Fu | =F'v

u v

« Epipole: Fe,, =0 F'e, =0

alice

* rank(F)=2: degree of freedom 9 (3x3 matrix)-1 (scale)-1 (rank)=7
F=K'[t]|RK"

P = K[ls 03><1:| Paice = K[R t] Alice rank 2 matrix

Bob



Essential Matrix

Essential Matrix:
F=F(R,t)
=Kt | RK*=KTEK™
—E= KTFK where E :I:tl R

Calibrated fundamental matrix

Property of essential matrix:

E=UDV' =U . V'
l 0

Bob Alice



HW #4 RANSAC Fundamental matrix

Algorithm 1 GetInliersRANSAC

1: n<+ 0

2: fori=1: M do

3: Choose 8 correspondences, u, and v,, randomly from u and v.
F, = ComputeFundamentalMatrix(u,, v,)

%

5 Compute the number of inliers, n,, with respect to F.
6 if n, > n then

i N Ny

8: F=F,

9: end if

10: end for




Triangulation

General camera pose

il

o X Two 3D vectors are parallel.
u X
— x P, =0
ob
1
X
P |: =0 : Knowns
bob 1
X : Unknowns

Baseline

Bob



PnP

@
3D-2D correspondence: U <> X
u* = p11X + ple + p13z + Py u’ = p21x + pzzY + p23z +Py
k ® p31X + pszY + P33Z +0sy p31x + p32Y + p33z TP
A X Pis
4 / P
) .- B X X X p14
/ | X, Y, Z, -uXoo-uY o -uZ -y 0.,
/'u Z, 1 -u)X -uXy -uz -ul
a8 s : (e
YA Xm Ym Zm -U;X -u;Y -U;Z _u:; E23
Z, 1 -wXx -uy -uz -u |"*
- Pa
_ Ps
P=K[R t] ure ReSO(3) 212 iy
| Py, |




Bundle Adjustment



Nonlinear System

Find x such that the following equation is satisfied:

T T
X o= T o
OX OX
Strategy: Given x, move Ax such that E (X + AX) < E(X)
Taylor expansion:
f(x+Ax):f(x)+MAx+H.O.T.
OX
T T
g of (X) f (%) + of (X )AX of (X) b
OX OX OX
T T
N of (x) 8f(x)AX:8f(x) (b—f(x))
OX  OX OX



Point Jacobian

©AX

Black: given variables
Red: unknowns

2 2
E I y | wh u (x-C)
=| —— — — where | v |=KR(X-
oM Uw W W

u
—>£V =KR
X
_W_
[ ou ow |
- - -7 W —u
u u X OX
of(X) O |w w2
f(x)y=|W — —
W= T T x| Jou_ ow
W W OX OX
ow? |




Algorithm 3 Nonlinear Point Refinement ] _

: b= uf u:zr]T o | e ax

2: for j = 1 : nlters do oaX)_ojw|_| w’

3 Build point Jacobian, af(,g(()-’ Ok K|V VZ;J(_ Z")‘(’

4: Compute f(X). 1 - s

5 AX= (ag()?)Tagg() A1) 20T (b - £(X)) Ax:(af(X)T af(x)jlaf(xf (b—F(x))
6: X=X+AX ' XX )X

7: end for

Damping factor (Levenberg-Marquardt algorithm)

AX = (af ) o), /u)_ H” 1y _fx)
OX  OX OX




Black: given variables
Red: unknowns

Camera Jacobian u DV v [
Eeom =| =X | +| ——Y | where |v |=KR(X-C)
W W W
.
> 0 v |=-KR
o X oC "
U [Ku(X-C) 0, Ky (X-C)]
> ;R V=] 0,  K,(X-C) Ky(X-C)
L _W_ B 01><3 01><3 X'C) i
C
p= :1
2 ot (p) of(p)) of(p)' .
T, Ap—[ 3 8pj . (b—f(p))

3+9 parameters



Camera Jacobian

p:

3+4 parameters

Black: given variables
Red: unknowns

2 2 u
u V
+| ——Y where | v :KR(X-C)
W

=| ——X
geom
(W _W_
G_U—
> v |=-KR
oC
_W_
a_u_ Ko(X-C) 0,  Kg(X-C)
> V| e Kyu(X-C) Ky (X-C)
_W_ i 13 01><3 X'C) 1
e e
—> iV —i @ : Chain rule
g OR oq
_W_ W_
Quaternion jacobian



Black: given variables
Red: unknowns

Camera & Point Jacobian

Ju{af(p,-,xo af(p,-,xi)}[% 3]
ap, OX,

J= 'Jpl,bob
02><7 ‘]

02><7 J X1,bob

J

plalice “X1,alice

Bob Alice




Black: given variables
Red: unknowns

Ju{af(p,-,xo af(p,-,xi)}ppu 3]
ap, oX

Camera & Point Jacobian

. |
oX,
J= ‘Jpl,bob 02><7 JXl,bob 02><3
02><7 ‘Jpl,alice ‘JX1,aIice O2><3
V JpZ,bOb O2><7 02><3 JXZ.bOb
®
02><7 ‘]pz,alice 02><3 ‘JX2,aIice

Bob Alice



Pt 2

1 Pt 4

Camera 1

Camera 2 Camera 3

# of unknowns: 3x7+4x3
# of projections: 3x4

Caml Cam?2 Cam3 Ptl1 Pt2 Pt3 Pt4




Cam1l Cam?2 Cam3 Ptl Pt2 Pt3 Pt4

Pt 2
°

Pt1 Pt 4

Pt 3
, : @
Camera 1 /<

Camera 2 Camera 3

# of unknowns: 3x7+4x3
# of projections: 9 (not all points are visible from cameras)




Pt 2
°

Pt1 Pt 4

Pt 3
, : @
Camera 1 /<

Camera 2 Camera 3

# of unknowns: 3x7+4x3
# of projections: 9 (not all points are visible from cameras)

Cam1l Cam?2 Cam3 Ptl Pt2 Pt3 Pt4

Ax=(33)" 3 (b—f(x))

size of J'J: 24x24




Cam1l Cam?2 Cam3 Ptl Pt2 Pt3 Pt4

Pt 2
°

Pt1 Pt 4

Pt 3
, : @
Camera 1 /<

Camera 2 Camera 3

# of unknowns: 3x7+4x3 N
AX=(J'J) J (b—T(x
# of projections: 9 (not all points are visible from cameras) ( ) ( ( ))

Main computational bottle neck

size of J'J: 24x24




