Triangulation Refinement
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Algebraic Error

Eae = | A X -bH2

Algebraic error does not have geometric meaning.
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Recall: Geometric Verification via Reprojection Error

Image feature measurement, e.g. SIFT detection:

® X !
3D point projection, or reprojection:
A0 =PX
A Reprojection error (geometric error):
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Algebraic vs. Geometric error

Least squares solution (algebraic error):

. e = | A X-b

Reprojection error (geometric error):
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Algorithm 3 Nonlinear Point Refinement
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Algorithm 3 Nonlinear Point Refinement ] _

: b= uf u:zr]T o | e ax

2: for j = 1 : nlters do oaX)_ojw|_| w’

3 Build point Jacobian, af(,g(()-’ Ok K|V VZ;J(_ Z")‘(’

4: Compute f(X). 1 - s

5 AX= (ag()?)Tagg() A1) 20T (b - £(X)) Ax:(af(X)T af(x)jlaf(xf (b—F(x))
6: X=X+AX ' XX )X

7: end for

Damping factor (Levenberg-Marquardt algorithm)
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Example: 1D Camera Triangulation

@E
geom

A X0

_ca;nera function df _dx =JacobianX_1D(K, R, C, X)
x = K*R * (X-C):
u=x(1) W 57U_ ow
w = x(2) oX OoX

of (X) _ w?
del =K *R; I —
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df dx = [(w*du_dc-u*dw_dc)/w”2];
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Example: 1D Camera Triangulation

@ Egeom

A X

A X
—Camera

, NonlinearTriangulation1D.m
forj=1:10

df dX=1];

delta_ b =1];

fori=1:size(c,2)
df dX = [df _dX; JacobianX(eye(2), R{i}, c(:,i), X)];
u = R{} * (x-c(:i));
delta_b = [delta_b; -u(1)/u(2)];

end

jacobian = df _dX;

norm(delta_b)

delta_x =
inv(jacobian'*jacobian+lambda*eye(size(jacobian’*jacobian,1)))*jacobia
n'*delta_b;

X =x+delta_x;
X(:,j+1) = x;

end
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3D-2D Correspondence

3D-2D correspondence: U <> X
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3D-2D correspondence: U <> X
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3D-2D Correspondence

@
3D-2D correspondence: U <> X
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3D-2D Correspondence

Ve 3D-2D correspondence: U <> X
u* = PuX +Py,Y +p,L +py, u) = P X + DY + Pyl 4Dy,
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Camera Pose Estimation

P = K[R t:l where R € SO(B)

If K is given,

KIR t]=¢#p, P, P; P,]
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: Translation and scale recovery




Algebraic vs. Geometric error

Least squares solution (algebraic error):

. e = | A X-b

Reprojection error (geometric error):
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Camera Jacobian

p:

3+4 parameters

Black: given variables
Red: unknowns
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Quaternion Jacobian

R =

where

1-29; -2q;
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g=[q, a0, 9, q]
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Algorithm 2 Nonlinear Camera Pose Refinement

1: p=[C'q"]"
2: for j = 1 : nlters do
3: C = p1.3, R=Quaternion2Rotation(q), q = p4.7

4: Build camera pose Jacobian for all points, Q%—g—)l = [ ag(g)_,- E)fégg)-" ]

Compute f(p).
- T i -1 .. T
Ap = (‘)f(p) ag(;)) + AI) 9) " (h — f(p)) using Equation (2).

()|

b; Ip Jp

Tk P=p+Ap

8: Normalize the quaternion scale, ps.7 = pa.7/||pPa7]|-
9: end for

(etp) atp) Y afp)
Ap_[ o on +/1I] (b—f(p))



Exam D I e u = K*R*[eye(3) -C]*[X"; ones(1,nPoints)];

® u=[u(d,:)./u(3,:); u(2,:)./u(3,)1;
W x=[C; q;
forj=1:40
R1 = Quaternion2Rotation(x(4:7)); - o
0, e Cl=x(1:3); wo
= u P p
. _ 1 ap)_ofw|_ | w
¢ af_dc =] op  op|v o ow
0.2 df dR=T]; " v a—p—v >
| for k = 1 : nPoints —w?
& ° df dc =[df dc; JacobianC(K, R1, C1, X(k,:)")]; ) -
Py ° df_dR =[df _dR; JacobianR(K, R1, C1, X(k,:)")*JacobianQ(x(4:7))];
s end
= ul = K*R1*[eye(3) -C1]*[X"; ones(1,nPoints)];
06 ul = [ul(1,)./ul(3,:); ul(2,:)./ul(3,)];
jacobian = [df dc df dR];
0.8 delta_b = u(})-ul();
delta_x = inv(jacobian"*jacobian+lambda*eye(size(jacobian’*jacobian, 1))*jacobian"*delta_b
X =X+ delta_x;

\ X(4:7) = x(4:7)Inorm(x(4:7));
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u = K*R*[eye(3) -C]*[X"; ones(1,nPoints)];

u=[u(L,:)./u(3,:); u(2,:)./u(3,1;

x=1[C; ql;

forj=1:40
R1 = Quaternion2Rotation(x(4:7));
Cl=x(1:3);

df dc=1];
df dR=T];
for k =1 : nPoints

df_dc = [df_dc; JacobianC(K, R1, C1, X(k,:)")];

=< =<

df dR =[df dR; JacobianR(K, R1, C1, X(k,:)")*JacobianQ(x(4:7))];

end

ul = K*R1*[eye(3) -C1]*[X"; ones(1,nPoints)];

)
ul = [ul(1,:)./ul(3,:); ul(2,:)./ul(3,)];

jacobian = [df_dc df_dR];
delta_b = u(:)-ul1();

delta_x = inv(jacobian"*jacobian+lambda*eye(size(jacobian’*jacobian, 1))*jacobian"*delta_b

X =X+ delta_x;
X(4:7) = x(4:7)Inorm(x(4:7));
end
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u = K*R*[eye(3) -C]*[X"; ones(1,nPoints)];

u=[u(L,:)./u(3,:); u(2,:)./u(3,1;

x=1[C; ql;

forj=1:40
R1 = Quaternion2Rotation(x(4:7));
Cl=x(1:3);

df dc=1];
df dR=T];
for k =1 : nPoints

df_dc = [df_dc; JacobianC(K, R1, C1, X(k,:)")];

=< =<

df dR =[df dR; JacobianR(K, R1, C1, X(k,:)")*JacobianQ(x(4:7))];

end

ul = K*R1*[eye(3) -C1]*[X"; ones(1,nPoints)];

)
ul = [ul(1,:)./ul(3,:); ul(2,:)./ul(3,)];

jacobian = [df_dc df_dR];
delta_b = u(:)-ul1();

delta_x = inv(jacobian"*jacobian+lambda*eye(size(jacobian’*jacobian, 1))*jacobian"*delta_b

X =X+ delta_x;
X(4:7) = x(4:7)Inorm(x(4:7));
end
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u = K*R*[eye(3) -C]*[X"; ones(1,nPoints)];

u=[u(L,:)./u(3,:); u(2,:)./u(3,1;

x=1[C; ql;

forj=1:40
R1 = Quaternion2Rotation(x(4:7));
Cl=x(1:3);

df dc=1];
df dR=T];
for k =1 : nPoints

df_dc = [df_dc; JacobianC(K, R1, C1, X(k,:)")];

=< =<

df dR =[df dR; JacobianR(K, R1, C1, X(k,:)")*JacobianQ(x(4:7))];

end

ul = K*R1*[eye(3) -C1]*[X"; ones(1,nPoints)];

)
ul = [ul(1,:)./ul(3,:); ul(2,:)./ul(3,)];

jacobian = [df_dc df_dR];
delta_b = u(:)-ul1();

delta_x = inv(jacobian"*jacobian+lambda*eye(size(jacobian’*jacobian, 1))*jacobian"*delta_b

X =X+ delta_x;
X(4:7) = x(4:7)Inorm(x(4:7));
end
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O Measurement

—»<— Reprojection

0.6 0.8

u = K*R*[eye(3) -C]*[X"; ones(1,nPoints)];

u=1[u(1,:)./u(3,:); u(2,:)./u(3,:)l;
. x=[C; ql;
forj=1:40
R1 = Quaternion2Rotation(x(4:7)); - o
| C1=x(1:3); ] Wa:_uap
o) _ o |w w’?
df_dc =]; — == |
- op op|v ou oW
- df_dR = []1 VV v Kp—v aip
for k = 1 : nPoints W

df dc = [df dc; JacobianC(K, R1, CL, X(k..)] ] _
df_dR = [df_dR; JacobianR(K, R1, C1, X(k,:)")*JacobianQ(x(4:7))];
end

ul = K*R1*eye(3)
= [u1(1,:)./ul(3,); ul(2,

| jacobian = [df_dc df_dR]; B [8f (p)" of(p) , MJ “ot(p) (b—f(p))

-C1]*[X"; ones(1,nPoints)];
) ul(3,:)];

delta_b = u()-ul(); op op op

delta_x = inv(jacobian"*jacobian+lambda*eye(size(jacobian’*jacobian, 1))*jacobian"*delta_b
X =X+ delta_x;
X(4:7) = x(4:7)Inorm(x(4:7));

end



