Bundle Adjustment
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# of unknowns: 3x7+4x3
# of projections: 3x4
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# of unknowns: 3x7+4x3
# of projections: 9 (not all points are visible from cameras)
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| Inversion of block diagonal matrix can be efficiently computed.
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| Inversion of block diagonal matrix can be efficiently computed.
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| Inversion of block diagonal matrix can be efficiently computed.
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Algorithm 4 Bundle Adjustment

1ig=[p] pT]Tall(,Ii:[X,T
2: for iter = 1 : nlters do
3: Empty Jp, Jx, b, f, Dipy.

X

-
M

]




Algorithm 4 Bundle Adjustment

1
2
3:
4
H

6:

=1

: for iter = 1 : nlters do
Empty Jp, Jx, b, £, Dipy.
fori=1:M do
d = 0343
for j=1:1do
if the *" point is visible from the

p=[p - pj " andX=[X] -+ X} ]

J=|J,

<—— # of points

<—— #of images

sth

J

image then

<— ifvisible

(b-f(p))
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Algorithm 4 Bundle Adjustment

:p=[p] - P] ]T and X = [ X] .-+ X}, ]

2: for iter = 1 : nlters do

3: Empty Jp, Jx, b, £, Dipy. J= [Jp in|
4: fori=1:M do <—— # of points

5: d = 0343

6: for j=1:1do <—— #of images

7 if the " point is visible from the j' image then —<—— f visible

8: J1 = 02477 and J3 = Oayans

0 3G, 70 — 1) +1: 7j) = 2LpaXa) < J

ap;

(b-f(p))
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Algorithm 4 Bundle Adjustment

:p=[p] - P] ]T and X = [ X] .-+ X}, ]
2: for iter = 1 : nlters do
3: Empty Jp, Jx, b, £, Dipy. J= [Jp in|
4: fori=1:M do <—— # of points
5: d = 0343
6: for j=1:1do <—— #of images
7 if the " point is visible from the j' image then —<—— f visible
8: J1 = 02477 and J3 = Oayans
0 317G — 1) +1: 7j) = 2ipuX < J
94 (p, Xi)

10: J2(:,3(1 — 1)+ 1: %) = 5= < ‘Jx




Algorithm 4 Bundle Adjustment
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O b= Wt

sp=[p  pJ ]T and X = [ X] .-+ X}, ]
: for iter = 1 : nlters do
Empty Jp, Jx, b, £, Dipy.
fori=1:M do <—— # of points
d = 0343
for j=1:1do <—— #of images

if the *" point is visible from the j*" image then

J1 = 0ax77 and Jy = 043¢
i - af(p; X
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Algorithm 4 Bundle Adjustment
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O b= Wt

vg=p]
. for iter = 1 : nlters do

fori=1: M do

d = 0343
for j=1:1do

d=d+ %

Empty Jp, Jx, b, £, Dipy.

P/ ]T and X = [ Xy

Xl ]

=13, J,]

<—— # of points

<—— #of images

if the *" point is visible from the j*" image then
J1 = 0ax77 and Jy = 043¢
Ji(,70-1)+1:7j) =
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Algorithm 4 Bundle Adjustment

A T S
:p=[p] - p]] andX=[X] -+ X]J, ]
2: for iter = 1 : nlters do
3: Empty Jp, Jx, b, £, Dipy. J= |:‘]p in|
4: fori=1:M do <—— # of points
5: d = 03,3
6: for j=1:1do <—— #of images
7: if the i'" point is visible from the j' image then <——— if yisible
8: Ji = 0277 and Jz = Oax3n
0: Ji(:7( — 1) +1: 7)) = LX) < J

i as\ _ Of(pi.Xy)

10: Jo(.3(i —1)+1 :31):% <« ‘Jx
11: Jp:[.]g JlT]Tande:[J;( JI]T <
, af(p;.X:) T 8f(p;.Xi)
12: d=d+ e?x. é‘t))x, < d
13 b=[b" ul]

ij

14: f = [ fT ol ] where [ Xij ] = R; [ I -G
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Algorithm 4 Bundle Adjustment

1: p=[ p]

2. foriter =1 :

p; ]T and X =

nlters do

P JX-. b-. f. Din\'-

[ XT

: fori=1: M do
2l d = 0343
6: for j=1:1do

2
3: Empty J
1
3]

if the ' pomt is visible from the j
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( ) 3,) - df('p,.x‘)
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Algorithm 4 Bundle Adjustment

1: p=[ p]

2. foriter =1 :

P JX-. b-. f. Din\'-

2
3: Empty J
1
3]

T ~
p; ] and X =

nlters do

[ XT

fori=1: M do <— # of points
d = 03,3 .
6: for j=1:1do <—— #of images
7: if the ' pomt is visible from the j' image then
8: J; = 09,77 and ]) = ng,;:\l' J
9: 11(7( — 1) +1: 7) = 2050 9%
10: ( 3(i— 1)+ 1:3i) = 2LRe%0) < J,
11: =[J7 JT] and Jx=[ 3% T <
12: d d LB ‘”‘(‘,’;(x ) <«
13 b=[b" u
14: f=[f" x| | where u ] R,[1I —-C;
15: end if
16: end for
17: d=d+ Al <—d=d+ 1l
18: D;,, = blkdiag(Dj,,.d™ ") ;
19: end for J e
< p _|=p
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Algorithm 4 Bundle Adjustment

B" D

: p=[pl - pJ |"andX=[XT -+ X[, ]
2: for iter = 1 : nlters do
3 Empty Jy, Jx, b, f, Diny. J= [Jp Jx} (b—f(p))
1 fori=1:M do <—— # of points
o d= 03)(3
6: for j=1:1do <—— #of images
T: if the i'" point is visible from the ;' image then  <——— if yisible
8: Jy = 05477 and Jy = 0‘.2x3'.'\l'
9. 3 7 — 11 75) = 2 <
10: Jo(:3(i — 1) +1: 3i) = 2HReR) <« ],
11: Jo=[J7 I7] andIx=[3% I’ <
af(ps.Xi) Té X,

12: d=d+ )f((‘;)))}(,x : )'“e‘;)))"(,x : <—
13: b=[b" ul ]

. ._ P
14 f=[£7 x], | where [ 5 ] ~R;[1 -G; ] (b—f(p))
15: end if 'd-l 7
16: end for . L
17; d=d+ M <—d=d+4l D =
18: D;,, = blkdiag(Dj,,.d™ ") d
19: end for J; e, L M
0 e, =JT(b—1) < 5 (b-f(X))= .
21: ex = Jx(b—f) . X A B J'J + 4l J'J
22 A=JJ,+M,B=J1Jx,D'=D;,, < { }: b bt
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Algorithm 4 Bundle Adjustment

D-l

1:p=[p] p; |" and X = [ XT X7 ]
2: for iter = 1 : nlters do
3: Empty J,, Jx, b, f, Diyy. J [Jp in| (b—f(p))
4:  fori=1:M do <—— # of points
o d= 03)(3
6: for j=1:1do <—— #of images
T: if the i'" point is visible from the ;' image then  <——— if yisible
8: Jy = 05477 and Jy = 0‘.2x3'.'\l'
9. 3 7 — 11 75) = 2 < 9
10: Jo(:3(i — 1) +1: 3i) = 2HReR) <« ],
11: Jo=[J7 I7] andIx=[3% I’ <
af(p;.X:) T of(p;. X,

12: d=d+ )f((‘;)))}(,x : )'“e‘;)))"(,x ) <— d
13: b=[b" u] ]

; ) P
14; f=[fT x| where s [ g ] =R;[1I -C;] (b—f(p))
15: end if (gL ]
16: end for . !
17: d=d+ Al <—d=d+Al D = .
18: D;,, = blkdiag(Dj,,.d™ ") d
19:  end for J; e, L M
0 e, =JT(b—1) < 5 (b-f(X))= .

l: ex = Jx(b—f) X X

A=J1J,+M,B=JJx,D'=D,, <
AR — - heal Y R 1 )
Ap = (A~ BD'B") (e, ~BD'ex) | _ (' @-60%))

Normalize quaternions.
AX=D"(e,-B'Ap)

{A B} [J;Jpwl 33, }
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AX = D !(ex — BTAp)
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1D Camera Bundle Adjustment sundieAdiustmentiDim

nPoints = 5;
nCameras = 3; Data generation
o X =rand(nPoints, 2) + 2;
& E ¢ =rand(nCameras,2);
i fori=1:nCameras
2D pomts m = X-ones(nPoints,1)*c(i,:);
theta = atan2(m(:,2), m(:,1));
theta = mean(theta);

/ cli).c = c(i,)"
C e 9 theta = theta;

C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

Camera pose C(i).c =c(i,:)'+0.3*randn(2,1);
theta = theta + 0.3*randn(1,1);
C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];
end
X=X+ 0.3*randn(size(X));

[C X] = BA(C, X);



1D Camera Bundle Adjustment

C

b

Camera pose

2D points

BundleAdjustment1D.m

nPoints = 5;
nCameras = 3; Data generation
X =rand(nPoints, 2) + 2;
¢ =rand(nCameras,2);
fori=1:nCameras
m = X-ones(nPoints,1)*c(i,:);
theta = atan2(m(:,2), m(:,1));
theta = mean(theta);

C(i).c=cli,?)"
theta = theta;
C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

u = C(i).R*[eye(2) -C(i).c] * [X'; ones(1,nPoints)]; C
Clikm = u(L2) /u(2,9); Ground truth projection
C(i).c =c(i,:)'+0.3*randn(2,1);
theta = theta + 0.3*randn(1,1);
C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];
end
X=X+ 0.3*randn(size(X));

[C X] = BA(C, X);



1D Camera Bundle Adjustment sundieAdiustmentiDim

nPoints = 5;

nCameras = 3; Data generation
o X =rand(nPoints, 2) + 2;
§ S ¢ = rand(nCameras,2);

fori=1:nCameras
m = X-ones(nPoints,1)*c(i,:);
theta = atan2(m(:,2), m(:,1));
theta = mean(theta);

/ cli).c = c(i,)"
C e 9 theta = theta;

C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

2D points

u = C(i).R*[eye(2) -C(i).c] * [X'; ones(1,nPoints)];

Clm = UL Ju(21); Ground truth projection

Camera pose C(i).c = c(i,:)'+0.3*randn(2,1);

theta = theta + 0.3*randn(1,1);

. : % ; i C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)]; Add noise
end

X=X+ 0.3*randn(size(X));

[C X] = BA(C, X);



1D Camera Bundle Adjustment sundieAdiustmentiDim

nPoints = 5;

nCameras = 3; Data generation
o X =rand(nPoints, 2) + 2;
§ S ¢ = rand(nCameras,2);

fori=1:nCameras
m = X-ones(nPoints,1)*c(i,:);
theta = atan2(m(:,2), m(:,1));
theta = mean(theta);

/ cli).c = c(i,)"
C e 9 theta = theta;

C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

2D points

u = C(i).R*[eye(2) -C(i).c] * [X'; ones(1,nPoints)];

Clm = UL Ju(21); Ground truth projection

Camera pose C(i).c = c(i,:)'+0.3*randn(2,1);

theta = theta + 0.3*randn(1,1);

. : % ; i C(i).R = [sin(theta) -cos(theta); cos(theta) sin(theta)]; Add noise
end

X=X+ 0.3*randn(size(X));

[C X] = BA(C, X); <—— 1D bundle adjustment



BundleAdjustment1D.m

1D Camera Bundle Adjustment

function [C X] = BA(C, X)

lambda = 0.5;
o nlters = 100;

: xp = [1;
2D pOIntS fori=1:length(C)

theta=atan2(C(i).R(2,2), C(i).R(2,1)); xp = [xp; C(i).c; theta];
end

/ e
fori=1:size(X,1)
C e 9 xx = [xx; X(i,:)'];

end

Camera pose



forj=1:niters | BundleAdjustment1D.m
Jp=1[I;, Ix=I[I; D_inv=[]; err=[];

for iPoint = 1 : size(X,1)
X1 = xx(2*(iPoint-1)+1:2*iPoint); d = zeros(2,2);
foriC=1:length(C)
c=xp(3*(iC-1)+1:3*(iC-1)+2);
theta = xp(3*(iC-1)+3);

Algorithm 4 Bundle Adjustment
:p=[p{ - p] ]" and X = [XT - X}, ]

2. for iter = | : nlters do . .

5 Empty Jp, Ix, b, £, Diny. R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

1 for:=1: M do

5: d = 04,4 df dc =JacobianC1D(R, c, X1);

fi: for j=1:/do df dR =JacobianR1D(R, ¢, X1)*JacobianQ1D(theta);

T: if the i'™ point is visible from the ;*" image then df dx = JacobianX1D(R, ¢, X1);

N J| = 0'_-<,'/ and J-_- = 03, SAT o " ’

0: Ji(;, 77— 1)+ l:Tj:l~“L7":4p£' o * Al ok i )
N e Ofter R j1 = zeros(1,3*length(C)); j1(:,3*(iC-1)+1:3*iC) = [df_dc df dR];

HE i 1) 1 1 r =, j2 = zeros(1,2*size(X,1)); j2(;,2*(iPoint-1)+1:2*iPoint) = df_dx;

11: Jp=[J7 JT ] anddx=[3% ]

12: d=d+ ""”.',’,'("x ""'"L’,’,’(‘Ix" Jp =[Jp; j1]; Ix =[Jx; j2];

13: b=[b" uj ] d=d+df_dx*df dx;

14: f=[f" - 35 ] where g [ Xl"' } =R, [ I -C; ]

. _— ‘ u=R*[eye(2)-c] * [XL;1]; u=u/u(2);

15: end if .

16: end for ul = C(ic).m;

17 d=d+ Al

15: Dy, = blkdiag(D,,d") e = [ul(iPoint) - u(1)];

19:  end for err = [err; e];

20 e, = .l";[h —f) end

ok, jex J‘:',}.(ll,.h. \fl B = JTix, D' = D d=d+lambda*eye(2);  D_inv = blkdiag(D_inv, inv(d));

% Ap=(A—-BD'B")"}(e, — BD 'ex) end

24 Normalize quaternions. ep=Jp' *err; ex=Jx"*err;

25 AX =D '(ex - B'Ap) A =Jp'*Jp + lambda*eye(3*length(C)); B=Jp'*Jx;

26: end for delta_p =inv(A-B*D_inv*B') * (ep-B*D_inv*ex); delta_x=D_inv * (ex-B'*delta_p);

xp = xp + delta_p;
XX = xx + delta_x;
end



BundleAdjustment1D.m

Algorithm 4 Bundle Adjustment foriC =1 : length(C)
-~ T + - ! N ’
:p=[p[ -+ pj | andX=[X] .-+ X}, ] C(iC).c = xp(3*(iC-1)+1:3*(iC-1)+2);
. for iter = | @ nlters do theta = xp(3*(iC-1)+3);

3: Empty J,, Jx, b, f, D,,,,. . ) .
5 fo“r”; ‘_ l": deo C(iC).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

Model update

d = 0:{1:( end

fi: for j=1:1/do
T if the " point is visible from the j* image then forix=1:size(X,1)
. N g X(0X,) = xe(2*(IX-1)+1:2%iX);
9: Jl{Z. l(./ - l) 1 l'j) — —"‘_;,'_ end
10: Jo(. B — 1) + 1 3i) = LB
11: Jpo=[3% J7 ]T.- andJx =[J3% I
9. . C Of(p X0V Ofip, X))
12: d=d+=F s
13 b=[bT ul]
L4 f= [ 17 x] ] where [ % ] “R;[1 -C; ]
15: end if
16: end for
17: d=d+ Al
15: Dy, = blkdiag(D;,,d")
14): end for
20 e, =Ji(b—1)

ex =Jx(b-f)

1
22 A=J3Jp+ A, B=JJx, D! =Dy,
2 Ap=(A-BD'B") (e, - BD 'ex)
24 Normalize quaternions.

) AX =D l((.‘)( - BrAf))
26: end for




Reprojection error
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BundleAdjustment1D.m

foriC=1:length(C)
C(iC).c = xp(3*(iC-1)+1:3*(iC-1)+2);
theta = xp(3*(iC-1)+3);
C(iC).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

end Model update

foriX=1:size(X,1)
X(iX,:) = xx(2*(iX-1)+1:2*iX);
end

mean_delta X = 0.0265

mean_delta p = 0.2648

Why camera and point error do not converge to zero while
reprojection error converges?



Reprojection error
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BundleAdjustment1D.m

foriC=1:length(C)
C(iC).c = xp(3*(iC-1)+1:3*(iC-1)+2);
theta = xp(3*(iC-1)+3);
C(iC).R = [sin(theta) -cos(theta); cos(theta) sin(theta)];

end Model update

foriX=1:size(X,1)
X(iX,:) = xx(2*(iX-1)+1:2*iX);
end

mean_delta X = 0.0265

mean_delta p = 0.2648

Why camera and point error do not converge to zero while
reprojection error converges?

Because the bundle adjustment is still up to scale and orietation.
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M x Linear estimate (reproj: 0.199104)  °
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Data Capture

 Enough baseline between images
 Share common 3D structure
* Multiple planes



Algorithm 1 Structure from Motion

1: [Mx, My|] = GetMatches(Z,, ---, Zy)

2: Normalize coordinate in Mx and My, i.e., x = K 'x.

3: Select two images Z;; and Z;, for the initial pair reconstruction.
4: [R, t, X] = CameraPoseEstimation([Mx(:,il) My(:,i1)], [Mx(:,i2) My(:,i2)])
5: P = {Pl,P-z} where P.,'l = [ I‘g 0 ], P,‘Q = [ R t ]

6: R.= 411,92}

7: while |R| < N do

8: i = GetBestFrame(Mx, My, R);

9: R;, t;] = PnP_RANSAC([Mx(:,i) My(:,i)], X)

10: [R;, t;] = PnP_Nonlinear(R, t;, [Mx(:,i) My(:,7)], X)

11: Pi= [ R, t; ]

12: forf=1:|R| do

13: U = FindUnreconstructedPoints(X, R, ¢, Mx, My)

14: forj=1: |U| do

15: u = [Mx(Y;, i), My(UY;, i)] and v = [Mx(U;, Ry), My(U;, Ry)]
16: x = LinearTriangulation(u,P;, v, Pr,)

17: x = NonlinearTriangulation(x, u, P;, v, Px,)

18: X=Xlx

19: end for

20: end for

21: P=PUP; and R =R U1.

22: [P, X] = BundleAdjustment(P, X, R, Mx, My)
23: end while




Algorithm 1 Structure from Motion

1: [Mx, My| = GetMatches(Z;, ---, Zy)

2: Normalize coordinate in Mx and My, i.e., x = K~ 'x.

3: Select two images Z;; and Z;5 for the initial pair reconstruction.
4: [R, t, X| = CameraPoseEstimation([Mx(:,il) My(:,i1)], [Mx(:,i2) My(:,i2)])
5: P = {Pl,P-z} where P.,'1 = [ 13 0 ], P,‘Q = [ R t ]

6: R.= 411,92}

7: while |R| < N do

8: i = GetBestFrame(Mx, My, R);

9: R;, t;] = PnP_RANSAC([Mx(:,i) My(:,i)], X)

10: [R;, t;] = PnP_Nonlinear(R, t;, [Mx(:,i) My(:,7)], X)

11: P.=[R; t;|

12: forf=1:|R| do

13: U = FindUnreconstructedPoints(X, R, ¢, Mx, My)

14: forj=1: |U| do

15: u = [Mx(Y;, i), My(UY;, i)] and v = [Mx(U;, Ry), My(U;, Ry)]
16: x = LinearTriangulation(u,P;, v, Pr,)

17: x = NonlinearTriangulation(x, u, P;, v, Pr,)

18: X=X

19: end for

20: end for

21: P=PUP; and R =R U:1.

22: [P, X] = BundleAdjustment(P, X, R, Mx, My)
23: end while




Reference image ™ |

« Animage in the middle may be a good choice of reference image because you can find
many matches across all images.



Matching Ref. with other images

\

Reference i |mage




[Mx, Myl = GetMatches(Zy, ---, Zn)
Mx: F'xN matrix storing x coordinate of correspondences
My: FxN matrix storing y coordinate of correspondences

In addition to Mx and My, you may want to have an indicator matrix for visibility.

Xri— X7 ; f—ri— Vs

Indicator of no match




Algorithm 1 Structure from Motion

N =

10:

[Mx, My| = GetMatches(Zy, ---, Zy)

Normalize coordinate in Mx and My, i.e., x = K~ x.

Select two images Z;; and Z;, for the initial pair reconstruction.

R, C, X] = CameraPoseEstimation([Mx(:,il) My(:,i1)], [Mx(:,i2) My(:,i2)])
P = {Plpg} where Pvil = [ 13 0 ] Pi2 = R[ I?, —C ]

R = {il.12}

while |R| < N do

i = GetBestFrame(Mx, My, R):
[R;, C;] = PnP_RANSAC(|Mx(:,i) My
[R;, C;] = PnP Nonlinear(R; C;, |
P,—R,[L —C; ]
forf =1: |R| do
U = FindUnreconstructedPoints(X, Ry, i, Mx, My)
forj=1: [U| do
= [Mx(U;, i), My(U;, i)] and v = [Mx(U;, Rys), My(U;, R¢)]
X = LinearTriangulation(u, P;, v, PRf)
x = NonlinearTriangulation(X, u, R;, C;, v, Rg,, CRJ,)
X=XUx
end for
end for
P=PUP; and R =R Uux.
[P, X] = BundleAdjustment(P, X, R, Mx, My)

(+,7)], X)
Mx(:,3) My(:,i)], X)

23: end while




Camera Pose Estimation

Choose an initial pair of images to compute camera pose
 Have enough number of matches
» (Can't be described by a homography, i.e., avoid pure rotation and match through a dominar plane



Camera Pose Estimation

R, t, X| = CameraPoseEstimation(u;, uy)

R and t: the relative transformation of the 2 image
u; and uy: 2D-2D correspondences

N 74 Top view Oblique view



Algorithm 1 Structure from Motion

N =

J O O

— et
Tt = W o = O © o

[Mx, My| = GetMatches(Zy, ---, Zy)

Normalize coordinate in Mx and My, i.e., x = K~ x.

Select two images Z;; and Z; for the initial pair reconstruction.

R, C, X| = CameraPoseEstimation([Mx(:,il) My(:,il1)], [Mx(:,i2) My(:,i2)])
P = {Plpg} where Pvil = [ 13 0 } P'i2 = R[ I;3 —C ]

R = {il.12}

while |R| < N do

i = GetBestFrame(Mx, My, R);
[R;, C;] = PnP_RANSAC([Mx(:,i) My(:,7)], X)
[R;, C;| = PnP_Nonlinear(R; C;, [Mx(:,i) My(:,i)], X)
P,=R;[L; —C; |
forf =1: |R| do
U = FindUnreconstructedPoints(X, Ry, ¢, Mx. My)
forj=1: [U| do
= [Mx(U;, i), My(U;, i)] and v = [Mx(U;, Rys), My(U;, R¢)]
X = LinearTriangulation(u, P;, v, Pg,)
x = NonlinearTriangulation(X, u, R;, C;, v, Rg,, CRf)
X=XUx%
end for
end for
P=PUP; and R =R Uux.
[P, X] = BundleAdjustment(P, X, R, Mx, My)

23: end while




Find Next Best Image

i = GetBestFrame(Mx, My, R):

. _ _ Reconstructed image index
Find the image that has maximum number of 3D-2D matches



Camera Registration  [R;, t;] = PnP_RANSAC(u, X)

Ve 3D-2D correspondence: U <> X
u* = PuX +Py,Y +p,L +py, u) = P X + DY + Pyl 4Dy,
k y PyRX + D5 + Pyl +Dyy Py X + D3y +P3sl +Ps,
; | X

P=K[R t]| wee ReSO() mx12




Camera Registration  [R;, t;] = PnP_RANSAC(u, X)

If K is given,

KIR t]=¢#p, P, P; P,]

/// _ 1

Iy Kip, P, ps =Vl dy v

— > yzdll

R=UV" :SvDcleanup
P = K[R t:l where R € 80(3) K
—> = 4

11

: Translation and scale recovery




Camera Registration R, t;] = PnP RANSAC(u, X)

Algorithm 1 PnP RANSAC

1: ninliers < ()
2: fori=1: M do

3: Choose 6 correspondences, X, and w,, randomly from X and w
4: [R,, t,] = LinearPnP(X,, w,, K)

5: Compute the number of inliers, n,, with respect to R, t,.

6: if n, > ninliers then

T nilnliers < n,

8: R=R,and t =t,

9: end if
10: end for




Camera Registration
[R,;, t;] = PnP Nonlinear(R, t;, u, X)

Reprojection error:

n 2 : 2
U; V;
= E J ; J ,
Ercproj — — — Xy e | — — L
: w; W

J=1



Black: given variables
Red: unknowns

Camera Registration (u j (V j u
Eeom =| =X | +| ——Y | where |v |=KR(X-C)

W W W |
U U (U |
> g vV |=-KR < v =£ v R
o X oC y N aq y R y oq
ul [ [ul U]
0 0 0
Tl | &
p_w_ W q_w__
- ou ow |
_ L - W —Uu
_ C u u op op
p_ q f(p): W —> 5f(p):a W = Wz
- - v op  op|Vv 5_U_V@
3+4 parameters W W op  Op
LW _ -




Camera Registration
[R;, t;] = PnP_Nonlinear(R; t;, u, X)

Algorithm 2 Nonlinear Camera Pose Refinement

1: p=[C'q"]"
2: for j = 1 : nlters do
3: C = p1.3, R=Quaternion2Rotation(q), q = pa4.7

4: Build camera pose Jacobian for all points, Q%;;& = [ af..(jcp)-" af(;g)-" ]
5: Compute f(p).

6: Ap = (e)].;(pp)Tag(;)) + /\I> - ag(;))T (b — f(p)) using Equation (2).

Tk P=p+Ap

8: Normalize the quaternion scale, ps.7 = pa.7/||Pa7||-

9: end for

(Hp) o) ) e
Ap_( e +/1Ij P (b—f(p))



Camera Registration

© Measurement © Measurement
* Linear estimate (reproj: 0.199104)

4 Nonlinear estimate (reproj: 0.119272) S8

F - ai B

* Linear estimate (reproj: 0.199104) 8
4 Nonlinear estimate (rpro': 0.119272)

(a) Reprojection error (b) Close up

Figure 4: Nonlinear refinement reduces the reprojection error (0.19—0.11).



Algorithm 1 Structure from Motion

N =

> oo

= o, e 8

10:

[Mx, My| = GetMatches(Zy, ---, Zy)

Normalize coordinate in Mx and My, i.e., x = K x.

Select two images Z;; and Z; for the initial pair reconstruction.

R, C, X| = CameraPoseEstimation([Mx(:,il) My(:,il1)], [Mx(:,i2) My(:,i2)])
P = {Plpg} where Pvil = [ 13 0 } P'i2 = R[ 13 —C ]

R = {il.12}

while |R| < N do

i = GetBestFrame(Mx, My, R);
[R;, C;] = PnP_RANSAC([Mx(:,i) My
[R;, C;] = PnP Nonlinear(R; C;, |
P;=Rg[ Ly —0%]
forf =1: |R| do
U = FindUnreconstructedPoints(X, Ry, i, Mx, My)
forj=1: |U| do
= [Mx(U;, i), My(U;, i)] and v = [Mx(U;, Rys), My(U;, R¢)]
x = LinearTriangulation(u, P;, v, Pg,)
x = NonlinearTriangulation(X, u, R;. C;. v, Rg,, CRf)
X=XlI%
end for
end for
P=PUP; anid R =R Usx.
[P, X] = BundleAdjustment(P, X, R, Mx, My)

(+,7)], X)
Mx(:,3) My(:,i)], X)

23: end while




Triangulation of Unreconstructed Points

U = FindUnreconstructedPoints(X, Ry, 7, Mx, My)

This is a point that is not reconstructed yet while it matches with reconstructed images.



Point Triangulation ~ x = LinearTriangulation(u,P;, v, Px,)

il

o X Two 3D vectors are parallel.
u X
— | %P =0
1
X »
Pbob =0 : Knowns
1 .
X : Unknowns

Baseline

Bob



Black: given variables
Red: unknowns

Nonlinear Point Triangulation —Tr
Upo /Wy X bob
E - Vi /W gy | Yoob
geom u. /W | v
alice alice alice
o X _Valice /Walice_ _yalice_
oo
u X OX
u L ‘V oX  oX|v au aw
. v =
| = |

BOb PbOb alice A|IC€




Nonlinear Point Triangulation

Algorithm 3 Nonlinear Point Refinement

= — ott — oW
:b=|ul uj | ul [Max T ax
2: for j = 1 : nlters do | T _Ofwi_) W
3: Build point Jacobian, Of(g(()' w \YV Z;J(_ ZV;(l
4: Compute f(X). 1 LW
arx) Taf(x o)’ ' "ot ()’
5 AX = ( (XTI 1) A (b~ F(X)) Ax:(affgx) a‘; (X)j afgx) (b—f(x))
6: X=X+ AX ' ' '
7: end for

Damping factor (Levenberg-Marquardt algorithm)

N (af () of(x) /u]_ of (x)'
oX  OX OX

(b—f(x))



Algorithm 1 Structure from Motion

1: [Mx, My] = GetMatches(Z;, - -+, Zn)
2: Normalize coordinate in Mx and My, i.e., x = K 'x.
3: Select two images Z;; and Z;» for the initial pair reconstruction.
4: |[R, C, X| = CameraPoseEstimation([Mx(:,il) My(:,i1)], [Mx(:,i2) My(:,i2)])
h P= {Plpg} where P;; = [ I O } P,y = R[ I, —C ]
6: R = {il,i2}
7. while |R| < N do
8: i = GetBestFrame(Mx, My, R):
9: [R;, C;] = PnP_RANSAC(|Mx(:,i) My(:,7)], X)
|

(:
10: [R;, C;] = PnP Nonlinear(R; C;, [Mx(:,i) My(:,i)], X)
11 Pi = Ri [ I:3 '"Ci ]

2 forf =1: |R| do

13: U = FindUnreconstructedPoints(X, Ry, i, Mx, My)

14: forj=1: [U| do

15: u = [Mx(U;, i), My(U;, i)] and v = [Mx(U;, Ry), My(U;, R¢)]
16: X = LinearTriangulation(u, P;, v, PRf)

17: x = NonlinearTriangulation(X, u, R;, C;, v, Rg,, CRJ,)
18: X=XLI%

19: end for

20: end for

21: P=PUP; and R =R Ux.
22: [P, X] = BundleAdjustment(P, X, R, Mx, My)
23: end while




Black: given variables
Red: unknowns

Bundle Adjustment E geom =

- ou ow
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2
v op op|v ou Y oW
Ty - wl | o _op
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Visibility Reasoning

Pt 2
°

Pt1 Pt 4

Pt 3
, : @
Camera 1 /<

Camera 2 Camera 3

# of unknowns: 3x7+4x3
# of projections: 9 (not all points are visible from cameras)

Cam1l Cam?2 Cam3 Ptl Pt2 Pt3 Pt4




Jacobian Sparsity

| Inversion of block diagonal matrix can be efficiently computed.

JTJz{

T T
R A,
i

|

_)D'lz

|

A
BT

B
D

|

h

Normal equation:

JTJBﬂ =J"(b-f(X))
~ o
T, v

A-BDB" 0][Ap] |/&,-BD",
 B'  D|AX| | e

X
—> Ap=(A-BD8") (&,-BD%, )
AX =D"(e,-B'Ap)

Note: A-BD™B' is Schur complement of D



Algorithm 4 Bundle Adjustment

D-l

1:p=[p] p; |" and X = [ XT X7 ]
2: for iter = 1 : nlters do
3: Empty J,, Jx, b, f, Diyy. J [Jp in| (b—f(p))
4:  fori=1:M do <—— # of points
o d= 03)(3
6: for j=1:1do <—— #of images
T: if the i'" point is visible from the ;' image then  <——— if yisible
8: Jy = 05477 and Jy = 0‘.2x3'.'\l'
9. 3 7 — 11 75) = 2 < 9
10: Jo(:3(i — 1) +1: 3i) = 2HReR) <« ],
11: Jo=[J7 I7] andIx=[3% I’ <
af(p;.X:) T of(p;. X,

12: d=d+ )f((‘;)))}(,x : )'“e‘;)))"(,x ) <— d
13: b=[b" u] ]

; ) P
14; f=[fT x| where s [ g ] =R;[1I -C;] (b—f(p))
15: end if (gL ]
16: end for . !
17: d=d+ Al <—d=d+Al D = .
18: D;,, = blkdiag(Dj,,.d™ ") d
19:  end for J; e, L M
0 e, =JT(b—1) < 5 (b-f(X))= .

l: ex = Jx(b—f) X X

A=J1J,+M,B=JJx,D'=D,, <
AR — - heal Y R 1 )
Ap = (A~ BD'B") (e, ~BD'ex) | _ (' @-60%))

Normalize quaternions.
AX=D"(e,-B'Ap)

{A B} [J;Jpwl 33, }
B" D LI A+

-

AX = D !(ex — BTAp)

Y ond for

N O N NN O
—_— e 1o

—






