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What can 3D scene points tell us about?

http://www.wired.com/gadgetlab/2010/07/camera-software-lets-you-see-into-the-past/
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3D-2D Correspondence

P= K[R t:l where R € SO(3)




3D-2D Correspondence

P = K[R t:l where R € 80(3)

3D-2D correspondence: U <> X

u=KR t]X
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3D-2D Correspondence

3D-2D correspondence: U <> X
Au=K[R t]X

k @ _pﬂ P, Pis :014_

Par Pap Paz Poy
_'D31 1032 ,033 :034 1

Linear in camera matrix

4N < X

X _ P X+ DY + D+ Dy U = P X + DY + DosZ + P,y

\‘\ p31X+p32Y+pSSZ+p34 p31X+p32Y+p332+p34
P= K[R t:l where R € 30(3)




3D-2D Correspondence

3D-2D correspondence: U <> X
Au=K[R t]X

k @ _pﬂ P, Pis :014_

Par Pap Paz Poy
_'D31 1032 ,033 :034 1

Linear in camera matrix

4N < X

X _ P X+ DY + D+ Dy U = P X + DY + DosZ + P,y

\‘\ p31X+p32Y+pSSZ+p34 p31X+p32Y+p332+p34
P—= K[R t] where R € 30(3) # of unknowns: 11 = 12 (3x4 matrix) — 1 (scale)

# of equations per correspondence: 2




3D-2D Correspondence

3D-2D correspondence: U <> X

UX:p11X+p12Y+'O1BZ+'U14 Uy:p21X+p22Y+p23Z+'O24

k 1031X+1032Y+10332+1034 1031X+'032Y+'03SZ+1034

P= K[R t] o RS0




3D-2D Correspondence

3D-2D correspondence: U <> X

UX:p11X+p12Y+'O1SZ+'014 Uy:p21X+p22Y+pZBZ+IO24

k 1031X+1032Y+10332+p34 1031X+1032Y+103SZ+1034
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3D-2D Correqundence

e X

P = K[R t:l where R € 80(3)

3D-2D correspondence:
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UX — p11X+'012Y+101BZ+'014
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3D-2D Correqundence

- 3D-2D correspondence: U <> X
U = PrX + DY + P + Dy U = Por X + Pool + DosZ + Py
k . Py X + DgpY + PggZ + Dy Py X + Do + DagZ + Py

P = K[R t:l where R € 30(3) 2mK12



Camera Pose Estimation
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If K'is given,
KR t]=7[p, P, P; B,]

P= K[R t:l where R € SO(3)



Camera Pose Estimation

. If K'is given,

KR t]=#[p, P, P, P, ]

k /,,,/jﬁjﬁi?’/ . X — > R= K_1|:p1 P, ps]

P= K[R t:l where R € SO(3)



Camera Pose Estimation
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P= K[R t:l where R € SO(3)

If K'is given,
KR t]=#[p, P, P, P, ]

—> R=K"[p, p, p;]

K_1|:p1 p2 p3:|: U




Camera Pose Estimation
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P = K[R t:l where R € 80(3)

If K'is given,
KR t]=#[p, P, P, P, ]

— 7R=K_1|:p1 p2 pg:l

K_1|:p1 p2 p3:|: U

—> 7 =0,

R=UV' :SVD cleanup




Camera Pose Estimation
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P = K[R t:l where R € 80(3)

If K'is given,
KR t]=#[p, P, P, P, ]

— 7R=K_1|:p1 p2 pg:l

K_1[p1 P, ps]:U d22

—> y=d,
R=UV' :SVD cleanup
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1

—> 1= : Translation and scale recovery




Camera Pose Estimation
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P= K[R t:l where R € SO(3)

function [R t] = LinearPnP(X, u, K)

A=];
fori=1:size(X,1)

%% Build A matrix here
End

[udv]=svd(A);

P =v(:;end);

P=[P(1:4)"; P(5:8)"; P(9:12)'];
R =inv(K)*P(:,1:3);

t =inv(K)*P(:,4);

% SVD clean up
[udv]=svd(R);
R=u*v:
t=1t/d(1,1);

if det(R) <0
R =-R;
t=-t;
end




RANSAC Camera Pose Estimation

Algorithm 1 PnP RANSAC

1: ninliers < 0
2: fori=1: M do
3: Choose 6 correspondences, X, and w,, randomly from X and w.
[R,, t,] = LinearPnP(X,, w,, K)
Compute the number of inliers, n,, with respect to R,, t,.
if n, > ninliers then
ninliers < n,
R=R,and t=t,
9: end if
10: end for




Perspective-3-Point (P3P)

3D-2D correspondence: U <> X
Au=K[R t]X

k @ _pﬂ P, Pis :014_

Par Pap Paz Poy
_'D31 1032 ,033 :034 1

Linear in camera matrix

4N < X

X _ P X+ DY + D+ Dy U = P X + DY + DosZ + P,y

\‘\ p31X+p32Y+pSSZ+p34 p31X+p32Y+p332+p34
P= K[R t:l where R € 30(3)




Perspective-3-Point (P3P)

3D-2D correspondence: U <> X
Au=K[R t]X

k @ _pﬂ P, Pis :014_
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Linear in camera matrix

4N < X

X _ P X+ DY + D+ Dy U = P X + DY + DosZ + P,y

\‘\ p31X+p32Y+pSSZ+p34 p31X+p32Y+p332+p34
P—= K[R t] where R € 30(3) # of unknowns: 11 = 12 (3x4 matrix) — 1 (scale)

6 dof when K is known.
# of equations per correspondence: 2




Perspective-3-Point (P3P)

3D-2D correspondence: U <> X
Au=K[R t]X

k @ _pﬂ P, Pis :014_

Par Pap Paz Poy
_'D31 1032 ,033 :034 1

Linear in camera matrix

4N < X

X _ P X+ DY + D+ Dy U = P X + DY + DosZ + P,y

\‘\ '031X+'032Y+p332+p34 p31X+p32Y+p33Z+'D34
P—= K[R t:l where R € 30(3) # of unknowns: 11 = 12 (3x4 matrix) — 1 (scale)

6 dof when K is known.
# of equations per correspondence: 2




Perspective-3-Point (P3P)

3D-2D correspondence: U <> X
Au=K[R t]X

k @ _pﬂ P, Pis :014_

Par Pap Paz Poy
_'031 1032 ,033 :034 1

Linear in camera matrix

4N < X

X _ P X+ DY + D+ Dy U = P X + DY + DosZ + P,y

\\ '031X+p32y+p332+'034 p31X+p32Y+p33Z+'D34
P—= K[R t:l where R € 30(3) # of unknowns: 11 = 12 (3x4 matrix) — 1 (scale)

6 dof when K is known.
# of equations per correspondence: 2

3 correspondences should be enough.




Perspective-3-Point (P3P)

RANSAC with PnP

Graphics and J. D. Foley
Image Processing Editor

Random Sample
Consensus: A
Paradigm for Model
Fitting with
Applications to Image
Analysis and
Automated
Cartography

Martin A. Fischler and Robert C. Bolles
SRI International
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Perspective-3-Point (P3P)
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Perspective-3-Point (P3P)

,0 2d Cosine law:
12 2 2 2
d; +d, -2d.d,cos8 ., = p;,




Perspective-3-Point (P3P)

2" Cosine law:
df +d: -2d.d,cos6.,, = pr,
d +d; -2d,d,cosO ,, = p;,




Perspective-3-Point (P3P)

2" Cosine law:
df +d: -2d.d,cos6.,, = pr,
d +d; -2d,d,cosO ,, = p;,
d; +d: -2d,d, cos6 ,, = p’,

Unknowns: ah, &b, ¢k

3 equations



Perspective-3-Point (P3P)

2"d Cosine law:
df +d: -2d.d,cos6.,, = pr,
d§ +0} - 2d,d,c0s 0, = ﬁ; 3 equations

‘ o d; +d: -2d,d, cos6 ,, = p’,
Unknowns: &, cb, b
Note:
-1 T 1 -1 T -1
cos@ :(K u1) (K u2) cos@ :(K u2) (K u3)
Kk [
oSO, = (K_1U1 )T (KJUS)

-1 -1
|




P3P

- X 2" Cosine law:

df +d; -2d.d,cos6,, = p?,
d§ + d12 - 2(]’3CII1 C03931 = ,U; 3 equations
d; +d; -2d.d,cos0,, = ps,

The number of possible solutions: 8 = 2x2x2
d >0 d,>0 d;>0 :4=2x2x2/2

— requires additional fourth point to verify the solution.




P3P (4" order Polynomial)

// X3 2Md Cosine law:

d; +d: -2d.d,cos6., = pr,
d: +d -2d,d,cos8 ., = p;, 3 gquations
d: +d; -2d.d,cos0,, = p.,

@ 4 order polynomial:
1 —’34y4+33y3+32y2+a1y+3020

Closed form solutions exist.




Four Solution Example

42+42—2-4-4-c039:(2\/§)2 12+42—2.1.4-0039:(2@)2




Ambiguity




Ambiguity (Colinear points)




P3P (4t order Polynomial)

X 214 Cosine law:

] 0 + 2 -2d,d, 086, = Pl
dy +d; -2d,0,0086 ;, = p;, | 3 equations
o X d; +d; -2d.d,cos0,, = ps,
O’3 e e 4 order polynomial:
d2 X1 — a,y' +ay’ +a,y° +ay+a, =0

Closed form solutions exist.

— Compute t using X1, X2, Xs, ¢4, tk, and ¢.

K

Finding a point that emits three rays

P:K[R t]



P3P (4" order Polynomial)
X

3

K

Finding a point that emits three rays

P:K[R t]

2d Cosine law:
d; +d: -2d.d,cos6., = pr,

ds +d; -2d,d,cos8 5, = ps, 3 equations

d: +d; -2d.d,cos0,, = p.,

At order polynomial:
4 3 2
—a,y +ay +ay +ay+a,=0

Closed form solutions exist.

— Compute t using X1, X2, Xs, ¢4, tk, and ¢.

— X X, X |=RX, X, X]

Rotation matrix computation

5 -1
where X, =d, Hiﬁu
1
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Recall: Line Fitting (Ax=b)

12

Data
ol — Ground truth
—Leastsquares |
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Recall: Line Fitting (Ax=b)

12

10 | —Least squares

Data
—— @Ground truth




Recall: Line Fitting (Ax=b)

12
Data
ol — Ground truth
—Leastsquares |
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Recall: Line Fitting (Ax=b)

+ Data point
- =Ground truth line
— Fitted line Ax=b

Error:

Q




Recall: Line Fitting (Ax=h)

+ Data point

- =Ground truth line
' |—Fitted line Ax=b

u




Recall: Line Fitting

+ Data point
- =Ground truth line
— Fitted line Ax=b

Total error: E:Zn:(vi—( U, + ))2

=1

Error;
U,
£l v 1
u, 1




Recall: Line Flttlng Totaerror: £ =3 (v, — (10, + )Y

=1

Optimal point: % =0, % =0
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Recall: Line Flttlng Totaerror: £ =3 (v, — (10, + )Y

=1
Optimal point: % =0, % =0
A on o
) | m
160 g | v, = MU, + a [y, 1][(1} ~V,

m
vy My +d -, |~

-
v, =mu, +d [u, q{d_ <
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Recall: Line Fitting

Total error: E = Zn:(vi —(mu, + a’))2

=1

Optimal point: % =0, % =0
m od
m
v, & My + 0 L GL}W

m
v, = mu,+d [, 1]{(1 ~V,

-
V. ~mu +d [u, 1][6,_ i




Recall: Line Flttlng Total error: E=Zn:(v,—(mu/+d))2

=1

Optimal point: % =0, % =0
m od
| m
- ., Vi = My +0 4 ﬂmm (U, 1]

140

120 —%

Vi +d ., [k 1]{';_“2 A {g}z

100 ~

m | Y
v, =M, + 0 L ﬂ[d_ =Yy
We can’t invert A.

80
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Recall: Line Fitting

120 | g
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80\.

Total error: £ = Zn:(vi —(mu; + CI’))2

=1

F = (Ax-)' (Ax-b) = |Ax-b]

_U1 1
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Recall: Line Fitting

=1

=x'A'Ax-2x"A'"b+b'b

Total error: £ = Zn:(vi —(mu, + O’))2

£ =(Ax-b) (Ax-b)=[Ax-b]

_U1 1

UA1
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Recall: Line Fitting

\ector derivative:

e foe . oe
— ax 168)( oX,

Total error: £ = Zn:(vi —(mu, + 0’))2

=1

£ = (he-b) (mc-b) = o of

~2x'A'b+b'b

_U1 1
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Recall: Line Fitting
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Total error: £ = Zn:(vi —(mu, + 0’))2
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F = (Ax-)' (Ax-b) = |Ax-b]

=x'A'Ax-2x"A'"b+b'b

\ector derivative:
de_toe o
— ax 168)( oX,
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Reca": Line Fitting Total error: £ = i(V, —(mu, +d))2

=1 .

1

F =(Ax-b) (Ax-b)=Ax-b| U;Az
=x'A'Ax—2x'A'b+b'b [

\ector derivative:
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Reca": Line Fitting Total error: £ = i(V, —(mu, +d))2

=1 .

1

F =(Ax-b) (Ax-b)=Ax-b| U;Az
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\ector derivative:
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Recall: Line Fitting

Total error: £ = Zn:(vi —(mu, + 0’))2
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= | OX

120

100 4
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Reca": Line Fitting Total error: £ = i(V, —(mu, +d))2
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Reca": Line Fitting Total error: £ = i(V, —(mu, +d))2

=1

A F = (Ax-b) (Ax-b)=|Ax-b|
| =x'A"Ax—2x'A'b+b'b

160 -

140 - {
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120 4 OX
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Normal equation
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Recall: Line Fitting

0.8 T e

e ——————

Ground truth
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Total error: £ = Zn:(vi —(mu, + 0’))2

=1
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Linear System Recap

X< A" Al A" b

X L _
* Has the global solution
* Has the closed form solution (non-iterative solve)
dEl g « Is solved efficiently (O(n2)
dx| . « Does not require an initialization



Nonlinear System

,\ f(X
o

)=b




Nonlinear System

E)
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Nonlinear System




Nonlinear System

y

E=[froo-bf

E =(f(x)-b) (f(x)-b)
= F(X)TF(X)—2f(x)"b+b"b




Nonlinear System

y

E 2
E =||f(x)-b|
E =(f(x)-b) (f(x)-b)
= F(X)TF(X)—2f(x)"b+b"b

OF ; of(x)" fx)-2 of (x)'

5_ OX OX

b=0




Nonlinear System

y

E 2
£ =[f0-b

T

E=(f(x)-b) (f(x)-b)
=f(x)' f(X)—2f(x)'b+b'b

x* T T
OF _o0MN) 130290
v OX OX OX
_G_ﬁ or
L ox,  OX,
dx| _. of (X) L . |
= where = R - Jacobian
OX
of of
ox,  OX, |




Nonlinear System

y

E

E =fx) -]

T

E=(f(x)-b) (f(x)-b)
=f(x)' f(X)—2f(x)'b+b'b

OF ; of(x)" fx)-2 of (x)'

5_ OX OX

b=0

Find x such that the following equation is satisfied:

F(X) = b How?




Nonlinear System

Find x such that the following equation is satisfied:

A\
E
T T
; orx) f(x)=af(x) b How?
OX OX
V,\ Strategy: Given X,
| \/ b 5




Nonlinear System

Find x such that the following equation is satisfied:

f(X) = b How?

Strategy: Given X, move Ax such that £(X + AX) < E(X)




Nonlinear System

Find x such that the following equation is satisfied:

f(X) = b How?

Strategy: Given X, move Ax such that £(X + AX) < E(X)

Taylor expansion:
f(X+ AX) =




Nonlinear System

Find x such that the following equation is satisfied:

f(X) = b How?

Strategy: Given X, move Ax such that £(X + AX) < E(X)

Taylor expansion:

f(X+ AX) = f(x+Ax)+MAx+H.O.T.

OX



Nonlinear System

Find x such that the following equation is satisfied:

f(X) = b How?

Strategy: Given X, move Ax such that £(X + AX) < E(X)

Taylor expansion:

f(X+ AX) = f(x+Ax)+MAx+H.O.T.

OX

N of(x)" (f(x) +@ij _ of(x)' ;
OX OX OX




Nonlinear System

Find x such that the following equation is satisfied:

f(X) = b How?
OX OX
Strategy: Given X, move Ax such that £(X + AX) < E(X)
Taylor expansion:
f(X+ AX) = (X + AX) —I—?AX—I—H.O.T.
X
T T
, I (e 910 Ay | - 9T
OX OX OX
of(x)" of(x) of (x)"

7 OX  OX X = OX (b—f(x))



Nonlinear System

Find x such that the following equation is satisfied:

f(X) = b How?

Strategy: Given X, move Ax such that £(X + AX) < E(X)

Taylor expansion:

f(X+ AX) = f(x+Ax)+MAx+H.O.T.

OX

N of(x)" (f(x) +@ij _ of(x)' ;
OX OX OX

of(x)' of(x) . -
—> > ox AX = = (b f(X))
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— V() +(1-y)

T T
of (X) 8f(x)A _ 0t (x) (b—f(x))
OX OX OX
of of
OX; OX,,
where 8f(x): S e, ¢ - Jacobian
OX
o [
ox, X,
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_of(x)'
X OX X = OX (b=7(x)
U, - X V.-
- W) + () 2 + ()
OX
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Beacon.m

u = 2*(rand(3,2)-0.5);
=[-0.51];

fori=1":size(u,1)
n d(i,1) = norm(x-u(i,:));
@E end

satellite

C  ground truth |

[x_grid, y_grid] = meshgrid(-1.5:0.01:1.5,-1.5:0.01:1.5);

E = zeros(size(x_grid));
fori=1":size(u,1)
E=E+ (sqrt((x_grid-u(i,1)).22 +(y_grid-u(i,2)).~2)-d(i))."2;
end
E =sqrt(E);

x0 = 2*(rand(2,1)-0.5);
forj=1:10
=1l
fx = {];
fori=1":size(u,1)
denom = norm(u(i,:)-x0');
J=1[J; (u(i,:)-x0")/denom];
= [fx; norm(u(i,:)-x0")];
end
b=d;
delta_x = -inv(J"™*J)*J"™*(b-fx);
x0 = x0 + delta_x;
end




