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Homography
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Wheream | v




Announcement

« HW #3 deadline is extended (March 9)

* Paper selection by today (Send me at least two papers)
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Image Rectification w.r.t. Ground Plane

Camera

How can | make my image upright?

— Y axis of camera // Surface normal of ground plane

&>

Ground plane




Image Rectification w.r.t. Ground Plane

J

P
4l
I/

Camera

How can | make my image upright?
— Y axis of camera // Surface normal of ground plane

b u] | f px_ X [ X]
; _

Alvi =] f r, r, t]Y|=HY

Y

1] 1 1

Ground plane
I, =1 XL

Camera pose from homography




Image Rectification w.r.t. Ground Plane

J

P
4l
I/

Camera

How can | make my image upright?
— Y axis of camera // Surface normal of ground plane

b u] | f px_ X [ X]
; _

Alvi =] f r, r, t]Y|=HY

Y

1] 1 1

Ground plane
I, =1 XL

Camera pose from homography

hy Ny fg
R= Iy T Iy
I I

Image rotation




Image Rectification w.r.t. Ground Plane

Camera

y
(

J

&>

Ground plane

How can | make my image upright?

— Y axis of camera // Surface normal of ground plane

u f p,
AV |= fp,

L - | 1_
I, =1 XTI,

r, o, t

X

Y
1

Camera pose from homography

Image rotation

o w B}

0

_-— O .M

1

Rectified rotation



Image Rectlflcatlon w.r.t. Ground Plane

Camera
fy hy lg
R= Iy Ty [In|——
_r31

b w b}
[l
(@]
_-— O .M
—i

Rectified rotation




Image Rectification w.r.t. Ground Plane

Camera

J

&>

Ground plane

b w b}
[l
(@]
_-— O .M
—i

Rectified rotation




Image Rectlflcatlon w.r.t. Ground Plane

Camera L
fy hy g r

R=\l I Iy | — R=10 0 -1

_r31 I3 f33_ B Fz |

Image rotation Rectified rotation

ARK'i=R'K'u — Ai=KRR'Ku




Image Rectification w.r.t. Ground Plane

Camera

Ground plane



Image Rectification w.r.t. Ground Plane

im = imread('undistorted.png');
f =1300;
K =[f 0 size(im,2)/2;
0 f size(im,1)/2;
001],
m11 =1[2145;2120;1];m12 = [2566;1191;1];m13 = [1804;935;1];m14 = [1050;1320;1];

u=[m11(1:2)’;m12(1:2);m13(1:2)"; m14(1:2)'];
X=[00;10;11,01];
X = [X ones(4,1)]; % homogeneous coordinate

H = ComputeHomography(u, X);

denom = norm(inv(K)*H(:,1));

r1 = inv(K)*H(;,1)/denom; r2 = inv(K)*H(:,2)/denom; t = inv(K)*H(;,3)/denom:;
r3 = Vec2Skew(r1)*r2;

R=1[r1r2r3];

r2_n=1[00-1];
r_n=RA,) - RA,:)r2_n")r2_n);
r3_n = \Vec2Skew(r1_n)*r2_n";

R_n=[r1_n;r2_n; r3_n'];
H_new =K™*R_n *inv(R) * inv(K);

RectificationFromHomography.m
im_warped = ImageWarping(im, H_new);



Image Rectification w.r.t. Ground Plane

Camera

Same depth
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Vanishing Point

Camera

Vanishing point projection:
AV, =KL,

— K'v, =27




Box Representation
\ VT\Zhlig Kp;(:nt projection:

— K'v, =27

Camera

Define the direction of the box




Box Representation

Camera

. Vanishing point projection:
inite depth, d
P AV, =KL,

— K'v, =27

U11 = dKJUﬁ




Box Representation

Camera

. Vanishing point projection:
inite depth, d
P AV, =KL,

— K'v, =27

U, =dK'u,, U,=dK"u, - Samexcoord.




Box Representation

Camera

. Vanishing point projection:
inite depth, d
P AV, =KL,

U11 = dK_1u11 U12 = dK_1u12 : Same X coord.

U, = dK_1u21 U, = dK'1U22

Same y coord.



Box Representation

Camera

nite denth. d Vanishing point projection:
= v, =KZ,

‘ S
U12
Depth of frontal surface?

ﬁK-1V11 =V,




Box Representation

Camera

nite denth. d Vanishing point projection:
= v, =KZ,

— K'v, =27

Depth of frontal surface?
ﬁK—1V11 = V11

Line between U11 and V11 is parallel to the vanishing
point direction.

2KV, + iK' =U,, =0dK'u,

HW: express A, using d.



Box Representation

Camera inite depth, d

Vanishing point projection:
AV, =KL,

— K'v, =27

Depth of frontal surface?
ﬁK—1V11 = V11

Line between U11 and V11 is parallel to the vanishing
point direction.

2KV, + iK' =U,, =0dK'u,

HW: express A, using d.



Box Representation

Camera inite depth, d Point in a plane:

X=|Y




Box Representation

Camera inite depth, d Point in a plane:

X
X=|V|=U,+uB, +uB,

/
U12 - - -
:[31 B, C| 4
_1_
2D0F

Homography mapping from 3D plane to image:

H Ay

-:K[B1 B, c Hy :. Hy

I 1




BOX Re p rese ntatl O n Homography mapping from 3D plane to image:

M, H,

A=K[B, B, c]u |=H s

1 1




Texture Mapping




H O m O g rap hy Homography mapping from 3D plane to image:

__:u1_ _/J1_
R,t AU=KB, B, c]u |=Hl &
1 :

Homography mapping from 3D plane to target image:

X Hi
AN - [B1 B, C: L,
AM=KR t Z =K[R t] T
|1 i 1 |
_,u1_ ~_,U1_
=K|RB, RB, Rc+t] u, |=H| g

1 1



H O m O g rap hy Homography mapping from 3D plane to image:

__:u1_ _/J1_
R,t AU=KB, B, c]u |=Hl &
1 :

Homography mapping from 3D plane to target image:

X Hi
AN - [B1 B, C: L,
AM=KR t Z =K[R t] T
|1 i 1 |
_,u1_ ~_,U1_
=K|RB, RB, Rc+t] u, |=H| g
1 1

&
o |y |- W

1




HW #3 Tour into your photo




Spatial Rotation




Interpolation of Transformation




Interpolation of Transformation




Interpolation of Transformation




Recall: Rotate and then, Translate

Camera 4
‘ rx1 rx2 rx3 ZLx
O c c X
X. =R, X+ t= fo L, Ls 1
| roor. r. t
o kBD world S
Origin at world coordinate where “t is translation from world to camera seen from

camera.
Ground plane

Z:) Rotate and then, translate.




Recall: Translate and the, Rotate

Camera 4

/" _rx1 rx2 rx3 tx_ X
X; =° R, X +t= Lo Lo ls L L}
.( kBD world _rZ1 rZ? rZ3 tZ_
X ‘
Origin at world coordinate where °t is translation from world to camera seen from
camera.
Ground plane
X, =(X.,Y:2:) Rotate and then, translate.
X=(x,y,2)
A

cf) Translate and then, rotate.

3 X X
\ X <R, (X-C)=|r, 1, .|l 1 < M
| " z1 72 z3 _| 1 _Cz

World where G is translation from world to camera seen from
world.

<
<
<

1 2

e
e
<

\
\
\



Interpolation of Translation

B

=KR[l, -C]

BT




Interpolation of Translation

Ai=KR t]_|=KR]l, -C]

AN X
LN < X

Rot. =» Trans.  Trans. = Rot.

Translation is independent on rotation.

How to interpolate translation?
<l [e
C,=|C'|—>C,=C)
C G,




Interpolation of Translation

Ai=KR t]_|=KR]l, -C]

AN X
LN < X

Rot. =» Trans.  Trans. = Rot.

Translation is independent on rotation.

How to interpolate translation?

o C!
C,=|C'|—>C,=C)
C? C:

Interpolated camera center:
C. =wC, + 1-w)C, w e[0,1]



Interpolation of Rotation

2D coordinate transform: {Xi

A




Interpolation of Rotation

2D coordinate transform: X, | | cosg,  sing, || x
y. | | —sing  cosé, ||y
A
X=(x, .
777777777777777777777777 o ) cos@, sing, ) -
R X =00 det| | =c0s’ &, +sin’ g, =1
= —siné,  Coso,
6,




Interpolation of Rotation

2D coordinate transform:

A
= X,
@
////’ é \‘\\ 2 X2 y 2
2 >




Interpolation of Rotation

2D coordinate transform: {Xi _{ cosé, sind }{X}

N Y, —sing, cosé, || y

0 =wo, +(1-w)o,
w e[0,1]

X, | | cosé, sind, || x
y, | |-sin@, cosd, ||y




Interpolation of Rotation in 3D

X1 rx2




Interpolation of Rotation in 3D

X1 rx2

How to interpolate between two coordinates?
R, —R,

# dof: 3
# of parameters: 9



Axis Angle Representation
Y

A




Axis Angle Representation
Y

A




Axis Angle Representation
Y

,/



Leonhard Euler

Axis Angle Representation
Y

Euler’s theorem

Any displacement of a rigid body such that a point on the rigid body remains fixed, is equivalent
to a single rotation about some axis that runs through the fixed point.



Leonhard Euler

Axis Angle Representation

Y
A — —
eX
€=|6,
S\\B o
0
X)

Rotation: €@  where ||e||:1

Euler’s theorem

Any displacement of a rigid body such that a point on the rigid body remains fixed, is equivalent
to a single rotation about some axis that runs through the fixed point.



Im
A

2D Exponential Map (Euler’s Formula)

O X

Re



2D Exponential Map (Euler’s Formula)

Im

O X

X, = rexp(ig,) = r(cosé, +ising,)

ooX/(

Ref) exp(x) = ZF
k=0 .



Im

2D Exponential Map (Euler’s Formula)

X, = rexp(ig,) = r(cosé, +ising,)




Im

2D Exponential Map (Euler’s Formula)

X, = rexp(ig,) = r(cosé, +ising,)

AKX X, = exp(i@)x, = r(cos@+isind)(cosé, +ising,)

r =r(cos@cos g, —sinGsing, +i(cosOsing, +sindcosy,))

Re =r(cos(@+6,)+isin(@+86,))



Im

2D Exponential Map (Euler’s Formula)

X, = rexp(ig,) = r(cosé, +ising,)
X2
®
\9 2 X X, = exp(i&)x, =r(cos@+isin@)(cosf, +ising,)
\9 =r(cos@cos 6, —sin@sing, +i(cosdsing, +sindcos o, ) )
o,
Re =r(cos(@+6,)+isin(@+86,))

=r(cosé, +ising,)

0,=06,+0



3D Exponential Map: Quaternion

6 .
exp[Ej cos +S|n (ie,+ je,+ke,)

i"=j =k’ =ijk =-1




Exercise

exp 9 —cosg+sing(ie +je,+ke,)
Y o 2 p TN T Am TR
eX
e—|e Find a quaternion g such that it describes a rotation of
&-\ Ty 60 degrees about the axis a=[3, 4, 0].
D Le
U
>
X

Rotation: &€  where ||e||=1



Exercise

exp 9 —cosg+sing(ie+je +ke,)
Y 2 2 o\ Tx T AEy TR

Find a quaternion g such that it describes a rotation of

&-\ y 60 degrees about the axis a=[3, 4, 0].

2 .3 .4 0
_a/llal=il+ilik2
0 e=a HaH I5+j5+ :

Unit vector

o . 0.3 .4 0
=C0S—+Sin—| I—+ |—+ k= O =
X d 2 2[ 5 J5 5)

Wy

3-2 5

T T (.3 .4 0
=C0S——+SiN—| I—+ J—+ k=
3-2 5 5

Rotation: & where e = 1 :£+1(i§+,-£+k9j
2 2005 5 5



3D Exponential Map: Quaternion
Y

A — -

.

v N SR
D RGN ‘A_A\_'U&%‘-/A o AN
ey 1 o

g

&



Quaternion Product
Y

A
q=q, +iq, + jg, +Kkq;,
Rotate g and then, p:
ap =(q, +iq, + jg, +ka,)(p, +ip, + jo, +kp,)
= (GyDy =Dy = 0,0y =005 ) +1 (G + G0y +0,05 =00,
+§(qup, =D, +0,0y +0,0, )+ K (G0, +G,0, =GPy +020,)
> =(qun, —a-p)+(q,0+p,8+Gxp)

where Q=iq, + jg, +Kkg,

p=p,+1p, + Jp, +Kp,



Quaternion Product Example

V.

/

Rotating 90 degrees about Y axis.

q —cos—ﬂ/2+ jsin—”/2
1 2 2

Vo

X

Rotating 90 degrees about Z axis.

q, = cosﬂ—/2 +ksin—
2 2

TN
¥
\
\
\
|

wl?

Y,
>

I

'

/
- Z

4., =00,

?



Quaternion Product Example

qp:(qWIOW _q'ﬁ)+(qWﬁ+/7Wq+dxﬁ)

wl?2 wl?2 zl? rl?2
rre e cos—+ksm—
g, =cos > + Jsin > q, = 5 5



Quaternion Product Example

qp:(qWIOW _q'ﬁ)"‘(qWﬁ_":OWq"'qxﬁ)

ml? wl?2 wl? zl?2
—cos 2= i —cos— ksin——
Vs g, = COS 5 + jsin > q, 5 5
1 o q _q1q2
oe=—(I+]+
o= livin (2, R,
A ’ 2 2 ? ?
?
9=§” —l+1i+—j+lk
/ 2 2 ?
1T 1., 1 1




Quaternion in 4D Sphere

q=q, +1q, + Jg, +Kkq, = Gy + 0y +Gy +q> =1




Quaternion in 4D Sphere

q=q, +1q, + Jg, +Kkq, = Gy + 0y +Gy +q> =1

Interpolation in the sphere d,




Quaternion in 4D Sphere

Qw
Y . q
- q=0q, +iq, +jg, +ka, =| | @+ +q>+q> =1
Interpolation in the sphere d,
| 47
a, cosQQ=q, -d,
O
Q




Quaternion Interpolation

0=0, +iq, + jg, +Kkq, = G5+ +q; +q5 =1

Interpolation in the sphere d,

q, cosQ=q,-q,




u

_qW_ 2 2 :1
Sl I
+1g, + Jg, +Kg, = 0
Y q=aq, A 50— q
q,
jon in the sphere
terpolation in
Inte | p
@) we q1

p = g, cosSw<




Quaternion Interpolation

G
Y o q,
=q, +1q, + ]q, +Kq, = 2 v 02 +0%+0% =1
Interpolation in the sphere 0=y +10,+ 10, +Ka; g, Gy 0y 4y +47
|47
cosQ=gq,-q,
o P
q
p=q1COSWQ+q2_q1COSQSinWQ

sSinQ




Quaternion Interpolation

Qy
Y g
=q, +ig, + jg, +kg, =| 2 v 2 +02 +0% =
Interpolation in the sphere =0y +10, + 10, +Kq; g, Gy +0qx +qy +q; =1
| 47 ]
cosQ=gq,-q,
o P
g.
p:q1COSWQ+q2_q1COSQSinWQ

sinQ2
~ q,(sinQcosw—cosQsinw) + g, sinw
sin€




Quaternion Interpolation

Qyy
Y g
=q, +ig, + jg, +kg, =| 2 v 2 +02 +0% =
Interpolation in the sphere =0y +10, + 10, +Kq; g, Gy +0qx +qy +q; =1
| 47 ]
cosQ=q, -q,
o P
g.
p=q1COSWQ+q2_q1COSQSinWQ
sSin<2
~ q,(sinQcosw—cosQsinw) + g, sinw
sSinQ

_ q,sin(1-w)Q +q, SinwQ
sinC2







function Cameralnterpolation

R1 = eye(3);
C1 =10;0;01;

g2 = 2*(rand(4,1)-0.5);

R2 = Quaternion2Rotation(g2);
\</ | C2 = 2*rand(3,1);

\\/\/ [Rset, Cset] = InterpolateCoordinate(R1, C1, R2, G2, 20);

Cameralnterpolation.m



function Cameralnterpolation

L’\'\"/ R1 = eye(3);
Ry C1 =10;0;01;

g2 = 2*(rand(4,1)-0.5);
\/ R2 = Quaternion2Rotation(g2);
. C2 = 2*rand(3,1);

N
\</ [Rset, Cset] = InterpolateCoordinate(R1, C1, R2, G2, 20);

Cameralnterpolation.m

\Q\i/
\/.

function [Rset, Cset] = InterpolateCoordinate(R1, C1, R2, C2, n)

Cx = linspace(C1(1), C2(1), n+1);
Cy = linspace(C1(2), C2(2), n+1);
Cz = linspace(C1(3), C2(3), n+1);

Cset = [Cx; Cy; Cz];

w=0:1/n:1;
g1 = Rotation2Quaternion(R1);
g2 = Rotation2Quaternion(R2);

omega = acos(q1'*g2);

fori=1:length(w)
q = sinfomega*(1-w(i))/sinfomega) * g1 + sin(omega*w(i))/sin(lomega) * 92;
Rset{i} = Quaternion2Rotation(q);

end

InterpolateCoordinate.m



View Interpolation

Looking left Looking right
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The Stereograph as an Educator—Underwood Patent Extension Cabinet in a home Library. \ v
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The Stereograph as an Educator—Underwood Patent Extension Cabinet in a home Library. \ v
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g Circa 1900
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Stereo: Holmes Stereoscope













Left image (Bob) Right image (Alice)



2D Correspondence

Left image (Bob) Right image (Alice)



2D Correspondence

Left image (Bob) Right image (Alice)



Bob Alice






O

Bob’s image Alice’s image

Bob




O

Bob’s image Alice’s image

Bob




Bob’s image \ Alice’s image
Bob from Alice’s view

Bob Alice




Bob’s image \ Alice’s image
Bob from Alice’s view

Bob Alice



Bob’s image \ Alice’s image
Bob from Alice’s view

Bob Alice



Epipolar line

u v
X f
Bob’s image \ Alice’s image
|u Bob from Alice’s view
Bob Alice




Bob

Alice

Epipolar line

Bob’s image \ Alice’s image
Bob from Alice’s view

Epipolar constraint between two images:

1. Apoint, u, in Bob’s image corresponds to an epipolar line | in
Alice’s image.



Bob

Alice

Epipolar line

Bob’s image \ Alice’s image
Bob from Alice’s view

Epipolar constraint between two images:

1.

A point, u, in Bob’s image corresponds to an epipolar line |, in
Alice’s image.

The epipolar line passes the corresponding point in Alice’s
image, Vv VTlu =()



Bob

Alice

Epipolar line

Bob’s image \ Alice’s image
Bob from Alice’s view

Epipolar constraint between two images:

1. Apoint, u, in Bob’s image corresponds to an epipolar line | in
Alice’s image.

2. The epipolar line passes the corresponding point in Alice’s
image, V: VTlu =()

3. Any point along the epipolar line can be a candidate of
correspondences.



Bob

Alice

Bob’s image /
Alice from Bob’s view

Epipolar line

\ Alice’s image
Bob from Alice’s view







Bob

Alice

Bob’s image / \ Alice’s image
Alice from Bob’s view  Bob from Alice’s view

Epipolar constraint between two images:

1. Apoint, u, in Bob’s image corresponds to an epipolar ling in
Alice’s image.

2. The epipolar line passes the corresponding point in Alice’s
image, v: v1=0 =0

3. Any point along the epipolar line can be a candidate of
correspondences.



Bob

Alice

Bob’s image / \ Alice’s image
Alice from Bob’s view  Bob from Alice’s view

Epipolar constraint between two images:

1. Apoint, u, in Bob’s image corresponds to an epipolar ling in
Alice’s image.

2. The epipolar line passes the corresponding point in Alice’s
image, v: v1=0 =0

3. Any point along the epipolar line can be a candidate of
correspondences.




.

f&

B__|

Sy

.

Bob’s image / \ Alice’s image
Alice from Bob’s view  Bob from Alice’s view

Epipolar constraint between two images:

1. Apoint, u, in Bob’s image corresponds to an epipolar ling in
Alice’s image.

2. The epipolar line passes the corresponding point in Alice’s
image, v: v1=0 =0

3. Any point along the epipolar line can be a candidate of
correspondences.

4. Epiploar lines meet at the epipole.




Bob

Alice

ebob

Bob’s image / \ Alice’s image
Alice from Bob’s view  Bob from Alice’s view

Epipolar constraint between two images:

1. Apoint, u, in Bob’s image corresponds to an epipolar ling in
Alice’s image.

2. The epipolar line passes the corresponding point in Alice’s
image, v: v1=0 =0

3. Any point along the epipolar line can be a candidate of
correspondences.

4. Epiploar lines meet at the epipole: ¢, =0 ¢, |

dice'v

0










