Filtering/Convolution/Gradient



IMAGE SPATIAL FILTERING ~ GCORRELATION
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BOUNDARY
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BOUNDARY
(I, j)=Z|(i +k, j+1)z(k,I)
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BOUNDARY
(I, j)=Z|(i +k, j+1)z(k,I)
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FILTERING AS A FEATURE EXTRACTION




FILTERING AS A FEATURE EXTRACTION

|(X1)=(212,200,221) fl(X)ZO.B fZ(X)z—O.l f3(x):0,9 XX



CORRELATION VS. CONVOLUTION

Image correlation:
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CORRELATION VS. CONVOLUTION

Image correlation: Image convolution:

S ui+k, j+zk =1, ) D=k, j-hzk )=3(,]j)
kI kI
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Flip the filter in both dimension (bottom to top, right to left)



CORRELATION VS. CONVOLUTION
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CORRELATION VS. CONVOLUTION
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CORRELATION VS. CONVOLUTION

J .ﬂ-«v."r@rﬁ Correlation
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Convolution , _

ST a4 Flip the filter
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CORRELATION VS. CONVOLUTION

J .ﬂ-«v."r@rﬁ Correlation
' 2114147
1[212]3]6 ajbic
R 3lals/8la] &® |dle/f = y
5212167 glhli
831213

y =2a+2b+3c+3d+5e+8f + 29+ 3h+6i
Convolution

ST Tal4]7 Flip the filter

112]2]316 i1hlg

3l3/5/8]9 X fleld| = z
51212167 clbla

8131213

7=21+2h+3h+3f+5e+8d+2c+3b+6a



RECALL: EDGE RESPONSE

Image differentiation can be used for edge detection

but it is VERY noisy.
How to detect edge reliably?
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Noisy |mﬁg’¢, Denoised image



STRATEGY: DENOISE AND DIFFERENTIATE




STRATEGY: DENOISE AND DIFFERENTIATE




ASSOCIATIVITY




COMMUTATIVITY




SOBEL FILTER

Sobel filter: derivative of Gaussian filter, e.g., -2 0 2




SOBEL FILTER
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Sobel filter: derivative of Gaussian filter, e.g., 0O 0 O




IMAGE GRADIENT MAGNITUDE







LAPLACIAN
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Second order derivative of Gaussian,
a.k.a., Laplacian of Gaussian
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Second order derivative of Gaussian,
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LAPLACIAN
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Pyramid



USSIAN FIETERI




MULTI-DIMENSIONAL IMAGE REPRESENTATION






GAUSSIAN FILTERING AND THEN SUBSAMPLING



AGE RECONSTRUETION: UPS







MULTI-DIMENSIONAL IMAGE REPRESENTATION



1/16 subsampling

Y4 subsampling

Y2 subsampling

Memory consumption

| I(1+1+i+---)=ﬂ| | |

GAUSSIAN IMAGE PYRAMID 416 3



AN Y2 subsampling
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N Y2 subsampling

S — % subsampling

Memory consumption
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GAUSSIAN IMAGE PYRAMID 416 3



REDUNDANT REPRESENTATION OF GAUSSIAN PYRAMID




DIFFERENCE OF GAUSSIAN (DoG) ~ BAND-PASS FILTER

A
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LAPLACIAN OF GAUSSIAN (LoG) ~ DoG

FT
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LAPLACIAN OF GAUSSIAN (LoG) ~ DoG
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IMAGE LAPLACIAN



IMAGE LAPLACIAN













IMAGE LAPLACIAN



IMAGE RECONSTRUCTION
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Image Transformation



HIERACHY OF TRANSFORMATIONS

Euclidean (3 dof) Similarity (4 dof) Affine (6 dof) Projective (8 dof)
» Length * Length ratio * Parallelism * (Cross ratio
» Angle » Angle * Ratio of area « Concurrency
» Area « Ratio of length * Colinearity

cos@ -sin@ t, acos@ -—asinb L, dyy 4 Ay hﬂ hwz h13

sin@  cos® ¢ {asine acos6 ty} ay 8, ay h, h, hy

1 1 0 0 1 hy hy, 1



HoMOoGRAPHY COMPUTATION

The image can be rectified as if it is seen
from top view.




HoMOoGRAPHY COMPUTATION

r_ hyUy + v +hyg
' hyu +hyov, +1
V! = hy,U, + 0,V +hy,
h,,u, +h,,v, +1
hy Uy +hp,v, + h13 - h31u1u1’ - h32V1U1’ —u; =0
hy,u; +hy,v, + h23 - h31u1V1’ - h32V1V1, -v; =0




HoMOoGRAPHY COMPUTATION

u v 1 0 0 0 —uu -vu

0 0 0 u

# of equations: 2
# of unknows: 8
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| Ny |

How many correspondences
are needed?



HoMOoGRAPHY COMPUTATION

# of equations: 2
# of unknows: 8
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HoMOoGRAPHY COMPUTATION

AX=b —» x=(ATA)‘1 ATb




Optical Flow



WHEN (U,v) FLow MAKES SENSE?

8I 6I 8I 0 X'=X+U

5X @y at y’:y_|_v

a Side view

camera 4|

Constant distance

Constant object size  1(t')




GENERAL OBJECT MoTioN

8I 6I 8I 0 X"#X+U
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a Side view

camera —l
camera —l e
(')

Different depth/orientation




PARAMETRIC TRANSFORMATION

a Unknowns:; P
I (t)

Different depth/orientation




RECALL: PARAMETRIC TRANSFORMATIONS

Euclidean (3 dof) Similarity (4 dof) Affine (6 dof) Projective (8 dof)

» Length * Length ratio * Parallelism * (Cross ratio
» Angle » Angle * Ratio of area « Concurrency
» Area « Ratio of length * Colinearity

Ex) Aerial images Change of depth Far objects Planar objects



IMAGE ALIGNMENT

. Brightness constancy

| (W(x;p))=T(x)

ex) affine transform

- U U+ p,v+
= _ W (x: p) = N U+ p,vV+ P,
Template Target image Vv PU+ PV + Py

T ') B :(p1+1)U+ P,V + pg}

| Pu+(ps +1)v+pg




IMAGE ALIGNMENT

Brightness constancy

| (W(x;p))=T(x)

Objective: to find the optimal warping parameter p
that minimizes warping error.

Template Ta;e image )
T(x) | (X) i = minignizeZ( LW (x; p)—T(x))

Template




IMAGE ALIGNMENT

Brightness constancy

| (W(x;p))=T(x)

Objective: to find the optimal warping parameter p
that minimizes warping error.

Template Ta;e image )
T(x) | (X) i = minignizeZ( LW (x; p)—T(x))

Warped image Template




IMAGE ALIGNMENT

| Brightness constancy

| (W(x;p))=T(x)

Objective: to find the optimal warping parameter p
that minimizes warping error.

Template Taéjef image )
T(x) | (X) i = minignizeZ(l(\N(x; P)-T(x))

Error image




RECALL: LOCAL PATCH TRACKING

_ —2.76
— T ! T X =
x=(ATA) " A'b {1_27}
First order approximation
| (X+Uuot,y +Vvott+ot)

~ | (X, y,t)+ﬂu5t +ﬂv5t +ﬂ5t
OX oy ot

/™
/N

Guass-Newton’s method

NCC: 0.923520; SSD: 3.854872



IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
: 1.Linearize the obj. function at p

LW (x; p+Ap) ~ 1 W(x; p»+%Ap




IMAGE ALIGNMENT OBJECTIVE

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

LW (x; p+Ap) ~ 1 W(x; p»+%Ap

Ex) optical flow (translation)
W (X; p) = X+ AX

/ \ ’ —»ﬂApzﬂAx=Vle
op OX

AU +




IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

LW (x; p+Ap) ~ 1 W(x; p»+%Ap

Ex) affine transform
Wix:p) :H{ puU+ PV + ps}

/\ > \ PU+ PV + P
/ \ —> ﬂAp

What does the gradient image
w.r.t. the affine parameters mean?




IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

LW (x; p+Ap) ~ 1 W(x; p»+%Ap

Ex) affine transform
Wix:p) :H{ puU+ PV + ps}

/\ \ PU+ PV + P
/ \ LAl daw

Chain rule

v




IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

LW (x; p+Ap) ~ 1 W(x; p»+%Ap

Ex) affine transform
Wix p)zm{ puU+ PV + ps}

/\ \ PU+ PV + P
/ \ LA AW W

op oX op L op

v




IMAGE ALIGNMENT OBJECTIVE

W(X;p)

2

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

LW (x; p+Ap) ~ 1 W(x; p»+%Ap

Ex) affine transform

/\ Wi p):{u}{plu+ P,V + pg}
' \Y p4u+ p5V+ pe
/ \ LA AW W

v

op oX op op
ou
. OW | 0P,
Jacobian: 2 | ov



IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

|W(x; p) (%) W+ ap)~ 101 g llllll

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»m%ﬂAp—T() 0 — VI Ap=T-1W(xp)
p op |

v




IMAGE ALIGNMENT OBJECTIVE

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

L

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»maaﬂAp—T() 0 — VI Ap=T-1W(xp)
p op




IMAGE ALIGNMENT OBJECTIVE

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

L

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»maaﬂAp—T() 0 — VI Ap=T-1W(xp)
p op

W
P |, W (x; p)~T(x,)
: Ap=-—

oW W (x,;p)=T(x,)
P |,



IMAGE ALIGNMENT OBJECTIVE

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

L

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»maaﬂAp—T() 0 — VI Ap=T-1W(xp)
p op

W
K\xl I I(W(XB»_T(XW
vy W LW (%, P) =T (x,)
op




IMAGE ALIGNMENT OBJECTIVE

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

L

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»maaﬂAp—T() 0 — VI Ap=Tx- 1W(xp)
p op

Ap=H" Z(vn%j (T (x)— 1W ()
where H = Z(w%} (wﬂ]




IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

T L

2. Find Ap that minimizes the
obj. function at p

Ap=H lz(w%j (T(x)— W (x:p))

v

3. Update p <« p+Ap




OPTICAL FLOW DERIVATION

W(X;p)

AX* = miniAanizeZ( | (%;AX) =T (x))

Guass-Newton’s method

;. it 1.Linearize the obj. function at x
(W (x;p)) 1(x) (X +AX) = 1(X) + VI AX

2. Find Ax that minimizes the
obj. function at x

v

VIAX=T(X)=1(X)==(I(x)-T(x)) 2 LAu+Il Av=-I,




OPTICAL FLOW DERIVATION

W(X;p)

AX* = miniAanizeZ( | (%;AX) =T (x))

Guass-Newton’s method

;. it 1.Linearize the obj. function at x
(W (x;p)) 1(x) (X +AX) = 1(X) + VI AX

2. Find Ax that minimizes the
obj. function at x

v

VIAX=T(X)=1(X)==(I(x)-T(x)) 2 LAu+Il Av=-I,

Ax=H™ (VI (T(x)= W (x; p))

where H=>vI'vi



CNN



CONVOLUTIONAL LAYER

H xW xC.
' H xW xC,

Multi-channel input Multi-channel output
Feature map



Conv+RELU+PooL

/ — —
Operations: Conv RelLu Max-pool
# of units: H xW xC, H xW xC, H xW xC, H, xW, xC,
# of weights: F,xF,xC xC, 0 0
# of biases: 1xC, 0 0



FC+RELU
y o(y)

Units %




ALEX NET

Input

224

224

35

L

riGd

Convl

(*;]

55

Stride

96

of 4

Max
pooling

Conv2
T
3
27 3
256

Conv3 Convd Conv5s FC6 FC7
13 \ 13 13
= c — - * ¥
= |13 A - 13 36: - 13 dense | |dense
3 -
384 384 256
Max | ==

Max pooling 4096 4096
pooling

FC8

1000



ERROR MEASURE (L0SS)

~ L
xeR" ye [O,l]L Y€ {0,1} L : # of class labels
B
B
=
= Cross-entropy loss (matching prob. distribution)
max L=>y,logy,
Soft !
B

Prediction Ground truth



Input
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1
224

224

Convl

23

tride
f4

Conv3 Conv4 Conv5 FC6 FC7
13 \\\ 13 13
. 36:‘-—'" re e =~
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- 13 N - 13 3@: Tz 13 dense dense|
384 384 256
Max
. pooling 409 4096
pooling

FC8

1000



Input Convl Conv2 Conv3 Convd Conv5 FC6 FC7 FC8

55
5

x 13 13 13
1 B

i 5 i . | E| W 1 =
iy s Ar - 1% 13 L1 13 3y -3 13 dense | |dense
224 5 = ™. N -

256
Max
40

4

1000

55

Ma Max pooling 4096

Stride\| o | Poqing pooling
of 4

224

- ‘\_\ /i
e I

B (0%




Input Convl Conv2 Conv3 Conv4 Conv5s FC6 FC7 FC8
55
»
! 13 13 13
1 .
B 5 B _:‘;-. sK 1= 3 =L —_—
1 4 - == 13 = 13 I =% l3 dense | |dens
224 N[~ 27 M - 3 N -7
= 384 384 ZSEM 1000
ax
256 .
Max Mdx pooling 2 4096
Stride poaling paopling
a6
224 of 4

* 6 ‘ ‘%.L.sl .‘l ﬁﬂﬂmu
iHl LQHﬂ#;a







ENTROPY L0OSS DERIVATIVE

ﬂ

<

X
B  Dsep leaming -
blackbox




ENTROPY L0OSS DERIVATIVE

— L
X y y
Deep learning M. = function [L, dLdx] = Loss(x, Y)
blackbox St - -
Pred.  GT
oL
OX
: oL _
Input: X &:yi_yi 1Xxn
Trainable var.: None None
Output: L= ZyJOgyi where  §. = e
i g%




FuLLy CONNECTED LAYER

X y — L
W
Deep learning L =
blackbox shit -
oL oL
) ox oy
oL oL oy, oL
Input: xeR” ==Y =Ty T,
P ox; “Toy, ox, Zj:ayj J Xn
. oL oL oy, oL
Trainable var.: weR™" = L=—X. 1x(nm)
aWij i ayi aWij aYi :

Output: y =wx function [y] = FC(x, w)
yeR" function [dLdx, dLdw, dLdb] = FC_back(dLdy, x, w, )



RELU {4

X Y L
. B O
Deep learning - | om.
blackbox Soft -
A
<ot
oL aiy 0 oL o L y; =0
Input: xeR" — =Y ——max(0x,) = ———max(0,x;) =1 oy, =
X, 5oy ox . OX. :
! 0 otherwise
Trainable var.: None
Output: 'y, =max(0,x;) function [y] = Relu(x)

yeR" function [dLdx] = Relu_back(dLdy, x, w, )



MAX-PooL

N — o w

W N CT DN
— N w | W

~N oA
~

function [y] = Maxpool(x, size, stride)
function [dLdx] = Maxpool_back(dLdy, x, size, stride, y)

—> ax
Soft
|nput XERHXWXC
Trainable var.: None
E><Vl><C
2 2

Output: yeR



CONVOLUTIONAL OPERATION

X

|npUt XERHXWXCl
Trainable var.: w e R™FcC.

Output: Yy =X=*w

y c RHXWXCZ

function [y] = Conv(x, w, b)

function [dLdx dLdw dLdb] = Conv_back(dLdy, x, w, b, y)

ax
pft




CONVOLUTION VIA IM2cOL (DERIVATIVE W.R.T. W)

W

X

~N =4 O W

W INDOT IO

— N w w

~ o=

B 6L _ oL oy,

- y ZZaykl i'

RV o _ X7 oL _
oW

2|2



CONVOLUTION VIA IM2cOL (DERIVATIVE W.R.T. X)

L
W
oL oL
k/ Reverse order
W im2col(L)
_aL
OX

AN

Row version of dLdx



SUMMARY

w, W, ., W, W

n— n-1 n

X, X Xy, Xy X

n-1 n

— — — <« <« <«

oL oL oL
oX, OX,, OX

function [dLdx dLdy] = foo_back(dL, x, y)

| 0SS

Forward prediction

pred1 = conv(x, w1)
pred?2 = relu(pred1)
pred3 = pool(pred?)

pred10 = flatten(pred9)
pred11 = fc(pred10, wi10)

pred16 = loss_ce_sm(pred15, label)

Back-propagation

dLdx = loss_ce_back(pred15, label)

dLdx, dLdw10 = fc_back(pred10, w10,
pred11)

dLdx = flatten_back(dLdx, pred9,
pred10)

dLdx = pool_back(dLdx, pred2, pred3)
dLdx = relu_back(dLdx, pred1, pred?)
dLdx, dLdw1 = conv_back(dLdx, x,
w1,pred1)



Epipolar Geometry



o X
Bob’s image / Alice’s image
Alice from Bob’s view
v Epipolar constraint between two images:
B2 1. A point, u, in Bob’s image corresponds to an
\ L epipolar line 1, in Alice’s image.

2. The epipolar line passes the corresponding
point in Alice’s image, v: v, =0

3. Any point along the epipolar line can be a
candidate of correspondences.
Bob Alice 4. Epiploar lines meet at the epipole: ¢l =0 e | =0

dice’v



EPIPOLAR LINE

o X

Epipolar plane

Bob 9 P =Kl 0., ] P =KR t]™ pjce

vV

| =Fv

Fundamental matrix



FUNDAMENTAL MATRIX

o X

Bob’s image Alice’s image

Vi, =v'K'[t]| RK'u=0

y
'\ Common for all points
. =Vv'Fu=0
/? T =v' (Fu) :uT(FTv) 0

Bob 9 P =Kl 0., ] P =KR t]™ pjce




FUNDAMENTAL MATRIX

o X
Bob’s image Alice’s image
Properties of Fundamental Matrix
y vV « Transpose: if F is for Pes, Paice, then FT is for Paice, Poos.
 WPe

ebob

Bob 9 P =Kl 0., ] P =KR t]™ pjce



FUNDAMENTAL MATRIX

o X
Bob’s image Alice’s image
Properties of Fundamental Matrix
y vV « Transpose: if F is for Pes, Paice, then FT is for Paice, Poos.
l,=Fu 1, =F'v
* Epipolar line:
 WPe

ebob

Bob 9 P =Kl 0., ] P =KR t]™ pjce



FUNDAMENTAL MATRIX

\'J
o X

e.
I

ebob alice

Bob’s image Alice’s image
Properties of Fundamental Matrix
y Vv o Transpose: if F is for Pow, Paice, then FT is for Paice, Pooo.
. _ l,=Fu 1, =F'v
* Epipolar line:
— | Febob =0 FTealice =0
ebob ealice e Epipole:
pipole: ~~v/Fe,, =0, u'F'e,, =0, Vi
—» ¢, =nullF), e,, =null(F")

Bob 9 P =Kl 0., ] P =KR t]™ pjce



FUNDAMENTAL MATRIX

o X
ebob eaIice
Bob’s image Alice’s image
Properties of Fundamental Matrix
y vV » Transpose: if F is for Pes, Paice, then FT is for Paice, Pros.
l,=Fu 1 =F'v
* Epipolar line:
/| Febob =0 FTealice =0
€oot Caiice * Epipole:
* rank(F)=2:

Bob B P =K[l; 0,.] P, =K[R t]™ pice DoF 9 (3x3 matrix)-1 (scale)-1 (rank)=7



