ComPOSITIONAL WARPING
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RECALL: IMAGE ALIGNMENT OBJECTIVE

W(X;p)

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

o T L

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»maaﬂAp—T() 0 — VI Ap=Tx- 1W(xp)
p op

Ap=H" Z(vn%j (T (X)= 1W(x; )

where H = Z(w%} (wﬂ]

3.Update p<« p+Ap




COMPUTATIONAL ASPECT

px=minimize 310/ (x;p) =T (x)

Guass-Newton’s method
1.Linearize the obj. function at p

L

2. Find Ap that minimizes the
obj. function at p

I(\N(x;p»maaﬂAp—T() 0 — VI Ap=Tx- 1W(xp)
p op

Ap=H" Z(vn%j (T (x)— 1W ()
where H = Z(w%} [VIM]

3. Update | p < p+Ap




LUCAS-KANADE ALGORITHM

1. Warp the target image 1(W(x;p)) ’ <

Ap= H‘lz(VI %} (T ()~ 1 W )

where H =ZX:(VI %}T (w %}

p< p+Ap




LUCAS-KANADE ALGORITHM

1. Warp the target image 1(W(x; p))

2. Compute the error image T (x)— 1(W(x; p)) Z ST

Ap= HlZ(Vl %) (T(x)— W (x;p))

where H =;(V| %JT [w %}

p< p+Ap




LucAS-KANADE ALGORITHM =S (W12 100 1)

where H ZZ(VIaaﬂJT (v.f;ﬂ}
1. Warp the target image 1(W(x; p)) x p p

p< p+Ap

2. Compute the error image T(x)— (W (x;p

3. Warp the gradient image




LucAS-KANADE ALGORITHM =S (W12 100 1)

ow )\ (. aw
where H =3[ vi 50| (v

1. Warp the target image 1(W(x; p))

p< p+Ap

2. Compute the error image T(x)— (W (x; p))

3. Warp the gradient image  VIW(x; p))

4, Compute Jacobian %—Vg




LucAS-KANADE ALGORITHM =S (W12 100 1)

ow )\ (. aw
where H =3[ vi 50| (v

1. Warp the target image 1(W(x; p))

p< p+Ap

2. Compute the error image T(x)— (W (x;p))

3. Warp the gradient image  VIW(x; p))

4. Compute Jacobian %_v[;/
5. Compute steepest descent images w% | ;




LucAS-KANADE ALGORITHM =S (W12 100 1)

where H :Z(w %ﬂJT (w MJ

1. Warp the target image 1(W(x; p)) p ap

p< p+Ap

2. Compute the error image T(x)— (W (x;p))

3. Warp the gradient image  VIW(x; p))

4. Compute Jacobian %—Vg
5. Compute steepest descent images v %ﬂ

, WY (o, oW
6. Compute Hessian H =§[V' a—p] [V' a_p]

7.Compute  Ap= le(w %} T ()= T W (x: p)) / Ap \




LucAS-KANADE ALGORITHM =S (W12 100 1)

where H :Z(w %ﬂJT (w MJ

1. Warp the target image 1(W(x; p)) p ap

p< p+Ap

2. Compute the error image T(x)— (W (x;p))

3. Warp the gradient image  VIW(x; p))

4. Compute Jacobian w

op
5. Compute steepest descent images v %

, WY (o, oW
6. Compute Hessian H =§[V' a—p] [V' a_p]

7.Compute  Ap= le(w %} T ()= T W (x: p)) / Ap \

8. Update p<« p+Ap
9. Goto 1 unless |ap|<e




COMPUTATION BOTTLENECK

1. Warp the target image 1(W(x; p))

2. Compute the error image T(x)— (W (x;p))

3. Warp the gradient image  VIW(x; p))

4. Compute Jacobian w

op
5. Compute steepest descent images v %ﬂ

6. Compute Hessian H zg[w %) [V, % j

7. Compute Aszlz(Vl%j (T(x)= LW (x; p)))

8. Update p<« p+Ap
9. Goto 1 unless |ap|<e



ADDITIVE VS. COMPOSITIONAL

Additive mapping
LW (x; p+Ap)) ~ IW(x;p))



ADDITIVE VS. COMPOSITIONAL

Additive mapping
oW

LW (x;p+Ap) = I W (x; )+ VIW)| ——| Ap

PO )



ADDITIVE VS. COMPOSITIONAL

Additive mapping

W0+ 4p) = 10 )+ VIOV, 5

p

Compositional mapping |
(W W (X; p);Ap))

Note) (fog)'z(f'og)g’



ADDITIVE VS. COMPOSITIONAL

Additive mapping
oW
I(VV(X;p+Ap))zI(\N(X;p))+VI(VV)\pE Ap
p
Compositional mapping |
p ppIng w

|WW(x; p);Ap)) = IW (W (x; p);0)) + VIW) 5

Note) (fog)'z(f'og)g’

p

Ap



ADDITIVE VS. COMPOSITIONAL

Additive mapping
oW
I(VV(X;p+Ap))zI(\N(X;p))+VI(VV)\pE Ap
p
Compositional mapping |
p ppIng w

|WW(x; p);Ap)) = IW (W (x; p);0)) + VIW) 5

Note) (fog)'z(f'og)g’

p

Ap

X W(xp)
./—\.
X W (X; p)



ADDITIVE VS. COMPOSITIONAL

Additive mapping
LW (x; p+Ap) ~ 1 W p»+Vl<\N>%

p

Compositional mapping |

| W (X p):AR) ~ | W[ p>)+v1w>‘3aﬂ

p

Ap

Ap

Note) (fog)'z(f'og)g’ and W (x;0) = x

X W(xp)
./—\.
X W (X; p)



ADDITIVE VS. COMPOSITIONAL

Additive mapping
oW
I(\N(X;p+Ap))zI(VV(X;p))+VI(W)E Ap
p
Compositional mapping |
p ppIng oW

Ap

p

LW W (x; p);Ap)) = | W (x; p)) + VI (\N)%

Compositional mapping |l

W W (CAD): p) = |0 W (0): )+ V1 <W>%—V:

0

Note) (fog)'z(f'og)g’ and W (x;0) = x

Ap

>.< W(>.<; p)
./—\.

X W(x; p)
./\./\
X W(x;Ap)



ADDITIVE VS. COMPOSITIONAL

Additive mapping
I(\N(x;p+Ap))zI(\/V(x;p))+VI(\N)% Ap

Compositional mapping | W
LW (W (x; p);Ap)) = W (x;p))+ VI (\N)%

Compositional mapping |l

| W W (x,Ap); p) = W (x p>>+VI<W>%—VFY Ap

Note) (fog)'z(f'og)g’ and W (x;0) = x

Ap

>.< W(>.<; p)
./—\.

X W (X; p)
./\./—\
X W(X;Ap)



ADDITIVE VS. COMPOSITIONAL

@ [ ocation of linearization

Additive mapping
I(\N(X;p+Ap))zI(VV(X;p))+VI(\N)%ﬂ Ap A‘

Pl X W (X; p)

Compositional mapping |

{WW(x; p);Ap)) = TW (x; p))+ VI (W)%—Vg pAp ;/\WZX;“ W (W (x; p);Ap)

Compositional mapping |l e T,

| (W (W (x;Ap); p) = | (W (x; p))+ VI W %—Vg Ap y VJ(X;AP) * W (W (x; p);Ap)
constoant

Note) (f°9)'=(f'°9)g' and W (x;0)=x W

op IS constant

0



ADDITIVE VS. COMPOSITIONAL

Additive mapping
W
W0+ Ap) = 1W () + VIW) ST ap
p
Compositional mapping | W
| WW (X p);Ap)) =~ W (x; p))+ VI NV)%
p
Compositional mapping |l
oW
LW W (x;Ap); p)) = W (x; p))+ VI(W ) Ap
0
constant

Note) (fog)'z(f'og)g’ and W(x,0)=

Ap

1. Warp the target image (W(x; p))

2. Compute the error image T(x)— (W (x; p))
3. Warp the gradient image  VIW(x; p))

4, Compute Jacobian %

5. Compute steepest descent images v aaW
p
6. Compute Hessian H= Z(VI %} (V, %}

7. Compute Ap=H" Z[Vl%j( ()= W (x; p))

8. Update p<« p+Ap
9. Goto 1 unless |ap|<e




ADDITIVE VS. COMPOSITIONAL

Additive mapping
oW
LW (x; p+Ap)) = TW(x;p))+ VIW)—— p Ap
p
Compositional mapping | W
LW W (x; p);Ap)) ~ 1 (W (X; p))+ VI (W)a—
p
Compositional mapping |l
oW
LW W (x;Ap); p)) = W (x; p))+ VI(W ) Ap
0
constant

Note) (fog)'z(f'og)g’ and W(x,0)=

Ap

1. Warp the target image (W(x; p))

2. Compute the error image T(x)— (W (x; p))

3. Warp the gradient image  VIW(x; p))

oW
ap

6. Compute Hessian H= Z(VI %} (V, %}

5. Compute steepest descent images v <

7. Compute Ap=H" Z[Vl%j( ()= W (x; p))

8. Update p<« p+Ap
9. Goto 1 unless |ap|<e




ADDITIVE VS. COMPOSITIONAL

Additive mapping J
oW
LW (x; p+Ap) ~ W (x; p)+ VIW) 22| Ap w<x;p+Ap){“}+[pﬁApl P2 + AP, p3+Ap3}v
op |, V] | p,+Ap, Ps+AP: Py + AP, .
Compositional mapping | W
LW W (x; p);Ap)) =~ 1 (W (X; p))+VI(W)$ Ap
p
Compositional mapping |l
oW
LW W (x;Ap); p)) = W (x; p))+ VI(W ) Ap
0
constant

Note) (fog)'z(f'og)g’ and W (x;0) = x



ADDITIVE VS. COMPOSITIONAL

oW
I(\N(X;p+Ap))zI(\N(x; p))+V|(\N)— Ap W(X;D+Ap):|:1+ p1+Ap1 p2+Ap2 p3+Ap3 v
op p,+Ap, 1+p.,+Ap, P, +ApP, .

p

Additive mapping H

Compositional mapping | W
LW W (x; p);Ap)) =~ 1 (W (X; p))+VI(W)% Ap

p

Compositional mapping |l

LW (AR); ) ~ W (x; p)+ VIW ) 2

op 0‘
constant

Ap

Note) (fog)'z(f'og)g’ and W (x;0) = x



ADDITIVE VS. COMPOSITIONAL

Abuse of notation
1+p,+Ap, PpP,+Ap, P, +Ap3}{u}

Ap W(x;p+Ap)=| p,+Ap, 1+p,+Ap. Ps+Apg ||V
0 0 1 1

Additive mapping
LW (x; p+Ap) ~ 1 W p»+Vl<\N>%

p

Compositional mapping | W
LW W (x; p);Ap)) =~ 1 (W (X; p))+VI(W)% Ap

p

Compositional mapping |l

LW (AR); ) ~ W (x; p)+ VIW ) 2

op 0‘
constant

Ap

Note) (fog)'z(f'og)g’ and W (x;0) = x



ADDITIVE VS. COMPOSITIONAL

Additive mapping
LW (x; p+Ap) ~ 1 W p»+Vl<\N>%

p

Compositional mapping | W
LW W (x; p);Ap)) = | W (x; p)) + VI (\N)%

p

Compositional mapping |l

LW (AR); ) ~ W (x; p)+ VIW ) 2

op 0‘
constant

Note) (fog)'z(f'og)g’ and W (x;0) = x

Ap

Abuse of notation

AP W(X;p+Ap)= A(p+Ap)H



LUCAS-KANADE
1. Warp the target image 1(W(x; p))

2. Compute the error image T(x)— (W (x; p))

3. Warp the gradient image VIW(x; p))
4. Compute Jacobian %

5. Compute steepest descent images  vi 2V

ap

6. Compute Hessian H - z(w %) (v. %)

/. Compute Ap=H" Z[Vla—\’:j( (X)— W (x; p))

8.Update  p« p+ap
9. Goto 1 unless |ap|<e

COMPOSITIONAL ALIGNMENT

1. Compute Jacobian %

2. \Warp the target image 1W(x; p))

3. Compute the error image T(x)— (W (x; p))

4. Warp the gradientimage  VI(W(x; p))

5. Compute steepest descent images v %VF\)’
6. Compute Hessian H = Z(VI %) (v. %)

/. Compute Ap=H" Z[Vla—\’:j( (X)— W (x; p))

8. Update W(x;p) <~ W (x;p)°W (x;Ap)
9. Goto 2 unless |ap|<e



DuALITY

p

p=minimize > (1W (x; p)~T (x))’ p*=minimize Z( 1(x)=T W (x; p)))2




INVERSE COMPOSITIONAL

Additive mapping

LW (x; P+ Ap)) ~ T W (x p))+VI(\N)%Ap

Compositional mapping |l
W (AP); ) ~ | W ( p>>+VI<W>2—V: AP

0

Note) (fog)'z(f'og)g’ and W (x;0) = x

@ [ocation of linearizatio

W(x; p)
./\./—\
X W (x; p)

n



INVERSE COMPOSITIONAL

Additive mapping
oW
(W (x; p+Ap)) ~ IW(x;p))+ VI (W)EAIO

Compositional mapping |l
| W W(x.Ap); p) = | W (x; p)) + V] (\N)%

0

Inverse compositional mapping
(W (x; p))

oW
TW(x;Ap)) zT(VV(X;O))+VT(><)8—

Ap

0

Note) (fog)'z(f'og)g’ and W (x;0) = x

Ap

@ [ocation of linearizatio

W(x; p)
./\./—\
X W (x; p)
./\.

X W (X; p)

n



INVERSE COMPOSITIONAL

@ [ ocation of linearization

Additive mapping

oW A‘
I W (X p+Ap) = [W(x;p))+VIW)—Ap . o ‘oW (x:

op W p) W (X; p+Ap)
Compositional mapping |l e T,
|(\N(\N(X;Ap);p))z|(\N(X;p))+V|(\N)% Ap ;( * W (x p)’W(VV(X; P); Ap)
Inverse compositional mapping

/\

|W(x;p) . Woep WOAP
T(\N(X;Ap))zT(X)—I—VT(X)% Ap

Note) (fog)'z(f'og)g’ and W (x,0)=x



DuALITY

2

i = minimiZeZ( TW (X, p)—T(X))

p

p+ = minimize 3°(1W (x; p)) =T W (x.Ap)))’




INVERSE COMPOSITIONAL

@ [ ocation of linearization

Additive mapping m
LW (x; P+ Ap)) ~ T W (x p»+vn<\N>%Ap

° W(;(; p)°W(x;p+Ap)
Compositional mapping |l e T T
L (W (W (x;Ap); p)) = | (W (X; p))+VI(\N)% Ap . W (x p). W (W (x; p);Ap)
Inverse compositional mapping
/\
W (x; p) constant . Woep WOAP
TW (X;Ap)) =T (X)+ VT (x % Ap

Note) (fog)'z(f'og)g’ and W (x,0)=x



INVERSE COMPOSITIONAL

@ [ ocation of linearization

Additive mapping m
LW (x; P+ Ap)) ~ T W (x p»+vn<\N>%Ap

° W(;(; p)°W(x;p+Ap)
Compositional mapping |l e T T
L (W (W (x;Ap); p)) = | (W (X; p))+VI(\N)% Ap . W (x p). W (W (x; p);Ap)
Inverse compositional mapping

/\
W (x; p) constant . Woep WOAP
T(\N(X;Ap))zT(X)—I—VT(X)% Ap

Note) (fog)'z(f'og)g’ and W (x,0)=x



INVERSE COMPOSITIONAL

Additive mapping

LW (x; P+ Ap)) ~ T W (x p))+VI(\N)%Ap

Compositional mapping |l
| W W(x.Ap); p) = | W (x; p)) + V] (\N)%

Ap

0

Inverse compositional mapping

(W (X;p)) constant

TW(X;Ap)) = T(x)+VT(x)M

op

Ap

0

Note) (fog)'z(f'og)g’ and W (x;0) = x

W(X;p+Ap)= A(p+Ap)H

W(X; p)oW (X;Ap) = A( IO)A(AIO)[

v



INVERSE COMPOSITIONAL

Additive mapping

LW (x; P+ Ap)) ~ T W (x p))+VI(\N)%Ap

Compositional mapping |l
| W W(x.Ap); p) = | W (x; p)) + V] (\N)%

0

Inverse compositional mapping

(W (X;p)) constant

TW(X;Ap)) = T(x)+VT(x)M

op

Ap

0

Note) (fog)'z(f'og)g’ and W (x;0) = x

Ap

u
W(X;p+Ap)= A(p+Ap)H
1

u
W(X; p)oW (X;Ap) = A( IO)A(AIO)[V}
1

W (x; p)oW 7 (x; Ap) = A( D)Al(Ap)[

v
1

”}



INVERSE COMPOSITIONAL

Additive mapping

LW (x; P+ Ap)) ~ T W (x p»+vn<\N>%Ap

Compositional mapping |l
| W W(x.Ap); p) = | W (x; p)) + V] om%ﬂ

0

Inverse compositional mapping

LW (X p)) constant
oW
op

TW(XAP) = T(X)+VT(X)—| Ap

0

Note) (fog)'=(f'°9)g’ and W (x;0)=

Ap

1. Compute Jacobian %

2. \Warp the target image W (x; p))

3. Compute the error image T(x)— (W (x;p))

4. Warp the gradient image  VI(W(x; p))
oW
op

6. Compute Hessian H = Z(VI %} (V, %}

5. Compute steepest descent images v <

/. Compute Ap=H" Z[VI%}( (X)— LW (x; p)))

8. Update W(x; p) «<W(x; p)oW (x;Ap)
9. Goto 2 unless |ap|<e




INVERSE COMPOSITIONAL

Additive mapping

LW (x; P+ Ap)) ~ T W (x p»+vn<\N>%Ap

Compositional mapping |l
| W W(x.Ap); p) = | W (x; p)) + V] NW%

0

Inverse compositional mapping
(W (x; p)) constant
oW

T(\N(X;Ap))zT(x)+VT(x)E

Ap

0

Note) (fog)'z(f'og)g’ and W (x,0)=x

Ap

1. Compute Jacobian %

2. \Warp the target image W (x; p))

3. Compute the error image T(x)— (W (x;p))

4. The gradient image VT(x)

5. Compute steepest descent images  vT OV

op

6. Compute Hessian H :;(VT %)T [W % j

7.Compute Ap= HlZ(VT %j (T ()= 1 W (x; p)

8. Update W (x; p) <~ W (x; p)oW *(x;Ap)
9. Goto 2 unless |ap|<e




INVERSE COMPOSITIONAL

1. Compute Jacobian %

oW i .
LW (x; p+Ap) = | (W (x;p)+ VI (VV)EAIO 2. Warp the target image 1(W(x;p))

Additive mapping

3. Compute the error image T(x)— (W (x;p))
Compositional mapping |l

oW
LW W (x;Ap); p)) =~ T W (X p))+VI(\N)a—p Ap
0
Inverse compositional mapping
(W (x;p) constant 7. Compute Ap:le[VT%)(T(X)—I(\N(x; p))
TWx AR~ TX)+VT(X) op OAp 8.Update  W(x; p) <~ W (x; p)oW ™(x;Ap)

Note) (f"g)':(f’og)g' and W (x0)= x 9. Goto 2 unless |ap|<e




COMPOSITIONAL ALIGNMENT

1. Compute Jacobian %

2. Warp the target image 1(W(x; p))

3. Compute the error image T(x)— (W (x; p))

4, Warp the gradient image VIW(x;p))

5. Compute steepest descent images v %
. EANENEY
6. Compute Hessian H =§(Vl5—pj (V'gj

/. Compute Ap=H‘1Z(VI%—ng (T(x)— 1 W (x; p))

8. Update W(x; p) <= W (x; p)oW (x;Ap)
9. Goto 2 unless ||ap|<e

INV. COMPOSITIONAL ALIGNMENT

1. Compute Jacobian %

4. Warp the gradient image VT(x)

5. Compute steepest descent images vT %—Vg

. oW ) (o OW
6. Compute Hessian H =§{VT 5) [VTa—pj

2. Warp the target image 1W(x; p))

3. Compute the error image T(x)— (W (x;p))

7. Compute ap= H‘lZ[VT %j (T ()~ 1 W (x; p))

8. Update W (x; p) < W (x; p)oW ™(x;Ap)
9. Goto 2 unless ||ap|<e



BMS Point Error
= = ho
= M W

= Forwards Additive

= Forwards Compositional
¥ Inverse Additive

=3 |nverse Compositional

2 4 6 8 10 12 14
lteration

(e) Example Convergence for an Affine Warp

RMS Point Error
]
on 1%] on (o] [#)]

mdd= Forwards Additive
== Forwards Compositional
=X = Inverse Compaositional

lteration

(f) Example Convergence for a Homography



Table 5. Timing results for our Matlab implementation of the four algorithms in milliseconds. These
results are for the 6-parameter affine warp using a 100 x 100 pixel template on a 933 MHz Pentium-IV.

Step 3 Step 4 Step 5 Step 6 Total
Pre-computation:
Forwards Additive (FA) — - - — 0.0
Forwards Compositional (FC) — 17.4 - - 17.4
Inverse Additive (IA) 8.30 17.1 27.5 37.0 89.9
Inverse Compositional (1C) 8.31 17.1 27.5 37.0 90.0
Stepl Step2 Step3 Step4 Step> Step6  Step7  Step8  Step9  Total
Per iteration:
FA 1.88 0.740  36.1 17.4 27.7 37.2 6.32 0.111 0.108 127
FC 1.88 0.736 8.17 — 27.6 37.0 6.03 0.106  0.253 81.7
[A 1.79 0.688 - — — - 22 0.106  0.624 9.43
IC 1.79 0.687 - — — — 6.22 0.106  0.409 9.21
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https://www.youtube.com/watch?v=qeZ7H40BQv4



