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Last time

e Tikhonov regularized denoising

Today

e Total Variation (TV) regularized denoising



Tikhonov regularization

Let f € L?(Z,) be the noisy signal. Tikhonov regularized denoising minimizes the
energy F : L?(Z,) — L*(Z,) defined by

1) E(u) =Y Ju(k) - |2+AZ uk) — ulk — 1)
k=0
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Data Fidelity Regularizer

where A\ > 0 is a parameter.

Main ideas:
e Data fidelity keeps the denoised signal close to the noisy signal f.

e Regularizer removes the noise.



Tikhonov regularization

We recall the backward difference V~ : L?(Z,,) — L?(Z,) is defined by
V7u(k) = u(k) —u(k —1),

while the forward difference is VT u(k) = u(k + 1) — u(k). The discrete Laplacian is
Au=VTV u=V Vtu

In terms of this notation, the Tikhonov regularized denoising problem is

2 in Eu) = llu— f|>+ IV ul?.
(2) uean;&n) (u) = |lu— fII* + M|V u|

T —

Theorem 1. Let X\ > 0 and f € L?*(Z,). Then there exists a unique solution
u € L*(Zy,) of the optimization problem (2). Furthermore, the minimizer u is also
characterized as the unique solution of the FEuler-Lagrange equation

(3) ‘ w—Mu=f. J VE = O




Tikhonov regularization
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(b) Tikhonov denoising




Total Variation Regularization

Total Variation (TV) regularization replaces the squared difference by the absolute
differences in the regularizer.

() B(w) = £ 3" Ju(k) — SR + A Y [ulk) — u(k — D).
k=0 LkZO g J
Yot Var PO\’HOV\

e TV regularization is better at preserving edges (sharp changes) in the signal.

e The analysis is more involved, since the denosing equation is nonlinear.
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We will proceed in generality, studying regularizers of the form

n—1

() > (u(k) —u Z‘P (V7u(k)) = [[2(V7u)l,

k=0

where @ : R — R is a twice continuously differentiable, convex, and even function

satisfying ®(0) = 0.
Vlo"' toice dHHecentrabie

e Tikhonov is ®(t) = ¢2
e Total Variation (TV) is ®(¢t) = \t|

e We will approximate TV by ®(t) = vt? + 2.




Convexity

We say ® convex if ®” > 0. We also assumed & is even and ®(0) = 0.

The following properties hold:

(i) @' is increasing,.
(ii) Since ® is even and ®(0) = 0 we have ®'(0) = 0.

(iii) ®'(¢t) <0 for t < 0 and ®’'(t) > 0 for t > 0.
(®'(t) — ®'(s))(t — s) > 0.

@31‘ any t,s € R we have
L/vﬁJ\/\/‘

fZS“ 20 20

£




Total Variation Denoising

The Total Variation (TV) regularized denoising function is
1 _
(6) Eg(u) = iHu—sz—F)\HCI)(V w1

The denoised signal u is found by minimizing EFg.

Note: We will work with real-value signals in this lecture, for simplicity. We denote
by L?*(Z,;R) the subspace of L?(Z,) consisting of f : Z, — R.



Existence of a minimizer

Lemma 2. For any f € L?(Zy,;R) and X > 0, there exists u € L?(Zy; R) minimizing
Es, i.e., Es(u) < Eg(w) for all w € L*(Z,;R). Furthermore, u satisfies ’#

(7) min f < u < max f.

/f\ Tom, T, ’F

The proof is based on a simple fact: A continuous function on a closed and bounded
subset of R™ attains its minimum value.

o f(zr) =e™ " does not have a minimum value on R (unbounded set).

o f(z) =22 for x # 0 and f(0) = 1 does not have a minimum value (discontin-
uous function).

e f(x) = x does not have a minimum value on (0,1) (open set).

-_—



Yool o lommmn = T T contuvott o C(2,%)
(&(@m,lz)';./ 12“) bt downen 1€ 75
bkl Do Fruncato

wid | if temif

Tw =) t ) o wid et cwad
c(dfM:
—t — —
mind woxf

4 @) | T T [ & [ €5 ]



€
T -Te)E S \T(;c)\ L SS'

Using claim, welll shov Hlat

m)) < Eg(u)l
7. i s

|<7 Sce

?)7 (9 T(M)) () = C (ale) —T(u(/:—.;))
X — = \T («le)) —T(u(lz—.m)

L
6\1@ Al POOASIWC QW B,&)

w\
/\



@Jrg () ‘(v;cbl—ucb,) 1>

- ?/ECQ—'MSCk)

z =l T
“T(u) _,_(: “ = i | Tlacier) "p(lz) l

4"‘“‘(’ (

=T [Ty —T @) [
L=o

G )
42 Iu(#)’#(k)’L: /(u"'c//

g=>
Thes poovey A cla












Euler-Lagrange equation

Lemma 3. Let f € L?(Z,;R) and X\ > 0. Then the minimizer u € L?(Zn;R) of Eg
18 unique and 1s characterized as the unique solution of the Fuler-Lagrange equation

(8) u—AVT® (Vu) = f. @ 4 - % £L>

Dw “P'Lr T\k\/\g\/\a\l (I/(f): t)

Recall

Proposition 4. For all u,v € L*(Z,,) the following hold.
(i) (V- u,v) = —(u, Vo)

(i) (Vtu,v) = —(u, V7 v)

(iii) (Au,v) = (u, Av)
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The gradient of Eg

The gradient of E3 can be interpreted as

VEe(u) = u— AV (V-u) — f. =— (O

Qem” elt) = E{_:g (uttv)
1= n= 29850y —F, V>
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Gradient Descent
We can minimize F¢ by gradient descent

Ujy1 = uj — dtVEg(u) = uj — dt (u; — AVT®' (V- u;) — f)

Time step restriction: For stability and convergence of the gradient descent iteration,
we have a time step restriction

dt<#
o 1—}—40@)\,

where Cy = maxicr ®”(t). This follows from a Von Nuemann analysis using the
DFT.
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Total Variation Denoising
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Convergence of Gradient Descent

Theorem 5. Let f € L?(Z,;R) and X\ > 0. Let u; be the iterations of the gradient
descent scheme for minimizing Fg and let u be the solution of (8) (the minimizer
of Eg ). Assume that the time step dt satisfies

2

9 dt .
(9) S 14160202

Then u; converges to u as j — 00, and the difference u; — u satisifes
(10) lujer —ull® < plluy — ulf?
where

(11) po= (1 —dt)* +16C3dt*\* < 1.
























Nonlinear stability at larger time steps

We set ¢ = 10712 and the CFL condition is dt ~ 5 x 10719,
Figures are dt = 0.01,0.05, 0.1, 0.5.
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Local nonlinear stability

A heuristic local version of the Von Neumann analysis for e-regularzied TV shows
that the scheme is stable wherever the gradient of u satisfies

AN2dt
—ul® > .
Vol o

Thus, oscillations cannot grow infinitely large, since the scheme is stable for larger
gradients.


















Total Variation denoising (.ipynb)
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