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Why/how do bones break?

Main research queries:

1 How do broken bone fragments fit back together?

2 What broke them?

I E.g., Animal, hominin, or natural causes?

Collaboration with Professor Peter Olver (Mathematics, UMN), Professor Martha
Tappen (Anthropology, UMN), Katrina Yezzi-Woodley, Riley O’Neill, Pedro
Angulo-Umana, Bo Hessburg, Jacob Elafandi, Jacob Theis, and Cheri Shakiban.
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When did humans first come to North America?

Key finding: Bones appear to have been broken by humans with stone tools, though this
is highly controversial in anthropology.
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Questions

1 Does the bone fragment shape tell us anything about the actor responsible for the
fragmentation?

2 If so, can we distinguish hominin damage from carnivore damage?

3 Further, can we identify different types of hominin damage?
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Breaking bones: Animal

Crocuta crocuta = hyena
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Breaking bones: Rockfall
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Breaking bones: Hominin

Batting, Hamerstone & Anvil, Hammerstone
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Differential invariants of curves/surfaces

Long history of differential invariants in shape processing

I Mean and Gauss curvature of surfaces, etc.

Applications:

I Shape recognition and matching

I Feature extraction

Advantages: Well-understood from differential geometry, and established
uniqueness of representations.

Disadvantages: Lack of robustness to noise.
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Integral Invariants

Integral invariants involve integrals of the curve/surface [Manay et al., 2004]

(a) Circular area invariant (b) Cone area invariant

Advantage: Automatically robust to noise.

Disadvantage: Not much theory. Uniqueness of representations?

I [Calder and Esedoḡlu, 2012]
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Spherical volume invariant

Definition (Spherical volume invariant)

Consider a closed surface S ⊂ R3 bounding a domain Ω = intS . We define the spherical
volume invariant at each point p ∈ S to be

VS,r (p) = Vol(Ω ∩ Br (p)),

Used for feature extraction
[Yang et al., 2006, Pottmann et al., 2009, Pottmann et al., 2007]

Relation to Mean Curvature:

VS,r (p) =
2

3
πr3 − 1

4
πH (p)r4 +O(r5) as r → 0,

where H (p) is the mean curvature of S at p.
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Circular area and spherical volume invariants

(c) Circular Area Invariant (d) Spherical Volume Invariant
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How to compute?
Two existing methods:

1 FFT methods, based on rewriting as a convolution

VS,r (p) = χΩ ∗ χBr .

2 Direct numerical integration, e.g., the octree method

[Yang et al., 2006, Pottmann et al., 2009, Pottmann et al., 2007]
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Question: Can we restrict the computation to the surface S , and avoid discretizing the
ambient space?
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Main idea: Divergence theorem
Fix p = 0 and write Br = Br (0) and VS,r = VS,r (0).

Let V be a vector field with divV = 1 so that

VS,r =

∫
Ω∩Br

divV dx =

∫
S∩Br

V · ν dS +

∫
Ω∩∂Br

V · ν dS .
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Main idea: Divergence theorem

Fix p = 0 and write Br = Br (0) and VS,r = VS,r (0).

Let V be a vector field with divV = 1 so that

VS,r =

∫
Ω∩Br

divV dx =

∫
S∩Br

V · ν dS +

∫
Ω∩∂Br

V · ν dS .

Can we find a smooth vector field V satisfying{
divV = 1 in Br

V · ν = 0 on ∂Br
?

Short answer: No, since ∫
Br

divV dx =

∫
∂Br

V · ν dS .
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Conversion to Poisson problem

Let’s make an ansatz (in Rn)

V(x) =
1

n
x +∇u

where u : Br → R. Then divV = 1 + ∆u and the problem{
divV = 1 in Br

V · ν = 0 on ∂Br

is reduced to 
∆u = 0 in Br

∂u

∂ν
= − r

n
on ∂Br ,

since ν = x/r .
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Solving the Poisson problem
To make the Poisson problem solvable, we add a source

−∆u = αnr
nδ in Br

∂u

∂ν
= − r

n
on ∂Br ,

where αn = |B1|. The solution is

u(x) = αnr
nΦ(x),

where Φ is the fundamental solution of Laplace’s equation

Φ(x) =


− 1

2π
log |x |, if n = 2

1

n(n − 2)αn |x |n−2
, if n ≥ 3

This gives

V(x) =
1

n
x − rn

n

x

|x |n .
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Back to the divergence theorem

Set V(x) =
1

n
x − rn

n

x

|x |n and compute for 0 < ε < r

∫
S∩(Br\Bε)

V · ν dS =

∫
∂(Ω∩(Br\Bε))

V · ν dS +

∫
Ω∩∂Bε

V · ν dS

=

∫
Ω∩(Br\Bε)

divV dx +

∫
Ω∩∂Bε

(
ε

n
− rn

n εn−1

)
dS

=

∫
Ω∩(Br\Bε)

dx +

(
ε

n
− rn

n εn−1

)
Hn−1(Ω ∩ ∂Bε)

= VS,r −VS,ε +

(
ε

n
− rn

n εn−1

)
Hn−1(Ω ∩ ∂Bε),

where Hn−1 denotes (n − 1)–dimensional Hausdorff measure. Therefore

VS,r = VS,ε +
1

n

∫
S∩(Br\Bε)

(
1− rn

|x |n

)
(x · ν) dS + αn(rn − εn)

Hn−1(Ω ∩ ∂Bε)
Hn−1(∂Bε)

.
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Main Result

Theorem ([O’Neill et al., 2019])

Let Ω ⊂ Rn be open and bounded with Lipschitz boundary S := ∂Ω. Let p ∈ S and
assume the limit

(1) Γ(p) := lim
ε→0+

Hn−1(Ω ∩ ∂Bε(p))

Hn−1(∂Bε(p))

exists. Then we have

(2) VS,r (p) =
1

n

∫
S∩Br (p)

(
1− rn

|x − p|n

)
(x − p) · ν dS + αnr

nΓ(p).

If S is differentiable at p then Γ(p) = 1
2

.

If S is a triangulated mesh, Γ(p) exists and

(x − p) · ν = 0

for x in the vertex polygon of p, so the kernel in (2) is integrable.
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Computing Γ(p)

Γ(p) := lim
ε→0+

Hn−1(Ω ∩ ∂Bε(p))

Hn−1(∂Bε(p))
.

(e) Vertex triangles (f) Small sphere (g) From above
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Computing Γ(p)

Γ(p) =
1

2
− 1

4π

k∑
i=1

arcsin(di sin(θi+1 − δi))− arcsin(di sin(θi − δi)),

where

di =
√

(νi1)2 + (νi2)2, δi = atan2(νi2, ν
i
1), and θi = atan2(yi , xi).

(h) Vertex triangles (i) Small sphere (j) From above
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Numerical integration

Recall

VS,r (p) =
1

n

∫
S∩Br (p)

(
1− r3

|x − p|3

)
(x − p) · ν dS + α3r

3Γ(p).

Assume S is a triangulated mesh. Then we need to compute

I :=

∫
T

(
1− r3

|x |3

)
x · ν dS ,

where T ⊂ R3 is a planar triangle with 0 6∈ T . Note that

I = (z · ν)|T | − r3(z · ν)

∫
T

1

|x |3 dx ,

for any z ∈ T . This is a hypersingular integral.
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Let x∗ ∈ R3 denote the orthogonal projection of the origin onto the plane P containing T . Let x1, x2, x3 ∈ R3 be the
vertices of T and write x4 = x1. Define

(3) θ =


0, if x∗ ∈ P \ T
π, if x∗ ∈ ∂T \ {x1, x2, x3}
2π, if x∗ ∈ T

θi , if x∗ = x i ,

where θi is the interior angle of T at the vertex x i .

Let Li denote the oriented edge of the triangle T from x i to x i+1. Associated with each edge Li , we construct an
orthonormal basis (ei1, e

i
2) for the plane P with origin x∗, ei1 taken in the direction of the edge Li , and ei2 = ν × ei1 chosen

so that (ei1, e
i
2, ν) is an orthonormal basis for R3. Let

p
j
i = (x

j − x
∗
) · ei1, q

j
i = (x

j − x
∗
) · ei2,

be the planar coordinates of the vertex x j in the basis (ei1, e
i
2). By definition, q11 = q12 , q22 = q32 , and q33 = q43 , since the

vertices x j and x j+1 lie along the line spanned by e
j
1. We denote the common values as

qi := q
i
i = q

i+1
i .

Finally, set η = x1 · ν, noting that η 6= 0, since 0 6∈ T . We then define

(4) γi = arctan

(
−2pi

i qiη|x
i |

(qi )2|x i |2 − (pi
i )

2η2

)
− arctan

(
−2pi+1

i qiη|x i+1|

(qi )2|x i+1|2 − (pi+1
i )2η2

)
.

The hypersingular integral is now given by

(5)

∫
T

1

|x |3
dx =

γ1 + γ2 + γ3 + 2 sign(η) θ

2η
.
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Circular area and spherical volume invariants

(k) Circular Area Invariant (l) Spherical Volume Invariant
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PCA on local neighborhoods

In order to capture more information about the surface, we follow
[Pottmann et al., 2007] and perform PCA on the set region Ω ∩ Br (p):

MS,r (p) :=

∫
Ω∩Br (p)

(x − x(p))(x − x(p))T dx ,

where

x(p) :=
1

VS,r (p)

∫
Ω∩Br (p)

x dx .

The eigenvalues of MS,r (p) have the asymptotic expansions

λ1(p) =
2π

15
r5 − π

48
[3κ1(p) + κ2(p)]r6 +O(r7)

λ2(p) =
2π

15
r5 − π

48
[κ1(p) + 3κ2(p)]r6 +O(r7)

λ3(p) =
19π

480
r5 − 9π

512
[κ1(p) + κ2(p)]r6 +O(r7),

as r → 0, where κ1(p), κ2(p) are the principal curvatures of the surface S at the point
p ∈ S .
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PCA on local neighborhoods

To compute MS,r (p) we just need to compute

(6) mi(p) :=

∫
Ω∩Br (p)

(xi − pi) dx , and cij (p) :=

∫
Ω∩Br (p)

(xi − pi)(xj − pj ) dx .

Lemma ([O’Neill et al., 2019])

Let us abbreviate y = x − p. Then, for any 1 ≤ i , j ≤ n, we have

(7) mi(p) =
1

n + 1

∫
S∩Br (p)

(yiy − r2ei) · ν dS(x).

and

(8) cij (p) =
r2

n + 2
VS,r (p)δij +

1

2n + 4

∫
S∩Br (p)

(2yiyj y − r2(yj ei + yiej )) · ν dS(x).
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Experimental results

CPU time on Stanford dragon

Mesh size Radius
(# triangles/#vertices) r = 0.5 r = 1 r = 2 r = 3 r = 4 r = 5

45,360/22,678 0.19s 0.69s 2.5s 6.1s 10.3s 16.8s
90,722/45,359 0.67s 2.1s 8.9s 26.2s 40.7s 66.7s

181,444/90,720 2.0s 7.8s 32.8s 83.3s 151.4s 268.4s

Figure: Spherical volume invariant for radii of 1, 2, and 5.
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Experimental results

Figure: Spherical volume invariant computed at radii of 1, 2, and 5.
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Experimental results

Figure: Spherical volume invariant computed at radii of 1, 2, and 5.
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Experimental results

Figure: Spherical volume invariant computed at radii of 1, 2, and 5.
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Experimental results

Figure: Gauss curvature with r = 0.5.
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Experimental results

Figure: Principal curvature κ1 with r = 0.5.

Calder (UofM) Spherical Volume Invariant CMIPBP, 06/17/19 42 / 49



Experimental results

Figure: Principal curvature κ2 with r = 0.5.
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Fracture edge detection

Figure: Results of edge detection via thresholding the spherical volume invariant 1
standard deviation below the mean.
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Fracture edge detection

Figure: Results of edge detection via thresholding the spherical volume invariant 1
standard deviation below the mean.
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Curent/Future Work

1 Use spherical volume invariant and machine learning to classify fragments by agent
of breakage.

2 Automatic refitting of bone fragments.
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