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value distributions, or kernel-based probability density
estimator) to study all statistically-relevant problems such as
risk, statistical similarity, extreme value and frequency,
anomaly detection, and data simulation. In other words, the
1-dimensional PDF provides better capabilities in various
applications than single-value moments.
However, unlike PDF toward moments, what
corresponded to cross-moments (e.g., correlation coefficient)
is not obvious. While different metrics like Pearson’s
correlation coefficient ȡ, Gini’s measure of association Ȗ,
Kendall’s concordance measure Ĳ, Spearman’s rank
correlation r [7] and mutual information (MI [8]) have been
used extensively to describe the correlation and dependence
in different applications, they are all single-value statistics
with case-specific limitations. It is likely that once the
pattern of dependence between variables becomes very
complicated (e.g., non-linear processes or dependent only to
a localized region), the conventional metrics may not be
sufficient to detect the hidden association. What is needed is
a detailed mathematical description to the entire dependence
space, and such capability was not noticed until recently. As
we show in Section 2, copulas are one satisfactory solution
to model the dependence structure.
For domains like hydro-meteorological and climatic
analyses, a generalizable description of dependence structure
is desirable. There exist huge amounts of remote sensing data,
gauge observations and climatic modeling outputs with
complicated spatio-temporal and inter-variable dependence
for investigation, in which most of the natural hydrologic
variables (e.g., precipitation and streamflow) are far from the
scope of normal distribution. Some natural hazards like
extreme storms and droughts also involve a great amount of
correlated
meteorological
variables
(temperature,
precipitable water, evaporation, wind speed, and so on),
which make the risk assessment for climate change even
more challenging. The long-distance teleconnection is also
among the first priority to investigate as it may eventually
lead to uncertainty reduction in climatic projections.
Since the characterization of dependence structure via
copulas is relatively new to the general data mining
community, this study aims to provide a fundamental
introduction to the potential application of copulas in data
mining. The definition, illustration, and background
information of dependence structure and copulas are
provided in Section 2. Focusing on the domain of climate
extremes analysis, a case study utilizing copulas in climatic
anomaly detection will be presented in Section 3. We show

Abstract - While data mining aims to identify hidden knowledge
from massive and high dimensional datasets, the importance of
dependence structure among time, space, and between different
variables is less emphasized. Analogous to the use of probability
density functions in modeling individual variables, it is now
possible to characterize the complete dependence space
mathematically through the application of copulas. By adopting
copulas, the multivariate joint probability distribution can be
constructed without constraint to specific types of marginal
distributions. Some common assumptions, like normality and
independence between variables, can also be relieved. This study
provides fundamental introduction and illustration of dependence
structure, aimed at the potential applicability of copulas in general
data mining. The case study in hydro-climatic anomaly detection
shows that the frequency of multivariate anomalies is affected by
the dependence level between variables. The appropriate
multivariate thresholds can be determined through a copula-based
approach.

I.

INTRODUCTION

Due to the need for handling massive and high
dimensional datasets, many statistical methods, such as
multivariate regression analysis [1], multivariate analysis of
variance (MANOVA [2]), principal component analysis,
clustering analysis, geostatistics (e.g., Kriging method [3]),
autoregressive integrated moving average model (ARIMA
[4]) and Bayesian analysis, have been adopted in data mining
to abstract useful information hidden in large datasets. For
the sake of simplification, some of these methods assume the
randomness components to be normally distributed or
spatially/temporally/inter-variably independent. However,
the actual data are mostly spatio-temporal correlated with
non-trivially individual probability distributions across
multiple variables. Though the importance of dependence
has been emphasized by studies such as spatio-temporal data
mining [5, 6], the influence of dependence structure on
various domains and applications could be even boarder.
One major challenge toward modeling the multivariate
probability space is our lack of an effective mathematical
tool to characterize the dependence structure between
variables. Comparing to the procedures of univariate
statistical analysis, after obtaining general ideas from the
basic moment-based statistics (i.e., mean, standard deviation,
coefficients of skewness and kurtosis), one can go one step
further to identify the most appropriate univariate probability
density function (PDF, like Gaussian, Student t, extreme
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are independent, the corresponding copula density will be a
horizontal surface, indicating equal probability in any pair of
(u, v). On the other hand, when X and Y are positively
dependent (ȡ = 0.5), more copula density will fall in near the
main diagonal u = v, and much less density in regions [u <
0.5, v > 0.5] and [u > 0.5, v < 0.5]. It means that there will be
more probability for low-low and high-high pairs of (u, v),
but less probability for low-high and high-low ones, which
corresponds to the anticipation of positive correlation.
Therefore, the plot of copula density can be used effectively
to examine the dependence pattern, just as the role of PDFs
for marginal variables.
A further illustration of some commonly used copulas
(densities) is shown in Figure 2. Student t copulas with
degree of freedom Ȟ = 2 is illustrated in (a), Frank copulas in
(b), and Clayton copulas in (c). The copula parameters are
determined so that all these copulas will have the same
correlation coefficient ȡ = 0.5. From the distinct appearances
of various copula densities in Fig. 1(e) and Figure 2, it is
obvious that the Pearson’s correlation coefficient ȡ, or other
single-value dependence measures, may not be sufficient to
capture the complete dependence space. The use of copula
functions will provide more flexibility in handling various
types of challenges.
For Student t copulas, since they are derived from the
multivariate Student t distribution, the feature of heavier tails
is retained. Comparing Fig. 2(a) to Fig. 1(e), it can be
observed that more copula densities are fallen in the four tail
regions, and hence Student t copulas are useful to model
heavy-tail dependence structure in the multivariate extreme
value analysis. Though both Gaussian and Student t copulas
(or more generally, meta-elliptical copulas [16]) are derived
from the well-known multivariate Gaussian and Student t
distributions, they do not have an explicit mathematical
expression to work with. Therefore, other choices of copulas
are also of great interest since they are easier to manipulate
and are more computationally efficient, which is a desired
feature in data mining applications. Both Frank and Clayton
copulas shown in Fig. 2(b) and (c) belong to a special copula
class - Archimedean copulas, which will be discussed in
more details in the following subsection.

how the positive/negative dependence levels between
variables affect the number of detections of multivariate
anomalies. A copula-based method for threshold adjustment
to detect the same amount of anomalies under various
dependence levels is also proposed and tested. Finally, the
summary and concluding remarks are presented in Section 4.
Through taking climate as the case study, we would like to
point out that this method is also potentially applicable to
other problems as well, with examples in fraud detection,
marketing, bioinformatics, earlier disease detection [9], and
intrusion detection [10].
II.

DEPENDENCE STRUCTURE AND COPULAS

Though the most central theory of copulas was proposed
early in 1959 [11], copulas did not receive much attention
until the recent decade. The successful implementation of
copula-based statistical analysis on multivariate financial
dataset suggests its general applicability in other domains as
well. Copulas are also becoming popular in water resources
and hydro-climatic analysis [12-14]. This Section aims to
provide some basic explanations and illustrations to help
understanding the concept of dependence structure and
copulas. More mathematical details can be found in standard
textbooks of copulas like [7, 15].
A. Definition and Illustration of Copulas
The first usage of “Copula” is attributed to Sklar [11] in a
theorem describing how one-dimensional distribution
functions can be combined to form multivariate distributions.
For d-dimensional continuous random variables {X 1 ,..., X d }
with joint cumulative distribution function (CDF) H X ,..., X
1
d
and marginal CDFs u j = FX ( x j ) , j = 1,..., d , Sklar showed
j

that there exists one unique d-copula CU ,...,U such that:
1
d
CU1 ,...,U d (u1 ,..., u d ) = H X 1 ,..., X d ( x1 ,..., x d )

(1)

Since u j can also be interpreted as the transformation of
x j from [−∞, ∞] to [0,1] , copulas CU1 ,...,U d is a mapping of

H X1 ,..., X d from [−∞, ∞]d to [0,1]d . The consequence of this
transformation is that the marginal CDFs are segregated
from H X ,..., X , and hence CU ,...,U becomes only relevant to
1
d
1
d

B. Family of Archimedean Copulas
Among various types of copulas, one-parameter
Archimedean copulas have attracted the most attention
owing to their convenient properties. For an Archimedean
copula, there exists a generator ĳ such that the following
relationship holds:

the association between variables. In other words, CU ,...,U
1
d
gives a complete mathematical characterization of the entire
dependence structure.
An illustration is shown in Figure 1, where the standard
bivariate Gaussian joint-PDFs with ȡ = 0 and ȡ = 0.5 are
plotted in (a) and (d), and the corresponding realizations are
shown in (c) and (f). Though variables X and Y in (a) are
independent, it can hardly be identified from the shape of
joint-PDF hXY in (a), mainly because hXY is a mixture of
both marginal PDFs and dependence structure. The
advantage of copulas can be clearly seen from the copula
density ( ∂ 2 CUV / ∂u∂v ) plots in (b) and (e). When X and Y

ϕ (C (u, v)) = ϕ (u ) + ϕ (v)

(2)

The generator ĳ is a continuous and strictly decreasing
function defined in [0,1], and ĳ(1) = 0. When ĳ(t) = -ln(t),
the copula in (2) becomes C(u,v) = uv, which is a special
case when the variables are independent (e.g., Fig. 1(b)).
Frank and Clayton families of copulas are formulated as:
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Figure 1.

Bivariate Gaussian distributions (ȡ = 0 & ȡ = 0.5) and the corresponding copula densities and realizations

Figure 2.

Illustration of (a) Student t copulas (degree of freedom v = 2), (b) Frank copulas, and (c) Clayton copulas. All
three copulas have the same Pearson’s correlation coefficient ȡ = 0.5

dependence, and is found suitable for several types of
hydrologic dependence structure [12].
Comparing to Frank copulas, Clayton copulas are
symmetric only to the main diagonal u = v . As illustrated in
Fig. 2(c), there will be much denser pairs of (u, v) in the lowlow region than in the high-high region. Therefore, it is
potentially suitable for cases with imbalanced local
dependence within two tail regions. By transforming the
original variable in a reversed order (i.e., Xˆ = − X ), the
Clayton copulas can be fitted in different directions in order
to reach an optimal use.
In Eqs. (3) and (4), ș represents the dependence
parameter, and it can be estimated through the conventional
maximum likelihood (ML) method [17]. Nevertheless, the
ML estimator is not only related to dependence structure, but
also determined by the goodness-of-fit of marginal
distributions. Hence, the estimation errors of marginal
variables may propagate to the dependence parameter. The
existence of marginal outliers will also have a significant
influence and may cause the estimator to be biased.
Alternatively, a non-parametric procedure (NP) that is
unique to the family of Archimedean copulas [18] can be

Frank family of Archimedean copulas:
ϕ (t ) = − ln((e −θt − 1) /(e −θ − 1))
°°
1
(e −θu − 1)(e −θv − 1)
)
®C (u, v ) = − ln(1 +
θ
e −θ − 1
°
θ ∈ (− ∞,0) ∪ (0, ∞ )
¯°

(3)

Clayton family of Archimedean copulas:

ϕ (t ) = (t −θ − 1) / θ
°
−θ
−θ
−1 / θ
®C (u, v) = (max(u + v − 1,0))
°θ ∈ [−1,0) ∪ (0, ∞ )
¯

(4)

The appearance of Frank copulas can be seen in Fig. 2(b),
in which the copula density is symmetric to both diagonals
u = v and u + v = 1 . It has similar shape comparing to the
Gaussian copulas in Fig. 1(e), but with explicit mathematical
expressions that are easier to operate. Frank family of
copulas is a popular choice for modeling bivariate
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Figure 3.

The capability of copulas in random number generation. All simulated patterns (500 data points in each panel) are
combinations of Normal(0,1) and Exp(1) marginals, and Clayton(3.18) and Frank(-7.9) copulas

statistical analysis (e.g. Weibull formula), empirical copulas
are rank-based empirically joint cumulative probability
measures [7]. For sample size n, the d-dimensional empirical
copula C n is:

utilized. To obtain a NP estimator of ș, one starts with
equating Kendall’s concordance measure Ĳ to ĳ as:

τ

1

= 1 + 4³ (ϕ (t ) / ϕ ' (t ))dt
0
= 1 − 4[ D1 (−θ ) − 1] / θ
(Frank)
= θ/(θ + 2)
(Clayton)

(5)

C n (k1 / n, k 2 / n,..., k d / n ) = a / n

where a is the number of samples {x1 ,..., xd } with x1 ≤ x1( k ) ,
1
…, xd ≤ xd ( k ) , and x1( k ) , …, xd ( k ) with 1 ≤ k1 ,..., k d ≤ n

where D1 is the 1st order Debye function D1 (θ ) =
θ

³

0

(t / θ (e t − 1))dt . Meanwhile, the sample Kendall’s τˆ can

d

1

d

are the order statistics from the sample. The C n can be
applied in different goodness-of-fit tests, including
multidimensional Kolmogorov- Smirnov (KS) test [19], tests
based on the probability integral transformation [20], kernelbased smoothing techniques [21], and cross product ratio
model [22].

be estimated by:

τˆ = (c − d ) /(n(n + 1) / 2)

(7)

(6)

where n represents the sample size, c denotes the number of
concordant pairs (x2-x1)(y2-y1) > 0, and d denotes the number
of discordant pairs (x2-x1)(y2-y1) < 0. By solving τ = τˆ , the
NP estimator ș can be obtained. This procedure proceeds
independently from the analysis of marginal variables, and is
more computationally efficient for large datasets. If
Kendall’s Ĳ is regarded as a general cross-moment, then NP
is conceptually similar to the well-known method of moment
in estimating PDF parameters. Except using Kendall’s τ ,
the dependence parameter can be estimated in a similar
manner via other rank-based dependence measure such as
Spearman’s rank correlation r.

D. Random Number Generation
Copulas also provide a convenient way for generating
correlated random variables. To generate jointly-distributed
random variables ( x, y ) from a given joint CDF H XY , the
first step is to generate independently uniformly-distributed
random pairs (u, t ) from 0 to 1. Since the conditional
probability P[V ≤ v | U = u ] will be independent to U, by
equating P[V ≤ v | U = u ] = t , v can be evaluated, and random
pairs (u, v) will possess the dependence structure of H XY .
By transforming (u, v) via the inverse CDFs x = FX−1 (u ) and
y = FY−1 (v) , random variables ( x, y ) can be obtained. This
general expression can be shown as [7]:

C. Empirical Copulas
To evaluate the suitability of a selected copula with
estimated parameter, one can utilize empirical copulas as the
observed dependence structure for evaluation. Similar to the
concept of plotting position formula used in univariate
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P[V ≤ v | U = u ] =

∂C (u , v)
=t
∂u

•

Most of the hydro-meteorological variables are
governed by non-linear processes with non-intuitive
mechanisms.
With the progressing data mining capabilities [24],
methods such as anomaly detection, similarity measures,
classification, clustering, association rule, social network and
spatio-temporal data mining are potential to explore. It is our
hope that via the strength of different data mining techniques,
useful and hidden insights can be discovered, the complexity
of climate data can be reduced, and eventually our
understanding toward the interwoven climate system will be
improved. Copulas are applied for multivariate climatic
anomalies detection (e.g., co-occurrence of hot and dry
weather events) to demonstrate how dependence affects the
number of detections, and what can be improved via the use
of copula-based techniques.

(8)

For Frank and Clayton (ș > 0) copulas, the explicit
equations can be further obtained (thanks to the simplicity
provided by Archimedean copulas):
v=

§ 1 − t + te uθ
ln¨¨
θ © 1 − t + te ( u −1)θ
1

(

v = 1 − u −θ + t −θ /(1+θ ) u −θ

)

−1 / θ

· (Frank)
¸¸
¹

(9)

(Clayton, ș > 0) (10)

An example of random number generation is shown in
Figure 3, where various combinations of a positive
dependence structure by Clayton copulas (ș = 3.18), a
negatively dependence structure by Frank copulas (ș = -7.9),
standard normal marginals (mean 0 and standard deviation 1)
and exponential marginals (mean 1) are illustrated. The
dependence parameters are evaluated so that the theoretical
correlation coefficient for Clayton copulas is 0.8 and for
Frank copulas is -0.8. After simulated 500 data points in each
case, the sample correlation coefficient ȡ is also reported.
It can be observed from Figs. 3(a) and 3(d) that sample
correlations are close to the theoretical ones when copulas
are associated with normal distributions. Nevertheless, by
replacing normal marginals to exponential distributions (b, c,
e and f), the sample correlations become weaker, even if all
(a-c) and (d-f) cases share the same dependence structures. It
highlights the difficulty in identifying dependence patterns
with the interference of marginal distributions. The various
patterns simulated in Fig. 3 also demonstrate the flexibility
of copula-based random number generation techniques in
many different applications.
III.

A. Data Source and Pre-processing
The National Centers for Environmental Prediction Department of Energy Atmospheric Model Intercomparison
Project Reanalysis (NCEP2 [25]) is adopted in this study.
NCEP2 data are provided at 1.9°x1.9° spatial resolution
(total of 18,048 grid cells), beginning from 1979 until
present. Reanalysis data such as NCEP2 are usually treated
as proxy of observations and are used extensively in various
~
hydro-meteorological studies. Monthly temperature X k( i,l, j ) ,
~
~
precipitation Yk(,li , j ) , and precipitable water Z k( ,il, j ) on the 7,194
land grid cells are selected to study the observed climate
anomalies (months that are both abnormally hot and dry).
~
Notation X k( i,l, j ) is interpreted as the monthly temperature at
grid (i, j ) in month k of year l, in which i = 1,...,192 ,
j = 1,...,94 , k = 1,...,12 , and l = 1979,...,2008 .
In order to alleviate the influence of seasonal variability,
we perform the z-score transformation [26]. Taking
temperature as an example, the transformation follows Eqs.
(11-13):

CASE STUDY

The specific challenges of implementing data mining
techniques in climate analysis are:
• Climate data contains multiple variables (e.g.,
temperature, pressure, wind speed, humidity,
precipitable water and precipitation). Each variable
has its own type of distribution, seasonal variability,
and long-term non-stationary trend.
• The extensive datasets range across various temporal
(6-hourly, daily, monthly, or annually) and spatial
(mostly ranging from 1° to 5° square grids)
resolutions, resulting in Terabytes to Petabytes of
data with unknown spatio-temporal dependence
structure and long-distance teleconnection
• The Intergovernmental Panel on Climate Change
(IPCC) Fourth Assessment Report (AR4) [23] is an
internationally joint effort of 23 global circulation
models (GCMs). Associated with various emission
scenarios, there are plenty of data for analysis,
comparison and assessment.

2008 ~
X k(i , j ) = ¦l =1979 X k( i,l, j ) / n

(11)

2008
~
Sxk( i , j ) = ¦l =1979 ( X k(i,l, j ) − X k( i , j ) ) 2 /(n − 1)

(12)

~
X k(i,l, j ) = ( X k(i,l, j ) − X k( i , j ) ) / Sxk(i , j ) = X t( i , j )

(13)

In (11), the average temperature X k( i , j ) for month k
(January, February, …) at each grid (i, j ) is computed, and
fed to (12) to calculate the corresponding standard deviation
Sx k( i , j ) . In (13), both X k( i , j ) and Sx k( i , j ) are used to normalize
~
the original X k( i,l, j ) to be a unit-free time series X t( i , j ) , in
which t denotes the tth month since January, 1979. Same
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Figure 4.

Global maps and histograms of correlation coefficient ȡ for (Plots a & b) normalized temperature (X) versus
normalized precipitation (Y), (Plots c & d) Y versus normalized precipitable water (Z), and (3) X versus Z.
Number of grid points in Region I (ȡ < -0.3), Region II (-0.3 < ȡ < 0.3), and Region III (ȡ > 0.3) are also marked
on the histograms.

example, the fitting of marginal distributions and dependence
structure are shown in Figure 5. Without involving further
assumptions of parametric CDFs, the kernel density
estimators were utilized to derived the marginals u = FX ,
v = FY and w = FZ . It can be observed from Fig. 5(a-c) that
even with the z-score transformation, variables can still be
non-Gaussian distributed.
As for the dependence structure, Frank family of
Archimedean copulas (Eq. 3) is chosen. The dependence
parameters are estimated via the NP approach (Eq. 5), and
Frank
Frank
Frank
three bivariate copulas, CUV
, CUW
and CVW
between
each pair of marginals are derived. In addition, the empirical
copulas (Eq. 7) are computed for model verification. Fig. 5
(d-f) illustrate the difference between Frank and empirical
copulas, and the small differences (~±0.02) suggest the
suitability of Frank copulas. By combining both marginal
distribution and dependence structure, the bivariate jointCDF can be modeled, i.e. P[ X ≤ x, Y ≤ y ] = CUV ( FX ( x),
FY ( y)) . The joint-CDF will be a handy tool in solving all
kinds of statistical-related problems.

procedure holds to derive the normalized precipitation Yt ( i, j ) ,
and precipitable water Z t(i , j ) .
B. Dependence Structure
Taking ȡ as the starting point, the correlation coefficient
between each pair of normalized variables is computed. The
results are illustrated as maps and histograms in Figure 4. To
assist discussion, three categories are defined, namely
Region I (ȡ < -0.3, negatively dependent), Region II (-0.3 < ȡ
< 0.3, near independent), and Region III (ȡ > 0.3, positively
dependent). The total number of grid cells fallen in each
region is also reported. It can be observed that the correlation
ranges widely from negative to positive between X & Y, and
mostly positive between X & Z, and Y & Z. The correlation
between normalized precipitation and precipitable water is
especially strong that there is no negative correlation in
Region I.
To further investigate the dependence structure and
construct the joint probability distributions, the copula-based
approach can be applied at each grid. Selecting the grid
nearest Miami, FL (79.67W~81.56W, 24.76N~26.67N) as an
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Figure 5.

Taking the grid cell containing Miami as an example, (a-c) show the histograms and kernel density fitting of
adjusted temperature (X), precipitation (Y), precipitable water (Z), and (d-f) show the differences between fitted
Frank copulas and empirical copulas of each pair of variables.

differently. A hot and dry event will appear to be much rare
in Region III than Region I. If the dependence structure
between variables is not considered properly, we may not
detect the appropriate multivariate anomaly pairs for analysis.

C. Climatic Anomaly Detection
Since the correlation between hydro-climatic variables
spans across a wide range, there is a need to investigate how
different levels of dependence will affect the detection of
multivariate anomalies. We will focus on identifying the
observed heat wave and drought events. In other words,
months with higher temperature, less precipitation, and less
precipitable water with respect to the given thresholds are
identified and categorized as anomalies.
In case 1, a fixed threshold q = 20% is set. The upper
(i , j )
20% temperature percentile ( x80
), lower 20% precipitation
%

TABLE I.

SUMMARY OF BIVARIATE CLIMATIC ANOMALY DETECTION

Case 1, fixed threshold
(i , j )
( i, j )
(i , j )
{ X (i , j ) ≥ x80
≤ y20
% ,Y
%}
{X

(i , j )
(i, j )
percentile ( y20
) and precipitable water percentile ( z 20
) at
%
%
each grid cell are identified. Clearly, the observed frequency
(i, j )
will naturally be
for univariate events such as {X ( i , j ) ≥ x80
%}
q. By using these three thresholds, the observed frequencies
(i , j )
(i , j )
(i , j )
of bivariate anomalies { X (i , j ) ≥ x80
, { X (i , j )
≤ y20
% ,Y
%}
(i , j )
(i , j )
(i , j )
(i , j )
(i , j )
(i, j )
, and {Y ( i , j ) ≤ y20
are
≥ x80
≤ z 20
≤ z20
% ,Z
%}
%, Z
%}
computed for each regions defined in Fig. 4. The results are
then summarized in Table 1.
It can be seen that the observed frequencies in different
regions vary a lot. When looking for dry and wet events,
more cells in Region I will be detected since X and Y are
negatively correlated (more probability for high-low pairs).
On the other hand, much less cells will be detected in Region
III. When looking for dry and low precipitable water events,
more cells will be detected in Region III because of less
probability for low-low pairs. Since it is nearly independent
in Region II, the theoretical frequency will be around 4%,
and it is confirmed in Table 1. This result suggests that the
anomalies in different regions need to be interpreted

(i , j )

(i , j )
80%

≥x

,Z

(i , j )

≤z

(i , j )
20%

}

I

Regions
II

III

8.41%

4.39%

1.43%

8.38%

3.67%

0.52%

(i , j )
(i , j )
(i , j )
{Y (i , j ) ≤ y20
≤ z 20
% ,Z
%}

-

5.98%

8.96%

Case 2, adjusted threshold
{ X (i , j ) ≥ x1(−i ,qj1) , Y (i , j ) ≤ y q( i1, j ) }

4.81%

4.48%

4.47%

4.52%

4.24%

4.85%

-

4.15%

4.45%

{X

(i, j )

(i, j )
1− q 2

≥x

,Z

(i , j )

≤z

(i , j )
q2

}

{Y ( i , j ) ≤ y q(i3, j ) , Z ( i , j ) ≤ z q( i3, j ) }

One solution is to identify an adjusted threshold q1 for
different dependence levels so that the similar amount of
information can be detected. We propose to use the copulabased joint probability to achieve this goal. Generally, one
needs to solve:

P[V ≤ q3 ,W ≤ q3 ] = q 2

(14)

For Frank family of copulas, Eq. (14) can be further
simplified as:
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2
1
q3 = − ln(1 − (e −θ − 1)(e −θq − 1) )
θ

(15)
[6]

In other words, the probability contained by the new
threshold q3 should be the same as they are independent.
Adopting the adjusted thresholds, the observed frequency is
re-calculated and reported in Table 1. It is shown that similar
amounts of anomalies are detected in all regions, suggesting
the applicability of the proposed method. One can also assign
different thresholds in Eq. (14), i.e. P[V ≤ q2 ,W ≤ q3 ] = q 2 ,
and the same effect can be achieved for all (q2 , q3 ) .
IV.

[7]
[8]

[9]

CONCLUSION AND FUTURE WORK

[10]

To alleviate some common assumptions such as
normality and independence between variables in data
mining, we introduce the concept of dependence structure
and the use of copulas in this study. Copulas provide a
complete mathematical description to the entire dependence
space, and hence have better capabilities for potential
applications in various domains. The case study suggests that
the dependence level should be accounted for to correctly
detect the multivariate anomalies. Given the great flexibility
of copulas, we expect that more data mining techniques
would benefit from this robust method. Our future work will
focus on a case-by-case comparison between existing data
mining techniques and the copula-induced algorithms.
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