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Kernel regression

Nadaraya-Watson kernel estimator

Given observations {(t;,x;)}7_; € R x R, learn the function
fo:t € R — x € R. The Nadaraya-Watson estimator is

~ m O Kp(t — ti ) xi
b0 = S
_ i Ke(t = t)fo(t) | 207y Kn(t — ti)(xi — fo(ti))
>oim Ka(t — ti) >oim Ka(t — i)
~ (I = hA () fo + (error)
= fo(t)

when K}, is the Gaussian kernel.
Problem: One can not add x; if they lie on a general manifold.
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Bayesian framework

Basic idea

Bayes theorem:

P(data|func) - P(func)

P(func|data) = P(data)

Terminology: Prior distribution : P(func)
Posterior distribution : P(func|data)
MAP estimator: f = argmaxsc c(jo,1),m)P(F[{(ti, xi) }1=1)

Question: Consistency of this estimator requires the convergence
of f to fy.
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Manifold regression

Model set-up

Given a compact manifold M (e.g., SP, SO(3), space of shapes)
and observations {(t;, x;)}"_; € [0,1] x M, learn the function
fo:[0,1] — M.

x|t ~ pya(fo(t), x).

Here p,2(fo(t), x) denotes the heat kernel on M, determining how
x; deviates from fy(t;)

When M = RP:

1 —lx = f(t)]?
Po2(fo(t), x) = (\/%U)D exp ( 202 > )
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Bayesian framework

Prior distribution (discrete BM)

M
4 / The class of piecewise geodesic
oee XTEID functions PGF(h) C C([0, 1], M)

f € PGF(h)

The prior distribution I j with density:
1/h

ren(F) = M(lM) L pot (k= . (k1)
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Bayesian framework

Prior distribution (discrete BM)

Let c=1,h=0.5, f € PGF(h) C C([0,1],S') is determined by 3
values £(0), £(0.5), f(1) € S* = [0,27]/{0,27}.

f(0) £(0.5) F(1) men(F)

f 0 0 0 0.051

f 0 0.5 0 0.031

f3 0 1 0 0.007
::I : /N
: ; VARRN
: = // \

:: nj / - \\\ //

I . // N /
n - T s
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Bayesian framework

Prior distribution (continuous BM)

The continuous BM prior on P = C([0, 1], M) is the limit of the
discrete BM prior. It is the unique probability measure I1 such that
forany ne N, 0=ty < .. < t, =1, and open subsets

Uo, U1, ..., U, € M, the following identify is satisfied

I'I(feP ’ f(to) € Uo,...,f(tn) € Un) =

dp(xo) L
/Uo w(M) /U Hpc(tr'_tf—l)(xivXifl)dM(Xi).

1 X...x Up i—1
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Bayesian framework

Posterior distribution

Given observations {(t;,x;)}7_; i.i.d drawn from

X|t ~ paz(f—o(t),X), t~ p(t)

the posterior distribution of I has the density function

ﬂ(fGAI{(tnXi)}?l)m/f AHp(ti,Xflf)dﬂ(f)
€A =1

N /feA H po2(f(ti), xi)p(t;)dN(f).
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Bayesian framework

Posterior distribution

If 02 = 0.3 and we observe (0.5,0.6) € [0,1] € S, then

f(0) f(0.5) f(1) mcn(f) mcn(f|f(0.5)=0.6)

fi 0 0 0 0.051 0.020
13 0 0.5 0 0.031 0.022
f3 0 1 0 0.007 0.004

//

/N
/\\ : /// \\\
e \\\ “: / \\
) fi o o f2 c c f3
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DBM algorithm

Algorithm 1 Bayesian Manifold regression via discrete BM

Input: Observations {(t;, x;)}"_; C [0,1] x M, grid spacing h (m =
1/h + 1), scaling constant ¢, variance o2, temperature T for
Simulated Annealing (SA).

Output: A function in PGF(h) determined by {(t!
Steps:

= —1)h, x.(o) i.i.d. uniformly sampled from M and f(©) ¢

PGF(h) determined by {(t/ ( )) Y
e Energy function E(f) = 7rc7h(f) [T poa(f(ti), yi)p(ti)
o f*=SA(E, O T)
return The function f* in PGF(h) determined by {(t/,x/)}™ ;.

J’ J)jn:l
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CBM algorithm

Algorithm 2 Bayesian Manifold regression via continuous BM

Input: Observations {(t;,x;))}/_; C [0,1] x M, {t7}T,, scaling
constant ¢, variance o2, temperature T for Simulated Anneal-
ing (SA).

Output: Predictions {(t},x")}[";.

Steps:
o Let {tjf}l’-’il’" be sorted array of {t;}/_; U{t/}]", xj(o) i.i.d. uni-

formly sampled from M and f(©) such that f(o)(tj) = XJ-(O)
o fie(f) = [T Pe(e—e_ ) (F(t), F(ti_1))

e Energy function E(f) = 7e(F) 1721 po2(F(ti), vi)p(ti)
o f*=SA(E,fO,T)

return {(t7,x")}7;.
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Theoretical analysis

The topologies

The metric topology is defined by

1/q
dq(fl, fz) = (/te[o . diSt/\//(ﬂ(t), fz(t))qp(t)dt>

The weak topology

Ne(fo) =

{fGP:

Here pr = p,2(f(t), x)p(t).

/ peprdtdp(x) — / Peprdtdp(x)| <€, Vg € 7’}
[0,1]x M [0,1]x M
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Theoretical analysis

Consistency of CBM

Theorem

If M is a compact Riemannian manifold and if the true underlying
function fy € P of the regression model is Lipschitz continuous,
then the posterior distribution M(-|{(t;,x;)}7_;) is weakly
consistent. In other words, for any ¢ > 0,

M(N(fo) [{ (i, xi)}et) — 1

almost surely w.r.t. the true probability measure Py as n — oo.
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Theoretical analysis

Contraction rate of DBM

Theorem

Assume p(t) is strictly positive on [0, 1], the true function fy € P
is Lipschitz Assume an arbitrarily fixed 0 < ¢ < 1/4 and for n € N,
let b, = n~1/2+2¢ pe the sidelength of the set PGF(b,) and let
{MNn}nen denote the sequence of discretized BM priors on
PGF(by,). Then there exists an absolute constant Ay and a fixed
constant Cy depending only on the positive minimum value of p(t)
on [0,1], the volume of M and the Riemannian metric of M such
that M,(-|[{(ti,xi)}[_,) contracts to fy according to the rate

€n = /bn/Co = O(n~Y/*+). More precisely,
Ma(f : dg(f, fo) = Aoenl{(ti, xi)}/=1) — 0

in Pg-probability as n — oo.
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Experimen

Comparison with kernel regression
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Experiment

The hyperparameter ¢

CBM

Figure : Continuous BM.
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Experiment

The hyperparameter ¢

DBM

Figure : Discretized BM.
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Experiment

The sidelength parameter h
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Figure : Ly error of DBM for different sidelength h.
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