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What is permafrost?

Where is the permafrost?
Average latitude of permafrost
boundary:
61°

(yellow circle)

(Aileen Zebrowski)
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Potential Carbon Emissions Conversions
tonne = metric ton = 1000 kilograms
According to NOAA, there are about 1460 to Gt = gigatonne = 10° tonnes = 102 kilograms
1600 gigatonnes of carbon (GtC) stored in Pg = petagram = 10'° grams = 10' kilograms = Gt
the permafrost. atomic weight carbon: 12

atomic weight oxygen: 16

By comparison, the atmosphere currently molecular weight carbon dioxide: 44

holds about 905 GtC.

carbon dioxide = CO,
12 +2x16 =44

44 gigatonnes of carbon dioxide contains 12 gigatonnes of carbon
44 GtCO, > 12 GtC
https://arctic.noaa.gov/report-card/report-card-2019/permafrost-and-the-
global-carbon-cycle/
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Atmospheric Carbon Atmospheric Methane

ppm = parts per million (by molecule) methane = CH,
Atmospheric carbon dioxide at 425 ppm means that every atomic WEjight carbon: 12
million molecules of air contains 425 molecules of CO,. atomic welght hydrogen: 1
molecular weight methane: 16
Conversion to GtC

CH,
1 ppm CO, = 2.13 GtC «— (carbon, not carbon dioxide) / \
12 +2x1=16
Example
425 ppm CO, = 905 GtC 16 gigatonnes of methane contains 12 gigatonnes of carbon

16 GtCH, > 12 GtC

10 11
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Atmospheric Methane Discussion

Methane is unstable in the atmosphere.
CH, +20, - CO, + 2H,0 Assume that methane has a half-life of 10 years. Assume that 12
GtC enters the atmosphere as methane (16 GtCH,). After a
decade, the half of the methane remains, but half has oxidized
into carbon dioxide and water.

It takes about a decade for new methane entering the
atmosphere to be converted to carbon dioxide and water. The
water falls as rain, about half of the carbon dioxide goes into the
ocean, and the other half stays in the atmosphere for millennia. How much carbon dioxide, measured in GtC?

If we think in terms of decades, it doesn't matter much whether
the carbon from the melting permafrost enters the atmosphere
as methane or carbon dioxide.

Methane entering the atmosphere has a bigger greenhouse
effect for a few years, then it turns into carbon dioxide.

12 13
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Discussion

Assume that methane has a half-life of 10 years. Assume that 12
GtC enters the atmosphere as methane (16 GtCH,). After a
decade, the half of the methane remains, but half has oxidized
into carbon dioxide and water.

How much carbon dioxide, measured in GtC?
6 GtC
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Assume that methane has a half-life of 10 years. Assume that 12
GtC enters the atmosphere as methane (16 GtCH,). After a
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Discussion

Assume that methane has a half-life of 10 years. Assume that 12
GtC enters the atmosphere as methane (16 GtCH,). After a
decade, the half of the methane remains, but half has oxidized
into carbon dioxide and water.

How much carbon dioxide, measured in GtC?
6 GtC

How much carbon dioxide, measured in GtCO,?
22 GtCo,
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Discussion

Assume that methane has a half-life of 10 years. Assume that 12
GtC enters the atmosphere as methane (16 GtCH,). After a
decade, the half of the methane remains, but half has oxidized
into carbon dioxide and water.

How much carbon dioxide, measured in GtC?
6 GtC

How much carbon dioxide, measured in GtCO,?
22 GtCo,

How much carbon dioxide, measured in ppm?
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Discussion

Assume that methane has a half-life of 10 years. Assume that 12
GtC enters the atmosphere as methane (16 GtCH,). Aftera
decade, the half of the methane remains, but half has oxidized
into carbon dioxide and water.

How much carbon dioxide, measured in GtC?
6 GtC

How much carbon dioxide, measured in GtCO,?
22 GtCo,

How much carbon dioxide, measured in ppm?
6/2.13 = 2.8 ppm

Math 5421 2/27/2025

Richard McGehee, University of Minnesota

Math 5421
Permafrost Melt

Paris climate conference (COP21)

http://www.npr.org/sections/thetwo-way/2015/12/12/459502597/2-degrees-100-billion-
the-world-climate-agreemen
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Paris climate conference (COP21)

Land data prepared by Berkeley Earth and combined [~ 0
with ocean data adapted from the UK Hadley Centre g

Global temperature anomalies relative to 1850.1900 average | ~0-2
Vertical lines indicate 95% confidence intervals

bal Temperature Anomaly (°C)

Gl

T T T T T
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http: .cbe. dio/the t/a- ial-editi 30-
P:/ /s che. ca/radio/ e saani7s http://berkeleyearth.org/global-temperature-report-for-2024/
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Budyko’s Equation

surface temperature sin(latitude) T= J‘o‘ T(y)dy
~N
How much carbon would be released from Ra—T _ a(y))—(A+ BT)+ C(F T)

the permafrost if the global mean / ot Os()(1~
temperature rose by 2 degrees Celsius? N :

heat capacity insolation albedo OLR heat transport
Symmetry assumption: 0 < y =sin(latitude) <1
Chylek and Coakley’s quadratic approximation:

s(y)z1+sz(3y2—1), where s, =-0.241

22 23
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Budyko’s Equation Equilibrium Temperature Profile
orT = 1 _
Rg =0s()(1-a(y) - (4+BT)+C(T-T) T(y) :m(QS(Y)(l ~a(y))-A4+CT)
parameter value units =032, y<n, .
he ) = 8 :
9 343 Wm™> where a(y) {‘Zz —062, y> ]7’:> current ice boundary
s, —2.41 dimensionless
A 202 Wm™
global mean =_ 1 _ _ 0 average
B 19  Wm’K' temperature r 7E(Q(I ~@)=4), and @= In a)s(y)dy. albedo
C 3.04  Wm?K'
a 0.32 dimensionless |
a, 0.62 dimensionless ——(0s(»)(1-&)-4+CT), y<n,
T -10 °C T(y)= B+C piecewise quadratic

1
B+C

24 25

(050 (1-a,) - 4+CT), y>n.

K.K. Tung, Topics in Mathematical Modeling, Princeton University Press, 2007, Chapter 8.

Richard McGehee, University of Minnesota 4
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Equilibrium Temperature Profile

Celsius

(3 =——(0s(»)(1- () - 4+CT)
B+C
ice line

20
0O 01 02 03 04 05 06 07 08 09 1

sine(latitude)
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Equilibrium Temperature Profile

0 permafrost temperature ——h

permafrost boundary
0 61°) \ B
e
h 0.

5
sine(atitude)
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Equilibrium Temperature Profile

If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

First approximation: Raise
the temperature profile by
2°, and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.

Celsius

[ 0.1 02 03 04 05 06 07 08 09 1
sine(latitude)
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Equilibrium Temperature Profile

3
2
38
0 permafrost temperature ~ ———»
(0.74°)
permafrost boundary
-10 (61°)

[ 01 0.2 03 04 05 06 07 0.8 0.9 1
sine(latitude)
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Equilibrium Temperature Profile

If we raise the global mean
temperature by 2°C, how
will the permafrost 2
boundary move?

First approximation: Raise
the temperature profile by
2°, and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.

10

Celsius

0 01 0.2 03 04 05 06 0.7 08 09 1
sine(latitude)

Math 5421
Permafrost Melt

equilibrium temperature 1 _ _ _

N Fro(0W(-a)-a+cT), y<n.

;=17 B

—| Osl 1-a,)-A+CT), >1,

If we raise the global mean B+C (Q\(y)( 2) ) Y=

temperature by 2°C, how 26.85—34.13y° .
N .85-34.13y", y<0.948, plug in the

will the permafrost =

boundary move? { 1.00-19.07y%,  y>0.948. numbers

First approximation: Raise
the temperature profile by
2°C, and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.

@ Math 5421
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If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

First approximation: Raise
the temperature profile by
2°C and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.
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ﬁ(gs(y)(lfa])fmcf), y<n,

T(y)= 1 _
W(Qs(y)(l’az)*/‘*CT)» y>n,
_ J26.85-34.13y* <0.948,
derivative 1.00-19.07y%,  y>0.948" derivative

afrost boundary: y, =sin(6L

T'(y,) {=68.26y )=-59.70

If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

First approximation: Raise
the temperature profile by
2°C and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.

solve for increaseiny Ay ¥ ———
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1 —
ﬁ(QS(Y)(I*%)*A*CT)- y<mn,
ﬁ(gs(y)(l—az)—/l+c77), y>n,
 [26.85-34.13y%, y<0.948,

1.00-19.07y*,  y>0.948.

T(y)

permafrost boundary: p, =sin(61") ~ 0.875
T'(y,)=-68.26y, =-59.70

T(y)=T(y)+2

T(,) =T, + &) = T(,) +T'(,)Ar = T(y,) + 2+ T'(,)Av

2 {00s)

T'(

Math 5421

3, -59.70

34

If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

First approximation: Raise
the temperature profile by
2°, and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.

Math 5421
Permafrost Melt

Equilibrium Temperature Profile

Celsius

o 01 02 03 04 05 06 07 08 09 1
sine(latitude)
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If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

First approximation: Raise
the temperature profile by
2°C and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.
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_1

B+C
1 .

W(Qs(y)(l—az)—AJrCT), y>n,

[26.85-34.13y%, y<0.948,
1.00-19.07y%,  y>0.948.

(QS()))(]*(L)*A*’CT}, y<n,
()=

permafrost boundary: y, =sin(61") = 0.875
T'(y,) =—68.26y, =—59.70

T(3)=T(y)+2

new temperature
profile

increased by 2

First approximation: Raise
the temperature profile by
2°,and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.

Aileen Zebrowski

Math 5421
Permafrost Melt

permafrost boundary: y, =sin(61) ~ 0.875
T'(y,) =-68.26y, =-59.70

T(y)=T(y)+2

T(y,) =T, + M) = T(y,)+T'(»,)Ay =T(y,)+2+T'(,)Ap
-2 -2

O S =0.0335
T'(y,) -59.70

Ay

new permafrost boundary:
¥, =0.875+0.0335 ~ 0.908

new permafrost boundary in degrees latitude:
sin™! (jrp) ~65.2° latitude

If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

First approximation: Raise
the temperature profile by
2° and use linear
approximation to determine
the latitude where the new
temperature is the
permafrost temperature.
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Equilibrium Temperature Profile

Celsius
o

\+4,2° latitude

5
08 082 084 08 08 09 092 094 096 098 1
sine(latitude)
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Equilibrium Temperature Profile

If we raise the global mean
temperature by 2°C, how
will the permafrost
boundary move?

We have not taken into
account that the ice line
might move.

same ice line —————>|

0 0.1 02 03 04 05 06 07 08 09 1
sine(latitude)
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1. Determine how the ice line varies with the parameter A.
(increase in CO, reduces A)

2. Determine the change in A giving an increase of 2 degrees
Celsius in the global mean temperature.

3. Determine the change in the location of the permafrost
boundary given the change in A.

Math 5421 2/27/2

Math 5421
Permafrost Melt

Step 1
Solve for 7 as a function of A:
ho, 4) =ﬁ[gs(m(1 ~ap)-4+S(0(1-am)- A)]— 7.-0,
where
) = [} sy + [ sy
=[5+ (1= [ sy = . (@ - s0)dy

Numerically,
h(n, 4) = hy(17)—0.5236 4, where h,(17) =—8.03097° —26.60247° +41.35427+97.8714

dn
B =L -0.5236=0
,(17) dA

Evaluate at 77 = 0.9483: dn_ 05236 —0.0171
d4  -30.7672

42

Richard McGehee, University of Minnesota
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Global Mean Temperature

T =4 (Q(1-@0) - 4). where &)= [\ a(r.s()dy.

a,=032, y<n,
where a(y)=1 ' ice li
” {azzo.sz, y>rz,:>lce e

The ice line is determined by the assumption that the average temperature across
the ice line is T, usually take to be =10°C. This condition reduces to*
1 = 1
m(gs(q)(l ~a,))-A4+CT(n))=T,, where o, :E(a, +a,)
outgoing long wave radiation
varies with greenhouse gases.

hn, A)=ﬁc(g.v<u)(l—a(,))—A+£(Q(1—&(m)—A\)J—TL =0

h(n.4)= Bgc(s(’?)(l"”o)*%“*% +(a, 7!1,)@%77: :0‘

*e.g., McGehee & Widiasih 2014, SIAM J. Applied Dynamical Systems 13, pp 518-536.

39

43
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Step 1
)= 5 2 50) 1)+ 1=+ (e - ) |- 47,0
6
4
) _ decrease A
0 =
g- )
4 old ice line
-
8 new ice line
-10
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Step 2

d .

Compute u
T )= (Q(1-@) - 4). where @7) =, (e, ~a)[ s)dy
dr _oTdy of Qo vdn 1 0 . dp 1
ad opad aa B g T E s

Evaluate at 77 =0.9483: Z’—: =-1.09172

Change in A4 to increase T by 2 degrees:
M BT 2 gy,
-1.09172  -1.09172
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Step 3

Compute the change in y :

1 —
T(y):7B+C(Qs(y)(1—a,)—A+CT), y<n

=26.85-34.13y

profile AT =2

Ad=—-1.832

N 1 _
T(0)=———(0s()(1-a)~(4+A0) +C(T +AT
profile B+C( )

1 —  CAT -4

= 1-0,)-A+CT )+ ———
B+C(Qs(y)( @) ) B+C
=T(y)+1.60
y, =sin(61) ~ 0.875 permafrost boundary
-1.60  —-1.60 as before, but with
N0 5000 2 1.6 instead of 2
» N

John Nguyen

new permafrost boundary =y, +Ay=0.902, corresponding to [64.4" latitude

Math 5421
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Equilibrium Temperature Profile

~3.4° latitude

current permafrost e projected permafrost boundary
botrdary
3

4

-5
08 082 084 08 08 09 092 094 09 098 1
sine(latitude)
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How much carbon could be released from the
permafrost if the global mean temperature rose by
2 degrees Celsius?

Recall that the surface area is proportional to y, the sine of the latitude.
Current permafrost boundary: y, =sin(61")C ~ 0.875
Proportion of globe cover by permafrost: 1-y, =0.125

Ay =0.027

Proportion of permafrost melted: % =0.216

Amount of carbon released: 0.216x1400 =|
Total fossil fuel emissions since 1751: 580 GtC

To hold the GMT at 2°C, we will have to withdraw 300 GtC from the
atmosphere as the permafrost melts.

Math 5421

Celsius

Where is the permafrost?

Average latitude of
permafrost boundary:
61°

2/27/2025
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Equilibrium Temperature Profile

projected temperature
/ profik

P

current temperature
profile

current permafrost boundary ——»

projected permafrost boundary———

(yellow circle)

Projected permafrost

boundary
(orange circle)

Where is the carbon in
the permafrost?

In North America, mostly at
lower latitudes.

01 02 03 04 05 06 07 08 03 1
sine(latitude)
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Heat Equation
How much carbon could be released from the or T
permafrost if the global mean temperature rose by —=k—, t20, 0<z</
. ot oz
2 degrees Celsius?

We have computed the potential carbon released to the
atmosphere when the permafrost line moves north.

How fast will the permafrost melt?

£
0 =
S £
3 s £
° §
10"
15
o
A4 20
25
‘ [} 20 40 60 80 100
time v

Kaitlin Hill

https://arxiv.org/abs/1810.12370
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Permafrost Melt

Siberian Permafrost Sinkhole Siberian Permafrost Sinkhole
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Siberian Permafrost Sinkhole Other Interesting Questions

Budyko’s model includes ice-albedo feedback, but not carbon
feedback.

» Can we modify the model to include the effects of permafrost melt
on atmospheric carbon?

» Could we use the data we have about current permafrost to model
the glacial retreats during the Pleistocene?*

» To what extent was the “dead ice” in the Holocene similar to
today’s permafrost?**

*e.g., J.A. Walsh, E. Widiasih, J. Hahn & R. McGehee, Nonlinearity 29, 1843-1864 (2016).

**H. Wright & I. Stefanova, Acta Palaeobotanica 44, 141-146 (2004).

Richard McGehee, University of Minnesota



Math 5421 2/27/2025

Math 5421
Permafrost Melt

Math 5421
Permafrost Melt

Holocene Permafrost? Glacial Lake Agassiz

wce-cored

http://www. . y.com/~ndpembin/html/lake_agassiz.htm

@ Math 5421 025 @ Math 5421 2/
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Could this be a
picture of the
North shore of
Lake Agassiz
10,000 years
ago?

58
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