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Dynamical Systems
The dependence of the solution on initial conditions is
just as important as its dependence on time.
xeR", &£eR", f:R">R"
x=f(x)
intital value problem x(0)=¢&
The initial value problem generates a flow
p:R"xR—>R"
with properties
intital condition ~ ¢(&,0)=¢
"group property"  (p(£,1),5)= (&t +5) 3
If we start the system at state ¢ and follow the solution for time ¢, then

restart the system at the new state and follow the solution for time s,
we end up at the same state as starting at ¢ and following for time #+s.

o(n.5)=p(&t+s)

n=p(&1)
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"Phase Plane"
Example: "stable nodes"
i{x}i{a 0:|[x} X=ax
o R
w 't = bt
R 20)=x, 7)) e
Clo-L]
y Yo »(0)=y,
a<b<0 a=b<0 b<a<0
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"Phase Plane"
Example: "saddles"

i|:x:|_|:a 0}[)5} X=ax
dily] |0 by y=by [{x‘]} ] |:xne“‘:|
? L=

X X x(0)=x,

HESM

y B Y(0)=,
unstable
manifold

stable
manifold

b<0<a

a<0<bh
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"Phase Plane"
Example: "unstable nodes"
i[x}i[a 0}[):} X=ax
dily| |0 by y=by [{x‘]} ] |:xne“‘:|
4 o= b
x X x(0)=x, Yo Vo€
Co-[3]
v Yo (0) =y,
y y
X X X
a>b>0 a=b>0 0O<a<b
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Matrix Notation
dx—a xX+a,y
>, T % 12.
d [N S I LTI G
dy y a4y Ay dt
E:“u«“*“zzy

Amazingly, the solution is

x(1) = e'x,

Example
dx
—=ax
dt x*x AiaO ixian
D _py > Xl o os > aly o sl
dt
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Eigenvalues Eigenvalues

Av=2Av (v;tO)

The number A is called an eigenvalue and the vector v is called an eigenvector. Example
Example A= 12
10

i)
HEHM HEHEH
A Sl

1 1
a and B are eigenvalues with corresponding eigenvectors[ ] and { }

AR HENEH
Gl

2 -1
2 and —1 are eigenvalues with corresponding eigenvectors [l} and { | ]
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Eigenvalues Eigenvalues
What are they good for? Example
To find solutions of /
—=ax 0
P ; il ol
dt dy —py dt|y 0 Blly
If A isan eigenvalue of 4 with corresponding eigenvector v, dt
then x(¢) =e™v is a solution. A= a 0 cigenvalues: a and S
“lo B . 1 0
Proof: eigenvectors: 0 and N

& =deMv=eAv=e"Av= A(e”uv) =Ax
dt

10 11
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Eigenvalues Eigenvalues
Example More good news:

& _ x+2y
T ) 1 2>
dt d)x = * If x=¢,(t) and x =¢@,(t) are solutions of ax = Ax,
dy _ dt|y 1 0|y dt
ar x then x(¢) = ¢,,(1) + c,p,(t) is also a solution for arbitrary constants ¢, and c,.

i lues: 2 and -1

4= 12 eigenvalues ang Proof:
Lo i tors: 2 and - dx _d
eigenvec . .
€ 1 1 5= a0+ eno)
2 - = e () + ¢, (1) = ¢, A, (1) + ¢, A, (1)
) x 5|2 2e x ! —e
Solutions: (t)=¢ =", | and N=e =, = A(ep (D) +c,p, (1))
Y 1 e’ Y 1 e —dx

12 13
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Eigenvalues Eigenvalues
Example Example

dx dx 2y

AN A A 1§
Ay _ dt|y 0 plly dy _ dt|y 1 0]y
a P a "

2 ~
at 0 Solutions: {x}(t) = {222, } and [1(:) = {_eﬁ :|
Solutions: N = ¢ and N = Yy e y e
¥ 0 y P

. x 2¢” — | [2c —cye
X oo 0 e General solution: O=c| , |+l | |= L
General solution: )=¢ G| 4= Y e e e’ +c,e
y 0 1% c,e”
pr x(1)=2c,e* —cye”
x(t) =ce a ,
) B y(t)=ce” +ce
y(1) = cye
@ Math 5421 3/2 @ Math 5490 10/26/2023
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Eigenvalues Eigenvalues
Av=Av The roots of the characteristic polynomial are the eigenvalues.
How do we find the eigenvalues? Example
Av=2v = Av-Av=0 = (A-ADv=0 Az[a 0}
0 s

For (A-AI)v=0 to have a nontrival solution v+ 0, we must have

O:det(A—,m:det[a;]” 0 }:(a—l)(ﬂ—l)

1 "
Characteristic Polynomial The eigenvalues are the roots of (1—a)(1— ) =0, namely,

The roots of the characteristic polynomial are the eigenvalues of A. a and .
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Eigenvalues Eigenvalues

In general
Example

A= {a” alz}
y Ay

iy N
ll” e }:(‘111_2’)(‘222_1)_‘1”‘121

o]

O:dct(A—)J):dct[
1-4 2
O:det(A—ll)zde{ ) 0_/{]:(1—1)(0—1)—2

y ay -4

= 2% = (ay, K@)+ ayay - ayay,

= =A-2=(1-2)(A+]) =A% —trace(4)A +det(4)
=A-1+6
The eigenvalues are the roots of (41 —-2)(4A+1)=0, namely,
8 ( N ) 4 . T2 —45
2 and -1. The eigenvalues are 1= )

realif 77 -46>0
complex if 7°-45<0

@ Math 5421 3 5 @ Math 5421
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Eigenvalues

Example
12
A=
7 =trace(4)=1+0=1
S=det(4)=1-0-2-1=-2

det(A—Al)=A>—tA+5=A—A-2

TN —48 14417 —4(-2) REXC

2 2 2
2 and -1

N‘H—
w2

Math 5421 3/2
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Eigenvalues

A=2, h=-1 +— eigenvalues

2}
1
corresponding
eigenvectors

st
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Eigenvalues

0 -2
- =1, 4L=-2
4 [1 73} A %

+— eigenvalues

corresponding
eigenvectors
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Eigenvalues

Av=Av

How do we find the eigenvectors?
Av=lv = Av-Av=0 = (4-A)v=0
If we have an eigenvalue 4 we can find a corresponding eigenvector by solving

(A=Al =0

for a nontrival solution v.

21
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Eigenvalues

Example
dl:—Z 0 -2 0 -2
st M NS
tLy =]y Y -
d—y=x—3y
dt

7 =trace(4)=0-3=-3
S=det(4)=0-(-3)-(-2)-1=2

det(A= Al =2 —tA+5=A+31+2=(A+1)(1+2)

The eigenvalues are
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Eigenvalues

Example

& 0 -2 0 -2
A i i NI i

Ly -y y -
Q:xfi%y
dt

eigenvalues: -1 -2

. 2] [1

eigenvectors:

i)

Solutions:

[X} : [2] {X] 72[[1]
(H)=e and (H)=e
y 1 ¥y 1
. X 2¢7" e [2ee +ce™
General solution: (H=¢ ol 1=

y e’ e

~t 2t
e +ee
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Eigenvalues Eigenvalues
" Example A:ﬁ 701} A =i, A=-i +——— eigenvalues
A Mt W W
dy dt|y I 0]y ¥y 10 _ _ e o corresponding
;—x A-21= 0-4 ! }:[0 ! 1.i|:{ ! 1:’ eigenvectors
I 0-4 1 0-i 1 -

7 =trace(4)=0+0=0
S=det(4)=0-0—(-1)-1=1

det(A—Al) =" —tA+5 =2 +1=(A—-i)(A+i)

The eigenvalues are

Math 5421 Math 5421
Dynamical Systems Dynamical Systems
Eigenvalues Eigenvalues
Example i Example
dx o
“a__ ==y —
WAoo AT A ) ¥ S
dy dt|y] |1 o]y y 10 d_ . dt[y] [1 0]y y 1o
T dt
cigenvalues: 7 . eigenvalues: i —i
) i i eigenvectors: ! -
eigenvectors: | ) 1 1
Reality Check: Solutions: F}(t) =" {l] and {x:|(t) =" |:7l}
y 1 y 1
0 -t -1 =i i 0 —h=n)_ |-t i - . x ie" —ie | |ice" —ic,e™
1 0ll1 i 1 1 oll1 i 1 General solution: )=¢|  |+c = \ L
y e e e +cye”
@ Math 5421 3/27/2025 @ Math 5421 3/27/2025
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Eigenvalues Eigenvalues
e Example Example
g — 0 -1 dx
dt dfx|_ 0 ~Ijx _4* A:{ } 7=*y dlx 0 -1 x x 0 -1
dy dt|y| |1 o]y y Lo 4 —|"|= =4 A=
Skl dy _ dt|y] [1 0]y y Lo

x
. X ie'

General solution: [ ](1) =q
y e’

t

é' e

3 —ie™" | |ice" —ice™ dt
I it it -t . it P
e ¢’ +cpe R x ie —ie ice” —icye
1 General solution: () =¢ +c, . 17 P "
| . . E(e” +e™) cost y e +oe
Let ¢, =—, ¢, =——. Then ()= =
2t i v

) B sint
—(e"—e™) x cost —sint
L2 Or (y=a| . |+b
L(en ) . y sint cost
1 X 2 —sint
Let ¢, =c, =—. Then )= =
2 y l(er’r+eil) cost
2
@ Math 5421 3/27/2025 @ Math 5421 3/27/2025
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Eigenvalues

Alternate Approach
Q ==y
dt Let z=x+iy. Then e &L
dy dt dt dt
Dy
dt

Solution:

32

—y+ix=

6, it i(6,+1)

z(t) = zoe =rnee" =re

Let z=re". Then & ﬁe’s +rie” = 0 =iz =ire®
dt dt
g+rl?—0+1r ﬁ:() 6 =
d d dt Solution: 0
do ) =0, +1
dr

Math 5421 3/2
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Coordinate Change

i)

where S = { !

V2
Then S—
dt [ ]

!

il L)

NN

Suppose that v = [vl ] and u= {ul } are linearly independent eigenvectors of A
V2 L]

with corresponding eigenvalues A and x . Introduce new variables & and 7 :

plreem e G L0
y y vag gty Vo Uy L7 n

Math 5421 3/2
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Coordinate Change

S:[v‘uj Av=Av Au=pu

AS:A[v‘u]:[Av ‘Au]:[/lv ‘;m]:[v ‘u][;l 2}

36

bl = L) = el

SA

Math 5421 3
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Summary So Far

X
—=apxtay

dt X{x] A:[a“ alz} ax_

dy

g ayXx+ayy 7

dy Ay

Eigenvalues and eigenvectors
Av=2Av (v * 0)

If v and u are linearly independent eigenvectors
with corresponding eigenvalues A4 and x,
then the general solution is
X(1) = ie™v + cpetu
where ¢; and ¢, are arbitrary constants.

Linear independence: one is not a multiple of the other.
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Coordinate Change
4] = L = feed]
dt|y v v n dt|n n
S:[v‘u] Av=2Av Au=puu
A0
AS = A[v ‘u]:[Av ‘ Au]:[lv ‘,uu]:[v ‘u]{o y}:SA

/ \ .

7
A[v \u]: ay ap |4 [M‘F"]:L"z 1}
) an |2 U

Huy

wow |40
:{“n"l*alz"z “11"1*“12“2] “n 0 u

b "][0 J

Ay +anvy Ay t+anty

:[Av ‘Au}

Math 5421
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Coordinate Change

4] = [ = o)

S:[v‘u] Av=Aiv Au=pu
AS = A[v u] [Av ‘Auj [ﬂ.v ‘yu} [v u]{o /J*SA
A=57"4s

AR

Math 5421
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Coordinate Change

Example
dx .
—=x+2 eigenvalues: 2 and
a7 {1 2} ¢
A, 1o
dt

572—1
-1 B!

2 -1
eigenvectors: and . 2.0
! ! o o

_ (€2 -E] [ -n x=2¢-n
vl Tl e ] L gen y=&+n

- , a¢
4 x+2y c=26-p 5:25
b_y y=£&+n dn _
dt P
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Coordinate Change
Example
i dz .
dx o % =iz
—=-y xX=iz—iw >
o = =z+w dw .
dy r= = =iw
=X dt
dt
5 . Note that one of these equations is redundant.
z=y—ix _
= w=zZ
2w=y+ix
dx dr -0
a7 dz _. d
—=iz
d_ . de a9._,
dt dt
Cartesian complex polar
@ Math 5421 3/27/2025
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Coordinate Change
dx
oy Then E:ﬂﬂ'd—y
Let z=x+iy. dtdt dt
ﬂ:(gx-'.ay =ax — oy +iox +iay
dt =(a+iw)(x+iy)
Solution:  z(1) = zpe ) =yl aHON _ p pat i (@1+0)
Let z=re”.
d _dr o pd S -
Then —=—¢€" +rie” —=(a+iw)z =(a+iw)re" dt . () =rne
dt dt dt Solution:
do O(1) =6+ ot
ﬂ+}'iﬁ—(a+iw)r i
de ' dt dr

42
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Coordinate Change

Example
dx . !
—=- eigenvalues: i —i S= [
a7 PR ¢ - 1
dy _ X oo eigenvectors: ! ! i
dt 1 A=
0

x _s z| |1 |z _|iz-iw X=iz—iw
¥y w1 w] | zew y=z+w
dx dz .
—=-y —=iz
dt X =iz—iw dt
ﬂ:x y=z+w ﬂ:—iw
dt dt
@ Math 54
Math 5421
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Coordinate Change
Example

g:ax—w

a Y ix:afmx:Ax A:a*m
dy dt|y o ally ¥ o a
E:wxﬂzy

7 =trace(d)=a+a=2a
§=det(A)=a’ + o’

det(A-Al)=A"-1A+8=2"-2a+a’ +&"
VT —48  2atv4d’ -4d’ 40’
2

The eigenvalues are A= atio

2

41
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Complex Eigenvalues

If A4 is a matrix with real elements and
if A is an eigenvalue of A with corrresponding eigenvector v,

then 4 is an eigenvalue of A with corresponding eigenvector v.

Av=Av = AV=AV = AV=v

43
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Stable Spirals
ﬁ:A)c
dt
A_()_l A_—2 -1 _—2 1
1o - R 1 . IS .
Z iz TR Z = (-2-0)z
¥ dt y dt
x A
stable spirals
- -2t -2t
rt)=r, center r(t)=re r(t)=re
O(t)=6,+1t O(1) =06, +1t

0=,

44

—4+3 2 -1 2
A+31= -
{ 1 75+3] {1 72}
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Coordinate Change
Example

dx
dy daily] |1 5]y ¥ 1 -5
—=x-5y
dt
7 =trace(A)=-4-5=-9
S =det(4)=(-4)-(-5)-2-1=18

det(A—Al) =2 —tA+5 =22 +9A+18=(A+3)(1+6)
The eigenvalues are A=-3 and A=-6.

—4+6 2 2 2
A+6I= =
1 -5+6 11
-1
A==6 v=
1

2 -1 -
S= A= 300 SA=4S A=S"'4S
11 0 -6

341 4 2 4
A+1= =
B

Math 5421 3/27/2025
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Coordinate Change
Example

NN

dx
—=-3x+4y
dt 7

_ AZ{—} 4}
dl=—2x+3y 23
de 7= trace(d) = —3+3=0
5=det(4)=(-3)-3-4-(-2) =-1

det(A— AN =A"—tA+8=A"~1=(A+1)(A-1)

The eigenvalues are A=-1 and A=1.
3-1 4 4 4
A-T= =
[72 371] Lz z}
1
A=1 v=
i

21 10 "
S= A= SA=AS A=S"'4S
11 0 1

48
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Unstable Spirals

ﬁ: Ax
dt
A{o 1} A_{z 1} A{z -1
-1 0 d- ) -1 2 @ 1 @
R Z_@-iz E_Q+i)z
¥ y dt ¥ dt
x X N f &
unstable spirals
(1) =1, center (1) = rye* (t)=re™
0()=6,-t (1) = 0,1 O0(t)= 6, +1

Math 5421 3/27/2025
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Example dE

—==-3,

dx:-4x+2‘ dt d

di ¥ X 2 -1|[¢

S ¥ i M

dl=x_5y Y m dr 7

dt ﬂ

y
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Coordinate Change

N

Math 5421
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Coordinate Change

Example dé

= [H] = &

Math 5421
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Linear Systems Summary Linear Systems Summary
& =Ax & =Ax
dt dt
For linear systems of ordinary differential equations, For linear systems of ordinary differential equations,
the eigenvalues and eigenvectors tell us a lot. the eigenvalues and eigenvectors tell us a lot.
Reference They tell us solutions.
Kaper & Engler Mathematics & Climate If A is an eigenvalue with corresponding eigenvector v,
SIAM 2013, Chapter 4 then x(r)=¢™v is a solution.

They tell us simplifying transformations.
If 7, and 4, are eigenvalues of 4 with corresponding eigenvectors v, and v,,
0
if S=[v|v,],andif A= A s
0 4
then S7'4S = A.

50 51
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Coordinate Change Coordinate Change
L @ Example dé _ "
dt Z_ x4y ¥ T2 e dr
If 4, and 4, are eigenvalues of 4 with corresponding eigenvectors v, and v,, dt = { } =L IM } = dn _ .
A 0 L —2x+3y ‘ U dt 7
i §=[v|v.]andif A=| A , then S AS = A. dt ﬂ
dy dx dy y n
=8y = S—=—=A4Sy => —=5 ASy=A
YT T AT T v é
dxt becomes yt Much simpler. —
7; =ayX +anX, 7; =4y, * ¢

Math 5421 Math 5421
Dynamical Systems Dynamical Systems
2
Eigenvalues Saddles :
! H
dily y di| y ¥ . Ao A
2 traced +det = 0 j /
5 N One eigenvalue is positive, PR R N i ____________
det(A— A1) = 22 — trace(A) A +det(A) = A2 —td + 8 = (A= A )(A =~ 1) the other negative. :
5 trace/2 —>
="+ )A+ A, 5 H
y 2 1 o 2
Ay + Ay = trace(A) ’ bl
Ay = det(4) . !
2 i /L/ determinant
The trace is the sum of the eigenvalues, while the ¥ o : -
determinant is the product of the eigenvalues. \\i///
We can characterize the dynamic behavior using o "“'
the trace and the determinant. 7 !
2 -2 1 o 1 2

54 55
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Stable Nodes

d {.\]7 A{‘] My =8 = det(4)>0

dtly ¥ M+dp =1 = trace(4) <0
discriminant = r° =45 > 0

Both eigenvalues are negative. trace/2

y 2

determinant
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Unstable Nodes

Ay = 5 £ det(4)> 0
A+ Ay =7 = trace(4) > 0 A=
4550

Both eigenvalues are positive. // trace/2

y 2

determinant

\;\ __________ -

(IR 5 N

Math 5421
Dynamical Systems

@ Saddle Points
)
£
5
|
-t
2
% s s o4 w2 0

determinant

Richard McGehee, University of Minnesota
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Stable Spirals
Aidy =54 det(4)> 0

Eoth eigenvalues are complex, //

with negative real part.

trace/2

determinant

57
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Unstable Nodes

indy = 5 £ det(A)> 0
A+ Ay =7 =trace(4) >0
4550

Both eigenvalues are positive. /

y 2

A -d+5=0
A= TENTT-48
2
trace/2

determinant

Math 542
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Degenerate Cases
Ay = det(4) =0

One of the eigenvalues is zero,
A+ Ay =trace(4)=7>0

the other positive.

—— s

dv _ . —_—

dt Saddie Points
—_—— s

d

9 _o

dt RSP S
74—,_

rest points =

61

10
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My =det(4)=0
X+ Ay =trace(4) =7 <0

—_—

& ’ )

dt
—_—

dl =0

dt _ s
74_&

rest points

Math 5421
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Degenerate Cases

One of the eigenvalues is zero,
the other negative.

A + Ay =trace(4) =0
iy =det(4)=5>0

Saddie Points

3/27/2025
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Degenerate Cases

Imaginary pair of
i lues

<

center

JiAy =8 = det(4) > 0
A+ Ay =7 =trace(4) >0
2 -45=0

Saddie Points

Math 5421
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Degenerate Cases

Positive double eigenvalue.
Only one eigenvector

degenerate unstable node

My =0 =det(4)>0
A+ Ay =7 =trace(4) <0
2-45=0

Saddie Points

Math 5421
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Degenerate Cases

Negative double eigenvalue.
Only one eigenvector

degenerate stable node

=ayX+a,y

dt

Y _
— Ty Xt ayy

dt

We have now classified
(given names) to the
most common possible
behaviors of two
variable linear systems.

66
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2

Saddle Points

trace

-2
1 a8 08 04 a2

Classification of Two Variable Linear Systems

02

determinant
Kaper & Engler, 2013
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