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Dynamical Systems

The dependence of the solution on initial conditions is 
just as important as its dependence on time.
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with properties

intital condition

"group property"

If we start the system at state  ξ and follow the solution for time  t , then 
restart the system at the new state and follow the solution for time  s , 

we end up at the same state as starting at ξ and following for time  t+s. 
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Classification of One Variable Linear Systems

dx
ax

dt


0a 

0a 

0a 

sink
stable rest point

unstable rest point

all points resting

source

degenerate

0a 0a  0a 

sink source

degenerate

Let's back up.
What is the classification of one variable linear systems?

Math 5421

Math 5421  4/1/2025

Dynamical Systems

Classification of One Variable Linear Systems

to ?
dx dx

ax bx
dt dt

 

Can we transform one linear equation into another with a 
linear change of variable?
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Classification of One Variable Linear Systems

to ?
dx dx

ax bx
dt dt

 

Can we transform one linear equation into another with a 
linear change of variable?

Let's try.

dx d
x c c ax ac

dt dt

     
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Dynamical Systems

Classification of One Variable Linear Systems

to ?
dx dx

ax bx
dt dt

 

Can we transform one linear equation into another with a 
linear change of variable?

Let's try.

dx d
x c c ax ac

dt dt

     

Cancel c.

d
a

dt

 
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Classification of One Variable Linear Systems

to ?
dx dx

ax bx
dt dt

 

Can we transform one linear equation into another with a 
linear change of variable?

Let's try.

dx d
x c c ax ac

dt dt

     

Cancel c.

d
a

dt

 

no change!

Only if  a = b !

No!
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Algebraic Classification of 
One Variable Linear Systems

dx
ax

dt


They are all different.
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Algebraic Classification of Two Variable Linear Systems

dx dx
Ax Bx

dt dt
 

Assume that there are two distinct eigenvalues for both A and B.

If the eigenvalues of A are the same as those of B, then the two systems 
are algebraically equivalent, i.e., one can be transformed to the other by a 

linear change of variables.

If the eigenvalues of A are different from those of B, then the two systems 
are not algebraically equivalent, i.e., one cannot be transformed to the 

other by a linear change of variables.

The situation is more complicated for double eigenvalues.
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Coordinate Change

Example

3 4

2 3

dx
x y

dt
dy

x y
dt

  

  

2 1

1 1

x

y




     
     

     

d

dt
d

dt

 

 

 



η

ξ

y

x

Algebraic Classification

These two systems "look the same" from a 
linear algebra perspective, because one can be 

transformed to the other with a linear 
coordinate change.
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Why not?

Example

2

2

dx
x

dt
dy

y
dt

 



d

dt
d

dt

 

 

 



η

ξ

y

x

Algebraic Classification

These two systems do not "look the same" from 
a linear algebraic perspective, because one 
cannot be transformed to the other with a 

linear coordinate change.

There is no linear coordinate 
change that transforms one 

system to the other.
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Dynamical Systems

Why not?

Example

2

2

dx
x

dt
dy

y
dt

 



d

dt
d

dt

 

 

 



Algebraic Classification

There is no linear coordinate 
change that transforms one 

system to the other.
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Why not?

Example

2

2

dx
x

dt
dy

y
dt

 



d

dt
d

dt

 

 

 



Algebraic Classification

There is no linear coordinate 
change that transforms one 

system to the other.

d d
S S AS

dt dt

  
  
     

      
     

1d
S AS

dt

 
 

   
   

   

Let  be a nonsingular matrix, and let .
x

S S
y




   
   

   
x xd

A
y ydt

   
   

   

 and    have the same eigenvalues.-1A  S AS

Why?

eigenvalues
-2, 2

eigenvalues
-1, 1
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Algebraic Classification

 and    have the same eigenvalues.-1A  S AS

Why?

       1 1 1 1 1 1 1 1

1

Let  be an eigenvalue of  with corresponding eigenvector ,

and let  be a nonsingular matrix.  Then

,

so  is an eigenvalue of  with corresponding eigen

A v

S

S AS S v S A SS v S Av S v S v S v

S AS



  



       



    
1vector .S v

Therefore, if   can be transformed to  by a linear coordinate change,

then  and  must have the same eigenvalues.

dx dx
Ax Bx

dt dt
A B

 
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Why not?

Back to Example

2

2

dx
x

dt
dy

y
dt

 



d

dt
d

dt

 

 

 



Algebraic Classification

There is no linear coordinate 
change that transforms one 

system to the other.

2 0 1 0
 has eigenvalues 2 and 2, but  has eigenvalues 1 and 1.

0 2 0 1

    
    

   

There cannot be a linear coordinate change transforming 
one system to the other system.
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Topological Classification

2

2

dx
x

dt
dy

y
dt

 



d

dt
d

dt

 

 

 



η

ξ

y

x

These two systems do not "look the same" 
algebraically.

But they "look the same" to a 
topologist.
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Topological Classification

What do we mean when we say that two 
systems look the same to a topologist?

dx
Ax

dt


d
B

dt

 topologically conjugate?

These two systems are topologically conjugate if there is a 
continuous coordinate change taking one system to the other.

( ) transforms   to .
dx d

x f Ax B
dt dt

   

Precisely what this means is beyond the scope of this course.
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For one variable, all sources are topologically conjugate.

, 0
dx

x
dt

  

 
0

Let  
0

u uu
x u

u u u






   
  

Topological Classification

14 15

16 17

18 19
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For one variable, all sources are topologically conjugate.

, 0
dx

x
dt

  

   

    

1 1

1

dx du du
u u

dt dt dt

x u u u

 

 

 

  

 



       
 

     

1

1

dx du
u

dt dt

x u u u



 



  







  

 
0

Let  
0

u uu
x u

u u u






   
  

Topological Classification

du
u

dt
 du

u
dt



0 :u  0 :u 
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For one variable, all sources are topologically conjugate.

, 0
dx

x
dt

  

u
x u

u


   

    

1 1

1

dx du du
u u

dt dt dt

x u u u

 

 

 

  

 



       
 

     

1

1

dx du
u

dt dt

x u u u



 



  







  

dx
x

dt


 
0

Let  
0

u uu
x u

u u u






   
  

du
u

dt


Continuous, 
but not smooth at  0.

Topological Classification

du
u

dt
 du

u
dt



0 :u  0 :u 
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For one variable, all sinks are topologically conjugate.

0
dx

x
dt

   

0
dx

x
dt

   

 
0

Let  
0

u uu
x u

u u u






   
  

du
u

dt
 

Continuous, 
but not smooth at  0.

Topological Classification

du
u

dt
 

du
u

dt
 

1

1

dx du
u

dt dt

x u u u



 



  







     

0 :u     

    

1 1

1

dx du du
u u

dt dt dt

x u u u

 

 

 

  

 



       
 

        

0 :u 

u
x u

u

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Topological Classification for 
One Variable Linear Systems.

There are exactly three classes.

1. sources:  ( a > 0 )  All sources are topologically conjugate.

2. sinks: ( a < 0 )  All sinks are topologically conjugate.

3. degenerate: ( a = 0 ) Only one case.

dx
ax

dt

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If neither eigenvalue has zero real part, then the system is called 
hyperbolic, in which case, there are only three classes:

1. saddles:  One positive eigenvalue and one negative.  The determinant 
is negative. 

Any two saddles are topologically conjugate.

2. sources:  Both eigenvalues have positive real part.  The determinant is 
positive, and the trace is positive.  

Any two sources are topologically conjugate.

3. sinks: Both eigenvalues have negative real part.  The determinant is 
positive, and the trace is negative.  

Any two sinks are topologically conjugate.

Topological Classification of Two Variable Linear Systems

Nonhyperbolic systems are more complicated.
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Dynamical Systems

tr
ac

e

determinant

Classification of Two Variable Linear Systems

sinks

sourcessaddles

20 21

22 23

24 25
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Topological Classification

Sometimes, we only 
care whether a rest 

point is a sink, a 
source, or a saddle. tr

ac
e

0

0
determinant

saddle

source

sink
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Dynamical Systems

one eigenvalue 0, the 
other positive

tr
ac

e

0

0
determinant

hyperbolic

hyperbolic

hyperbolic

Topological Classification: Degeneracies

one eigenvalue 0, the 
other negative

both eigenvalues 0

purely imaginary 
eigenvalues

The determinant is the 
product of the eigenvalues.  
When it is zero, at least one 
of the eigenvalues is zero.

When the trace is zero and 
the determinant is positive, 

the characteristic 
polynomial is

2 0,  
which implies that the 
eigenvalues are purely 

imaginary and therefore 
have real part zero.

Math 5421
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2

-2 -1 0 1 2
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Topological Classification

tr
a

ce

0

0
determinant

saddle

source

sink

-2

-1

0

1

2

-2 -1 0 1 2

determinant

trace/2

Saddles : det < 0
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Dynamical Systems
tr

a
ce

0

0
determinant

saddle

source

sink

Topological Classification

Saddles : det < 0
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tr
a

ce

0

0
determinant

saddle

source

sink

determinant

trace/2

Sources 

det > 0,  trace > 0

-2

-1

0

1

2

-2 -1 0 1 2

-2

-1

0

1

2

-2 -1 0 1 2

Topological Classification
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tr
a

ce

0

0
determinant

saddle

source

sink

Sources 

det > 0,  trace > 0

Topological Classification

26 27

28 29

30 31
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tr
a

ce

0

0
determinant

saddle

source

sink

determinant

trace/2

-2

-1

0

1

2

-2 -1 0 1 2

-2

-1

0

1

2

-2 -1 0 1 2

Topological Classification
Sinks 

det > 0,  trace < 0
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tr
a

ce

0

0
determinant

saddle

source

sink

Topological Classification
Sinks 

det > 0,  trace < 0
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Topological Classification

All sources look the same to a topologist.
Everything leaves.
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Dynamical Systems

All sinks look the same.
Everything approaches the 

origin asymptotically.

Topological Classification
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Continuous, 
but not smooth at  (0,0).

The two systems are topologically conjugate.

2

2

dx
x

dt
dy

y
dt

 



du
u

dt
dv

v
dt

 



There is no linear coordinate 
change that transforms one 

system to the other.

Topological Classification

Example

Apply the transformations in previous slides in the one variable case, 

once with 2,  and once with 2.   

x u u

y v v





2

2

dx
x

dt
dy

y
dt

 



du
u

dt
dv

v
dt

 



However, there is a continuous coordinate 
change that transforms one system to the other.
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What about spirals?

( 1 )
dz

i z
dt

  

logi i wz w w e w 

Continuous, 
but not smooth at  0. dw

w
dt

 

Topological Classification

32 33

34 35

36 37
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     

 

2 1 2 12 2
2 2

2 2

1

1

(1 ) (1 )

i ii ii i

i ii i

i

dz
z w ww w w w

dt
w

w w w w
w

i z i w w

    

  

     





Computation

( 1 )
dz

i z
dt

  
 2 12 2( )i ii iz w w ww w w w  

dw
w

dt
 

 
 

2 2

2 2

1 (1 )

1 (1 )

2

i i

i i

ww ww i ww

ww ww i ww

ww ww ww

    

      

  







Multiply by  
i

w w

complex conjugate

add

2ww ww ww   

   2 2
1 2 (1 )

(1 )

i iww ww ww i ww

ww iww i ww

      

   

 

 ww ww
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What about spirals?

( 1 )
dz

i z
dt

  

logi i wz w w e w 

Continuous, 
but not smooth at  0. dw

w
dt

 

Topological Classification

These two systems are 
topologically conjugate.
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tr
ac

e

0

0
determinant

saddle

source

sink

Math 5421

An Introduction to
Mathematical Climate Models
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Earth’s Heat Imbalance

Earth's Heat Imbalance

https://www.nasa.gov/centers-and-facilities/langley/joint-nasa-noaa-study-finds-earths-energy-imbalance-has-doubled/
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Earth’s Heat Imbalance

Earth's Heat Imbalance

https://www.nasa.gov/centers-and-facilities/langley/joint-nasa-noaa-study-finds-earths-energy-imbalance-has-doubled/

1.2 Wm-2

0.5 Wm-2

38 39
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Earth’s Heat Imbalance

James Hansen

https://en.wikipedia.org/wiki/James_Hansen
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Earth’s Heat Imbalance

James Hansen
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Earth’s Heat Imbalance
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Earth’s Heat Imbalance

James Hansen, et al, Earth’s Energy Imbalance: Confirmation and Implications, SCIENCE 308 (2005), p. 1431
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Earth’s Heat Imbalance

James Hansen, et al, Earth’s Energy Imbalance: Confirmation and Implications, SCIENCE 308 (2005), p. 1431

What's this?
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Earth’s Heat Imbalance

What is a watt-year?

A watt is a unit of power, or energy per unit time, i.e., 
one joule per second.

A year is about 3.14×107 seconds, so a watt-year is about 
3.14×107 joules.

What is a watt-year per square meter?

About 3.14×107 joules per square meter.

If the heat imbalance at the Earth's surface is one watt per square 
meter, then the energy imbalance over the course of a year is about

3.14×107 joules per square meter.

Earth's surface area: about 5.1×1014 square meters.

If the heat imbalance at the Earth's surface is one watt per square 
meter, then the energy absorbed over the whole Earth is about

1.61×1022 joules.
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James Hansen, et al, Earth’s Energy Imbalance: Confirmation and Implications, SCIENCE 308 (2005), p. 1431
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How much heat does it take to melt enough of the ice sheets 
to raise the sea level by one meter?
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How much heat does it take to melt enough of the ice sheets 
to raise the sea level by one meter?

Assumption:  Ice starts at -10°C and ends up as ocean water at +15°C.
Hansen: About 1.5×1023 joules ≈ 9.3 Wyr/m2
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How much heat does it take to melt enough of the ice sheets 
to raise the sea level by one meter?

How long does it take to melt enough of the ice sheets to 
raise the sea level by one meter?

Assumption:  Ice starts at -10°C and ends up as ocean water at +15°C.
Hansen: About 1.5×1023 joules ≈ 9.3 Wyr/m2
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How much heat does it take to melt enough of the ice sheets 
to raise the sea level by one meter?

If the heat imbalance at the Earth's surface is one watt per square meter, 
and if all the heat imbalance goes toward melting the ice sheets,

then the time required to raise the sea level one meter is
9.3 years.

meters per year: 1/9.3 = 0.108 m/yr 
= 10.8 cm/yr = 1.08 m/decade = 10.8 m/century

How long does it take to melt enough of the ice sheets to 
raise the sea level by one meter?

Assumption:  Ice starts at -10°C and ends up as ocean water at +15°C.
Hansen: About 1.5×1023 joules ≈ 9.3 Wyr/m2
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