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Motivation



Rate-Induced Tipping

https://slideplayer.com/slide/6269988/



Start with the autonomous differential equation:

Replace 𝜆 with Λ rt and fixed 𝑟 > 0.

Specifically assume:
1. 𝜆! < Λ(𝑟𝑡) < 𝜆" ∀𝑡.
2. Λ 𝑟𝑡 → 𝜆! as 𝑡 → −∞ and Λ 𝑟𝑡 → 𝜆" as 𝑡 → ∞

Rate-Induced Tipping
�̇� = 𝑓(𝑥, 𝜆)

This leads us to a nonautonomous system: �̇� = 𝑓(𝑥, Λ rt )

𝑡

Λ(𝑟𝑡)

Ashwin, P., Wieczorek, S., Vitolo, R., & Cox, P. (2012). 



Rate-Induced Tipping
We convert back into an autonomous system.

Approach:
If Λ is invertible, you can find an explicit expression for Λ̇, in terms of Λ.

*Compactification
Wieczorek, S., Xie, C., & Jones, C. K. (2021)



Rate-Induced Tipping Example 1
𝑟 > 𝑟!𝑟 < 𝑟!

�̇� = −1(𝑥 − Λ rs )(x − Λ rs − 1)(x − Λ rs − 2)

𝜆" = 0, 𝜆# = 2

Λ(𝑟𝑠) Λ(𝑟𝑠)

𝑥 𝑥



Rate-Induced Tipping Example 2

Rothman
Characteristic disruptions of an excitable 

carbon cycle (2019)



Rate-Induced Tipping Example 2

𝑟 > 𝑟!𝑟 < 𝑟!



Noise-Induced Tipping
Modifying                        to include the possibility of random effects, consider:

𝑑𝑥 = 𝑓 𝑥, 𝜆 𝑑𝑡 + 𝑔 𝑥, 𝑡 𝑑𝑊
�̇� = 𝑓(𝑥, 𝜆)



Noise-Induced Tipping
Modifying                        to include the possibility of random effects, consider:

Gradient system:

𝑑𝑥 = 𝑓 𝑥, 𝜆 𝑑𝑡 + 𝑔 𝑥, 𝑡 𝑑𝑊
�̇� = 𝑓(𝑥, 𝜆)

𝑑𝑥 = −∇𝑉 𝑥 𝑡 = 𝑥 − 𝑥# + 𝑥$ 𝑑𝑡 + 𝜎𝑑𝑊



Noise vs. Rate Tipping



The Interplay

The interplay between noise and a ramp 
parameter results in tipping of the system before 

the critical rate is reached.

How does the noise strength affect the most 
probable path?



The Model Problem- Intro
From Ritchie and Sieber (2016): 𝑑𝑥

𝑑𝑡 = 𝑥 + 𝑦 $ − 1

𝑦 𝑡 =
3
2
1 + tanh

3𝑟𝑡
2



The Model Problem- Intro
From Ritchie and Sieber (2016): 𝑑𝑥

𝑑𝑡 = 𝑥 + 𝑦 $ − 1

𝑦 𝑡 =
3
2
1 + tanh

3𝑟𝑡
2

𝑡

𝑦



The Model Problem- Intro

Now we are studying: 

𝑑𝑥
𝑑𝑡

= 𝑥 + 𝑦 $ − 1

𝑑𝑦
𝑑𝑡

= 𝑟𝑦 3 − 𝑦

(-1,0), (-2,3) are saddle points.
(1,0) is a repeller.
(-4,3) is an attractor.



Sample Trajectories
r=0.2 r=1 r=4/3

At 𝑟%, there is a heteroclinic connection between (−1,0) and (−2,3). 

Perryman and Wieczorek (2015) found that 𝑟% = 4/3 and that the connecting orbit is 
𝑥 = − &

#
− 1. 



Freidlin-Wentzell Theory
Rewrite as stochastic:

The most probable path is a curve 𝑟 𝑡 that minimizes the Freidlin-Wentzell
functional:

𝑑𝑥 = ( 𝑥 + 𝑦 $−1)𝑑𝑡 + 𝜎'𝑑𝑊' = 𝑓(𝑥, 𝑦)𝑑𝑡 + 𝜎'𝑑𝑊'

𝑑𝑦 = (𝑟𝑦(3 − 𝑦))𝑑𝑡 + 𝜎$𝑑𝑊$ = 𝑔(𝑦)𝑑𝑡 + 𝜎$𝑑𝑊$

𝐼 𝑟!, 𝑟" = %
#!

#" ̇𝑟! − 𝑓 "

𝜎!"
+

̇𝑟" − 𝑔 "

𝜎""
𝑑𝑡



Using calculus of variations results in the following Euler-Lagrange 
equations:

�̈�' = 𝑓& ̇𝑟$ + 𝑓𝑓(
�̈�$ =

)$$

)%$
−�̇�'𝑓& + 𝑓𝑓& + 𝑔𝑔&

We create a Hamiltonian system:

𝐻 𝑥, 𝑝, 𝑦, 𝑞 = 𝑓𝑝 + 𝑔𝑞 + )%$

$ 𝑝
$

Most Probable Path Equations

�̇� = 𝑓 + 𝜎'$𝑝
�̇� = −𝑓(𝑝
�̇� = 𝑔
�̇� = −𝑔&𝑞



𝐻 𝑥, 𝑝, 𝑦 = ( 𝑥 + 𝑦 $−1)𝑝 +
1
2𝑝

$

Most Probable Path Equations

�̇� = 𝑥 + 𝑦 $ − 1 + 𝑝

�̇� = −2 𝑥 + 𝑦 𝑝

�̇� = 𝑟𝑦(3 − 𝑦)



New Phase Space
𝐽 =

2(𝑥 + 𝑦) 1 2(𝑥 + 𝑦)
−2𝑝 −2(𝑥 + 𝑦) −2𝑝
0 0 3𝑟 − 2𝑟𝑦

(-1,0,0), (1,0,0) -- saddles, (0,1,0) -- center (-4,0,3), (-2,0,3) -- saddles, (-3,1,3) -- center

Eigenvalues: -2, 2, 3r Eigenvalues: 2, -2, -3r

y=0 y=3



Theorem
There exists a heteroclinic connection between the saddle points (−1,0,0) 
and (−2,0,3) that goes through the plane 𝑦 = −𝑥 at 𝑦 = $

"
for 𝑟 ≤ 𝑟% .

*We will show this is the most probable path!



Wazewski



Shooting Argument!

Wazewski



Shooting Argument!

Wazewski



Symmetry



The Model Problem- Conclusion



Simulations

p
p



Simulations



Simulations

𝑟 = 1, 𝜎 = .15

1000 realizations 923 do not tip 77 tip



Too Much Noisy Influence?
𝑑𝑥 = −∇𝑉 + 𝜎𝑑𝑊 = (𝑥"−1)𝑑𝑡 + 𝜎𝑑𝑊

𝑉 = −
1
3𝑥

# + 𝑥

𝔼 𝜏 ≈ 𝑒
"∆'
(# > 10!"

Without the ramp, tipping will be extremely rare! 𝑥

𝑡

Ramp only   – no tipping
Noise only   – tipping extremely rare
Interplay     – facilitates tipping on finite timescale



Considering the Action Value
3 ways to tip:

Action=5.33 r= 1.1, Action= .023
r= 1   , Action= .054
r= .75, Action= .226
r= .5  , Action= .684
r= .01, Action= 5.30*

Action=5.33



Expected Time to Tip?
Scaling law emerges! *Found using converged Monte Carlo simulations

Linear relationship in log-log space holds true for multiple 𝑟, 𝜎



• Some of the most costly natural disasters 
– Property damages and lives lost 

• Hurricane Dorian 
– ~ $7 billion, 400+ missing, reef damage 
– tourism and fishing industries  

• Further understanding needed 
– Formation, intensification, tracking, dissipation  
– Risk and damage prediction

Impacts of Tropical Cyclones

https://www.theatlantic.com/photo/2019/09/hurricane-dorian-damage-bahamas-
photos/597463/



Hurricane Problem

v

m

s

u

o

v – wind speed
m – inner core moisture
Vp – full potential intensity
c – wind shear



Noise-Induced Tipping

v

m



Noise-Induced Tipping

Can form or kill a storm!

v

m

v

m



Rate-Induced Tipping

Now assume ramping on the wind shear and max potential velocity



Rate-Induced Tipping
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Both wind shear and max potential velocity both increasing to kill a storm!

Can kill a storm but cannot form a storm! 



Rate and Noise Together

v

m



Rate and Noise Together
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m



Back to the Carbon Cycle



Back to the Carbon Cycle



Thank you!


