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What determines the Earth's surface temperature?

Black-Body Radiation

Stefan-Boltzmann Law temperature change ~ ene;r'gy in — energy out

el energy in from the Sun energy out from the Earth
elvin
watts per square meter F T4 0K=-273°C Simple Model
/ =0 — / = "absolute zero" Assume that Earth is a perfectly thermally conducting black body in
power flux (W/m?) temperature (K) thermal equilibrium, so
energy in = energy out .
Stefan-Boltzmann constant
watt = io"ule Pe’"sec""d o ~5.67x10° W/m?K* /-_5 energy in from the Sun energy out from the Earth
= power . Q=342 W/m* oT* Wim? 1

Reasonable approximation: e N %
Every body in the solar system radiates energy T=(342/0)" =(342/5.67x10%)" = - G:
according to this law. 279K = 6°C : 7

Earth's global mean temperature: Not bad!
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Budyko's Model Budyko's Model
temperature change ~ energy in — energy out
What determines the Earth's surface temperature?
. i dT 4
Simple Model heat capacity — > R—=0 —0oT
Assume that Earth is a perfectly thermally conducting black body. dt
400
ij energy in from the Sun energy out from the Earth 300
- 2 4 2 4
7 0=342 W/m oT* W/m N 1 P 200 R(dT/dt) = Q- T’ stable equilibrium
T=(342/0)" =(342/5.67x10™) = - G.ﬁ
3
279K = 6°C = 43°F - g o
[ Note that there is a differential equation lurking here. ] 0
temperature change ~ energy in —energy out e
-300
Rg =Q-oT* -400
. dt -60 -40 20 0 20 4 60
heat capacity T (Celsius)
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/ albedo / OLR insolation / OLR
W [ 4 i 4 o=
107 Wi Radiation Radiation
\ ‘ 342 W f 235 W 342 W f 235 W
Reftected by Clouds,
Amosphens Emittod by ’ o Emittod by f A
o 165, Atmespheric o gl ‘Atmospheric
Emitted by Clouds, wmm
& Nencopners TS & i S
24 (73 n f ‘ 2 (78 Ve f ‘
N \\‘{‘
Wa Wa
by, ‘ (G as0 a by, ‘ AN 350 a
30 30
390 390
Historical Overview of Climate Change Science, IPCC AR4, p.96 Historical Overview of Climate Change Science, IPCC AR4, p.96
http://ipcc-wgl.ucar.edu/wgl/Report/ARAWG P http://ipcc-wgl.ucar.edu/wgl/Report/ARAWGL Pri pdf
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Albedo Albedo
Not all the insolation reaches the surface. Some is Not all the insolation reaches the surface. Some is
reflected back into space. reflected back into space.
The proportion reflected is called the albedo, denoted « .
For Earth, = 0.3 .

The proportion reflected is called the albedo, denoted a
For Earth, =03 .

Simple Model
Assume that Earth is a perfectly thermally conducting black body,
but only 70% of the insolation is absorbed

=(0.7-0/o)"* =(07-342/5.67x10*)"
=255k

°C

F

Dynamics

dr
R—=0(1-a)-oT*
& o(-a)
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stable equilibrium
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Budyko's Model

Albedo Albedo
Simple Model Simple Model
Assume that Earth is a perfectly thermally conducting black body, Assume that Earth is a perfectly thermally conducting black body,
but only 70% of the insolation is absorbed. but only 70% of the insolation is absorbed.
7=(0.7-0/0)" =(0.7-342/5.67x10")""

=|255

8°C

7=(0.7-0/c)" =(0.7-342/5.67x10"%)""

=[255K =
Dynamics

R—-Q(l a)-oT*

°C

Dynamics
T 4
R—=0(l-a)-oT
Way too cold! dt Way too cold!
What happened to 57°F? What happened to 57°F?
[ 255 K is actually the photosphere temperature. ]
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Photosphere v insolation OLR
A photosphere is the deepest region of a luminous object, =] Tcoming 735 | Outgoing
usually a star, that is transparent to photons of \ by 3 % %
certain wavelengths. ‘
https://en.wikipedia.org/wiki/Photosphere Atmospheric Emitied by f 40
Window
. 1 Emitted by Clouds,
For the Earth, the photosphere is where the long N 7 Absorbed by - | _"\Gresnhouse
wave photons escape into space. It is high in the ~ &7 Atmosphere -~ S
atmosphere where the temperature is 255 K. = = W (ol f ‘
z N A
P —— i e N [ =
dt 30 ‘
390
T = photosphere temperature.
What about the surface temperature? Historical Overview of Climate Change Science, IPCC AR4, p.96
http://ipcc-wgl.ucar.edu/wgl/Report/AR4WGL Print CHOL.pdf
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OLR as a Function of Surface Temperature OLR as a Function of Surface Temperature
(Outgoing Longwave Radiation)
OLR = A+ BT
OLR = A+ BT
A and B are determined from satellite observations. Important:
T is surface temperature (in Celsius). A+BT is not a linear approximation to the Stefan-
A=202 Wm® Boltzmann equation.
B=1.90 Wm’K different
Kelvin Dynamics Kelvin — Dynamics /
Rdl —00-a) @ photosphere Rd—T —0(-a)-oT* photosphere
dt temperature @ a)-o temperature
Celsius ~ becomes Celsius — becomes
Rﬂ —0(-w) @ global mean dT global mean
- surface temperature R;=Q(l_a)_(A+BT) surface temperature
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/ insolation OLR Homogeneous Earth
Incoming 235 | Oulgoing Rd—T—Q(l—a)—(A+BT)
ol P = a
‘ e N Equilibrium Temperature: O(l-a)-A4-BT" =0
sossr /Pl o Ota) s
— 165, Atmospheric 3
Emitted by Clouds, 2 2 2
~ n.u-mby - I~ “""u nhouse Recall: Q =342 W/m?, A =202 W/m?, B=1.9W/m2K
Wikipedia: 0.30 < <0.35
24 (73 1
R a=030, I"=19.7°C=67°F
A
Ly ‘ T . Back =032, T =16.1°C = 61°F
30 a=033,T"=143°C=58F « potpodr
=0.35,7"=10.7°C=51°F
Historical Overview of Climate Change Science, IPCC AR4, p.96 Earth's global mean temperature:
http://ipcc-wgl.ucar.edu/wgl/Report/AR4WGl Print CHOL.p
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Homogeneous Earth

dr
RE-=0(1-a)~(4+BT)

Equilibrium Temperature: O(l-a)-A4-BT" =0
o Ql-a)-4
B
Is it stable?

dT
RZ:(Q(l—a)—A)—BT

Stable, since B>0.

@ Mathematics of Climate Semi
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Homogeneous Earth

dr
R% -=0(-a)~(4+ BT)

Equilibrium Temperature: O(l-a)-A4-BT" =0
- 0(1-a)-4
B

Current Earth: a=0.33, 7% =14.3°C = 58°F

Ice-free Earth: a=0.28, 7" =23.3°C = 74°F
uesses
8 — Snowball Earth: & = 0.62, " =-38 °C = -36°F

Why do we have ice caps?

If Earth was ever a snowball, how did we get out?

@ Mathematics of Climate Seminar 9/23/2025
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Why y?
oT(y.1) _

ot

R Os(y)(1-a)=(A4+BT(y,1))

Why do we use y = sine(latitude) instead of just latitude?

@ of Climate Semi
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Budyko's Model

Homogeneous Earth

dr
RE-=0(1-a)=(4+BT)

Equilibrium Temperature: O(l-a)-A4-BT" =0
o Ql-a)-4
B

Is it stable?
dT
R—=(0(-a)-A4)-BT
& (00 -a)-4)
Stable, since B>0.

What if Earth had more ice or less ice?
That would change the albedo a.

Mathematics of Cli e Seminar 9/23/20!
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Homogeneous Earth

R =Q(l-a)-(4+BT)
dt
What's missing?
Earth is not homogeneous. For example, it is warmer at the

equator and colder at the poles. The temperature should
depend on latitude.

Make T depend on y = sin(latitude)
OT (y,t
RELD_ 05(3)1-0) (4+ BT (1.1)
insolation distribution

s(y) = distribution across latitudes (Iol s(y)dy = 1)

Mathematics of Climate Seminar 9/2.
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Why y?

LD gy)1-a)-(4+ BT ()
O

R
Why do we use y = sine(latitude) instead of just latitude?

Because y is directly proportional to surface area.

h=sin(6) “
= =

7h |
\/

latitude Archimedes

http://mathworld.wolfram.com/ArchimedesHat-BoxTheorem.html

Mathematics of Climate Seminar 9/23/.
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Why y?
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Insolation Distribution

green = quadratic
approximation (Chylek &
Coakley)

fuchsia = formula using
obliquity of 23.5°

relative insolation

01 02 03 04 05 06 07 08
sine(latitude)

@ Mathematics of Climate Seminar 9/23/.
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Latitude Dependence
oT(y.1)
ot

Equilbrium Solution

Os((1-a)-4
B

R =0s(y)(1=a) = (4+BT(y,1))

Tung* ()=

temperature (Celsius)

20 ——ice free
Note that o =0.32is in the ———snowball
range of current Earth. 40
-60
* K.K. Tung, Topics in .
Mathematical Modeling, 0 02 04 06 08 1
Princeton U. Press, 2007 sin(latitude)

@ of Climate Semin:
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Budyko's Model

Latitiude Dependence
oT(y,t
R 0s(3)1-a) =+ BT 1.1
s(y) = distribution across latitudes (J‘o‘ s(y)dy = l)

One can show that 6 = obliquity = 23.4°

27 2
S()’)=%J' \/l—(\/l—y2 sinﬂcosé’—ycosﬂ) do
7"Jo

McGehee & Lehman, SIAM J. Applied Dynamical Systems 11 (2) (2012), 684-707.

Chylek and Coakley’s quadratic approximation:
s()=1-0241(3y" -1)
Chylek & Coakley, J. Atmos. Sci. 32 (1975), 675-679.
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Latitude Dependence

RELD _ 0s(3)1-c)~(4+ BT 3.1

Note that an equilbrium temperature 7 is a function
of y = sine(latitude), denoted 77(y)

Os(y)(1-a)=(4+BT"(y)=0
Os((

()
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Latitude Dependence

a =0.32: ice free
a =0.62: snowball

Current Earth has ice
caps, so we are in the

temperature (Celsius)
&
;5

ballpark.
-80
0 0.2 0.4 0.6 0.8 1
sin(latitude)
ice won't melt ice will form
(no exit from snowball) (icecap)
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Budyko's Model Budyko's Model
latitude latitude
RELD 0s(3)1-0) (4+ BT () R = 0u(y)1-a) - (4+ BTC)
insolation ~ albedo }LR insolation albe[do z}m
What'’s Missing? What’s Missing?

The Second Law of Thermodynamics

@ Mathematics of Climate Seminar @ Mathematics of Climate Seminar 9/
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Budyko's Model Budyko's Model
latitude latitude
oT(y,t oT (y,t
REED 05 1-a) - (4+ BTGu) R o) 1-a)- (4+ BTGu)
insolation  albedo OLR insolation  albedo OLR
What’s Missing? What'’s Missing?
The Second Law of Thermodynamics The Second Law of Thermodynamics
One simple statement of the law is that heat always moves It's hotter at the equator than at the poles, so heat moves from
from hotter objects to colder objects ... the lower latitudes to the higher latitudes.
https://en.wikipedia.org/wiki/Second_law_of_thermodynamics How?
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What’s Missing? What'’s Missing?

Thermohaline Circulation

Example

The Gulf Stream carries warm salty
surface water from the Gulf of Mexico
to the North Atlantic, where it cools,
becomes denser, and sinks, flowing
south in the deep ocean.

s ] Salinity (PSS)
£l

@ Mathematics of Climate Seminar
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What’s Missing?

Aliude (k) 15
A Tropopause in arctic zone s

B: Tropopause in temparate zane

Polar cell__

Mid-latitude cell

Hadley cell

Hadley cell

Mid-latitude cell

Polar cell

37
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What’s Missing?
311kl emarrn iy BBy NAGK

Satellite 10:16 AM EDI;
10:16/AM EDT:

Budyko's Model

What'’s Missing?
Weather!

A Tiopopause n arctc zome
B Topepase ntemparat zone

Polar cell__

Micklatiude cell

Hadley call

Saliity (PS5)
a £ W £}

Hadiey cell

Mic-itiude cell

Polar cell

Richard McGehee, University of Minnesota

The second law of thermodynamics

9/23/2025
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What'’s Missing?

Midlatnie cell

Warm air from the surface along the
equator rises and flows toward the e ool
poles in a series of cells moving heat

from the equator to the poles.
Hody cell

MicHatde cal

Poler el

@ Mathematics of Climate Seminar 9,
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What’s Missing?

Atlantic hurricanes move heat from the
equatorial Atlantic up the coast of North
America.
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Budyko’s Equation

R‘Z—f(y,rhgs(y)(l —a)—(4+BT(y,0){C(T(O)-T(».1))
\an law

_ 1
global mean temperature  T(f) = Jo T(y,0)dt

(T()-T(y.1)) interpretation
Each point on Earth's surface is trying to assume the global
mean temperature. If the temperature at a latitude is
below the global mean, then it heats up. If the
temperature at that latitude is above the mean, then it
cools off.

Mathematics of Climate Seminar
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Budyko’s Equation

M. 1. Budyko, "The effect of solar radiation
variations on the climate of the Earth,"
Tellus XXI, 611-619 , 1969.

surface temperature sin(latitude)

~
oT
ot

7

heat capacity

o

43

AN

insolation albedo OLR

RS- = 0s(y)1=a)~(4+ BT)+ C(T 1)
[ N

T=['1(dy

heat transport
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Explain Pluto's heart.

¥

IR RIS

IRRR1L]

%
A

X

What can we do with Budyko's equation?

Alice Nadeau
PhD 2019

9/23/2025

Budyko's Model

What can we do with Budyko's equation?

Speculate about Snowball Earth.

Esther Widiasih
PhD 2010

Anna Barry
Postdoc 2012-14

Mathematics of Climate Seminar 9/23/2025
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Predict Sea Ice Melt

Sea Ice Extent, 05 Sep 2019

Somyi Baek
PhD 2020

Wen Xing
MS 2015

Daniela Beckelhymer,
PhD student

e, '__w Mathematics of Climate Seminar 9/23/2025
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Budyko's Model

What can we do with Budyko's equation?

Predict permafrost melt.

Aileen Zebrowski, BS 2016

A
Maria Sanchez Muniz
PhD 2025

Kaitlin Hill
Postdoc 2017-19
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