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Math 5490
Energy Balance

What determines the Earth's surface temperature?

Os(y)(1—a)—(A+BT)+C

-

, .
T(:):j“ T(y,)dt

Add Heat Transport Rﬂ
ot

global mean temperature

Second Law of Thermodynamics:
Energy travels from hot places to cold places.

Why is the integral from 0 to 1?

Math 5490 9/

The south pole
is in the middle
of a continent
surrounded by
an ocean and
covered in an
ice sheet two
miles thick.

https://yaleclimateconnections
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Symmetry Assumption
We assume that Earth is symmetry between
the northern and southern hemispheres.
Is that true?
No, but it is good enough for now.

ANTARCTIC ARCTIC

The north pole
is in the middle
of an ocean
surrounded by
continents and
covered
(usually) with

seaice.

.org/2021/04
influence-each-other/
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Energy Balance

What determines the Earth's surface temperature?

Model Equilibrium
dT _ V4
Perfect Black Body RZ =0-oT* T=(0/o)
_ 1/4
Plus Albedo Rdd—[T:Q(l—a)—o'T‘ T=((1-a)Q/o)
Switch to Surface dT T—((1- _A\/B
Temperature RE-=0(1-a)~(4+BT) (1-a)0-4)/

Dependence on

pa REED - 0u(y)1-) - (4+ BT (1)

Math 5490 9,

T(»)=((1-a)0s(y) - 4)/B
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Symmetry Assumption
We assume that Earth is symmetric between
the northern and southern hemispheres.
Is that true?
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Symmetry Assumption
We assume that Earth is symmetry between
the northern and southern hemispheres.

R%: Os(y)(1-a)-(A+BT)+C(T -T)

We consider only northern latitudes and reflect
through the equator for the southern hemispheres.

0<y= sine(latitude) <1
Recall that s is a distribution:
J"x(y)dy =1
o
We use the Chylek & Coakley quadratic approximation:

5(y)=1-0241(3y" -1)

Math 5490 9,
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Insolation Distribution

green = quadratic
approximation (Chylek
& Coakley)

fuchsia = integral
formula using obliquity
of 23.5° 07

relative insolation
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Budyko’s Equilibrium
R%:Qs(y)(l—D()—(A+BT)+C(f—T)
O
As before, the equilibrium solution is the temperature as a function of latitude.
T=T"(»)
0s()(1-a)~(4+BT" () +C(T"-T"(») =0,

where 7 is the global mean temperature at equilibrium, i.e.,
Solve for

—
. T = 1" (y)dy. constant (doesn't depend on y)
) J,7 0y

Assume we can h this
Os(y)(1-a)-A+CT" ~(BT" () +C(-T"(»)) =0,
(B+O)T ()= 0s(y)(1-a) - A4+CT"

Now we can compute the constant!

@ Math 5490 9
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Budyko’s Equilibrium

_ Qs(y)(lfa)fA+Cf'

N B+C

B+OT" () =0s(y)(1-a)-4+CT"

T'(»

Integrate:
L'(B+ O (y)dy = L’(Qs(y)(l —a)-A+CT")dy

<B+C)L' T (v)dy = Q(l—a)jn' s(y)dy— Aju‘dw cf'J‘Q' dy
R A L

1

T 1 1

(B+EIT =0(1-a)- A+ CT"

We computed the
constant!

Q.Y(,V)(]—a)—/HCT“’ here T‘:Q(l’“)”"

B+C B |

@ Math 5490 9

I'(y)=

Richard McGehee, University of Minnesota
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Budyko’s Equilibrium

R%: Os(y»)(1-a)~(4+BT)+C(T ~T)
As before, the equilibrium solution is the temperature as a function of latitude.
T=T"(y)
Os(y)(1-a)~(4+BT(»))+C(T"-T" () =0,
where 7" is the global mean temperature at equilibrium, i .,
T = '[; T (y)dy. constant (doesn't depend on y)

How can we compute the constant?

@ Math 5490 9/14/202
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Budyko’s Equilibrium

. s(y)(1-a)-A+CT"
-2 A CT
(B+O)"(y)=0s(y)(1-a)-A4+CT"
Integrate:
J‘L:(B+C)T'(y)dy:ﬂ(Qs(y)(lfa)fAJrCT')dy

B+O[ T ()dy=0(1-a) [ s()dy— [ dy+CT" [ dy
o AR

T 1 1 T
(BT =0(1-a)-A+CT"
e _Q(-a)-4
B

@ Math 5490 9,
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Budyko’s Equilibrium
0s()(1-a)=(A4+BT'(»)+C(T" =T (»))=0
P y . 1 =
Equilibrium temperature profile: T (y)=— N)1-a)-A+CT
W=gglom-a) )
60
Tung* w0 o=
~
_ ~
l T 20 ]
ﬁ , < ice free
a =0.32: ice free £ N snowball
a =0.62: snowball g'm F====_ \\ = = ice free (C=0)
| —
g 40 <= — — snowball (C=0)
* K.K. Tung, Topics in 60 S
Mathematical Modeling, ~
Princeton U. Press, 2007 80
0 02 04 06 08 1
sin(latitude)
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Budyko’s Equilibrium
60
40 = -
~
—_ ~
2 20 et
o N = ice free
S o \
o N snowball
E N\
g'm RS ~ N = = ice free (C=0)
8 e —— R
840 <= — — snowball (C=0)
~
-60
~
80 ice will form
icewon'tmelt 0 02 04 06 08 ; (icecap)
(no exit from snowball) sin(latitude)
Math 5490

Budyko’s Equation
RE-=0s()(1- @)= (4+BT)+ C(T=T)

There is still something missing.
What role is played by the ice?

Ice-albedo Feedback (en‘:vpzrrna‘:;res

temperature warms

Less snow
ice melts and ice
albedo decreases \\_)
more sunlight absorbed
temperature warms

More sunlight
REPEAT absorbed by
land and sea
Why would it stop?

http://waw.i-fink.com/melting-polar-ice/
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Budyko’s Equation
Ri—i— =0s(y)(1-a)~(4+BT)+C(T-T)

There is still something missing. Where is the ice?

Ice-albedo Feedback

albedo of ice: 0.62
albedo of land and water: 0.32

If the boundary between ice and noice is at y =7, then

=032, y<p
a=a(y,n= «

.62, y>1n

Richard McGehee, University of Minnesota
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Budyko’s Equilibrium
60 Current Earth has ice
- - caps, so this looks good.
-
40 <<
- ~ not really
g 20
3 N —_
g 9 N
o N\ snowball
£ 20 > \
g - -—= o N -
) eV G
7 AN
8 40 < — — snowball (C=0)
~
~
-60
~
e vl form
icewon'tmelt 0 02 04 06 08 1 P
(no exit from snowball) sin(latitude)
Math 5490

Energy Balance

Budyko’s Equation

RZ—IT=Qs(y)(1—a)—(A+BT)+C(T—T)

There is still something missing.
What role is played by the ice?

Ice-albedo Feedback

temperature warms
ice melts
albedo decreases
more sunlight absorbed
temperature warms
REPEAT

i ?
Why would it stop? M. 1. Budyko, "The effect of solar radiation variations on

the climate of the Earth," Tellus XXI, 611-619 , 1969.

@ Math 5490 9/
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Budyko’s Equation
R - 0s(3)(1- ) (4+ BT)+ C(T-T)
at 5

There is still someth}ﬁg missing. Where is the ice?

/
Ice—lélbedo Feedback

albedo of ice: 0.62
albedo of land and water: 0.32

Assumption: thére is a single boundary between ice and
;{10 ice occurringat y =7 .

a,=032, y<n

“ =a(}1‘<) ={az —062, y>7

or * —
RE:QS()/)(I*a(y,ﬂ)*(A+BT)+C(T*T)

@ Math 5490 9/
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Budyko's Model Budyko's Model
Budyko’s Equation Budyko’s Equation
R%f(,v,r):Qs(y)(lfa(y,li))*(“BT(y,t))+C(f(l)fT(yJ)) R%@"):Qs(y)(l’a(y‘”))f(/‘+BT(y"))+C(ﬂ”7T(y’[))
Equilibrium: Equilibrium:
Os((1-a(y.m)-(4+BT" () +C(T"-T"(»)) =0 05y (1-a(y.m)~(4+BT"(M)+C(T -T"(1) =0
This looks worse than before! This looks worse than before!

Fortunately, the same technique works:
Assume we know the global mean temperature.

0s(n)(1-a(y,m) - 4+CT" ~(BT'(3))+C(-T"(»)) =0,
Solve for 7" (y) (B+O)T"(y)=0s(y)(1-a(y,n)-A+CT"

Os()(1-a(y,m)-4+CT"
B+C

T'(y)=

Now we can compute the global mean temperature!

@ Math 5490 9/14/2023 @ Math 5490 9/14/2023
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Budyko’s Equilibrium

_ Os(y)(1-a(y.n)-4+CT"
N B+C

Budyko’s Equilibrium

_Os)(1=a(y.m)-4+CT"
B+C

T' () T"(y)

(B+OT"(5)=0s()(1-a(y,m) - 4+CT" (B+OT"(y)=0s(n)(1-a(y,m)-A4+CT"

Integrate: Integrate:
1 . 1 i 1 . 1 =

J,B+OT" (dy = [ (05 (1-a(y,m) = 4+CT")dy [,B+OT" dy = [ (05 (1-a(y,m) - A4+CT")dy
B+Of T 01y =0 [ [ atrusdy |- A v+ T [ ay B+O T =0 [| s avmsr)ay |- Al ay + T [ v

—_— —_— 7 —— —_— —_— ——

T 1 am) 1 1 T 1 am) 1 1
: ai T B "=0(1-a(n))-A+CT"
(B+OF =0(1-a(p)) - A+CT B+ ~0(1-a() - 4+

a We computed |~ Q(1-a(p)-4 Note the dependence
T = w the constant! T = B on the constant 1.
B

N1—a(m)— T v —a(n)-
‘T‘(y,r]):QSU)(l a(n) A+CT’ where f'(n):Q(l a;])) A‘

B+C

@ Math 5490 9/14/
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Budyko's Model Budyko's Model
Budyko’s Equilibrium Budyko’s Equation
(=200 *‘Z@C)* A+CT here T(p)= Qﬂ%@)*f‘ R ‘Z (1) = 05 (1= ey~ (A4+ BT (10) + C(T(O =T (r.0))
Can we compute the global albedo? Equilibrium temperature distribution:
: =] =03 < . Os()(1-a(m) - 4+CT" ()
recall: oz(},r])f{a2 —062 yoq T (v) = ( B+)C
global albedo  &()= I{: a(y,ms(y)dy = _[:’a,s(y)dy +J,: a,s(y)dy ()= Q(l#;r])]—/i
=aS-+as (1-50) )= S+, (1-5()
where  S()=]'s)dy=[(1-0241(3y" ~1))dy = - 0.241(® ) )
(1) =1-0241(3y" -1)
Chylek & Coakley S(m)=n-0241(n" -n)

Time to summarize.

@ Math 5490 9/
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Budyko’s Equilibrium

For each fixed 7, there is an equilibrium solution for Budyko’s equation.

. 1 - y
T'(y)=——(0s(y)(1-a(y,n)) - A+ CT, For each fixed 7,
! B+C( ( ) ”) there is an

equilibrium
solution for

snowball

9/14/2023
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Equilibria

1) =1(0:0)(1- atr) - 4+ CT;)

ice free

\\

3.5°

45°

Budyko’s equation. 20

o

01 02 03 04 05 06

sine(latitude)

Math 5490
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Stability of Equilibria

REL ~0s()(1- ()~ (4+ BT) + C(T =T

Let X be the space of functions where T lives. (e.g. L!([0.1]))
Let

L:X>X:LT=CT-(B+O)T, For each fixed 7,

there is a globally

S =0s()(1-a(y)-4 =
g stable equilibrium
Budyko’s equation can be written as a linear vector field on X . P solution for
Jr g Budylfo s
R—=f+LT o equation.
dt H
The operator L has only point spectrum, with all How to pick one?

eigenvalues negative.
Therefore, all solutions are stable.
True for any albedo function.

°c

-30

40

50

07

Math 5490 9, 2.
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Stablity

30

— 1

R%w)=Qs(y)(1—a(,w))—(A+BT<y,z>)+C(f(o—ny,r))

45°

=R

0 01 02 03 04 05 O

sine(latitude)
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Ice Albedo Feedback

If we artificially hold the ice line at a fixed latitude, then the
surface temperature will come to an equilibrium.

However,
if the temperature is high, we would expect ice to melt and the looks okay
ice line to retreat to higher latitudes. If the temperature is low, [

we would expect ice to form and the ice line to advance to lower _\J
latitudes.
—
00 02 04 06 08 1.0

¥y

How to model this expectation?

6 0.

7

08 09 1

Math 5490 9,
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Ice Albedo Feedback

be the critical temperature T, .

Yrawemoo)=1.=-10
2

not good
30
20
0 T~
[
= +
210
20
30 \
40
50

00 02 04 06 08 10
v

Richard McGehee, University of Minnesota

()

For each fixed 7, there is a stable equilibrium solution for Budyko’s equation.

Summary S.tandard assumption: Perman?nt ice forms if the annual average temperature
is below 7,=-10 °C and melts if the annual average temperature is above 7.

Additional condition: The average temperature across the ice boundary must

looks okay

——

00 02 04 06 08 10
y

Math 5490 9,
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Ice Albedo Feedback
ice line condition: %(1‘,,'(7]+)+T,;(q—))=7: =-10
30
20 4 77 ()
10 __\/
0 .
= -10 T0-)
= -20 - \
-30 A
-40
-50 T T T T
0.0 02 04706 08 1.0
y
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Ice Albedo Feedback

G

RS =051 - aty) - (4+ BT+ C(T 1)

1 =
Ice line condition: B+C(Q“‘(’7)(l —ay) = A+CT))=T.=-10
1 =
Rewrite: h(”):TJrC(QS(U)(I*%)fA+CT0)77“ =0
Recall equilibrium GMT: T :%(Q(l—o’z(q))—A)

Recall average albedo:  @(7) = ﬂ a(y,ms(y)dy = a, —(a, —a,)S(n) =0.62-0.35(n7)
where: S(i]):L:S(y)d_v:ﬂfoﬂéﬂ(r]l*i])

(=2 [s(q)(l—aﬂ)+%(l7al+(azfa,)5(17)))fg—7j:0

Math 5490
Budyko's Model

Ice Albedo Feedback

- . 1 e
Equilibrium temperature 7, (y)= 7(Q_y(y)(l —a(y.n)-A+CT, )
profiles B+C
30
Interesting 20 4
Solutions: o
small cap g P — \
large cap £ Py e— H
. s P T—— L
ice free £ 2
L
snowball e .
-40
-50
00 02 04 06 08 10
sin(latitude)
——icefree ——snowball ~——smallcap =—big cap

@ Math 5490 9/
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Ice Albedo Feedback
R% =0s()(1 - a(y,m)~(4+BT)+C(T ~T)
Equilibrium: 1,00 =5 1(0:0) (1 atwm) - 4+CT;)
1. .
Ice line condition: 2B+ Tmo)=1.=-10
Albedo: a(y,ﬂ):{a‘ =032, y<n a(n-m=a, an+n)=a,
a,=0.62, y>n
. 1 . . 1 .
L) =5 (O (1-a) =4+ CT)) - 170 = 5o (0s (1-eq) - 4+ CT)

Ice line condition:
1/ . . 1 P
1O+ 1709) = 5 (050N (1) = 4+ CT}) =T, =10

ata
where: @ == =047

@ Math 5490 9/
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Ice Albedo Feedback
RE = 0s(y)1 - alyun)~(4+ BT)+ C(T-1)

1/ . .
The additional condition: E(T” (n+)+1, (177)) =7,=-10
C A
can be written: ‘h(r]) = Bgc(s(n)(l -a,) +§(1 —a,+(a, —oq)S(ﬂ))] B T.= 0‘

|

N

Two equilibria (zeros
of h) satisfy the
additional condition.

//

0 01 02 03 04 05 06 07 08 09 1
n

@ Math 5490 9/14/2023

h(n)
b b bowm s o

-10
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Dynamics of the Ice Line
R%{ =0s(y)(1-a(y,m)~(4+BT)+C(T ~T)

Idea:
If the average temperature across the ice line is above the critical
temperature, some ice will melt, moving the ice line toward the pole. If it
is below the critical temperature, the ice will advance toward the equator.

stationary ice melts stationary
30 | 30 i 30
20 20 20 \v
10 10 \J 10
- o 2.0 + =0
210 Z10 210
-20 -20 -20 3
30 \ 30 — 30
-40 -0 -40
50 -50 50

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
¥ y ¥

D o(ren-1,)

@ Math 5490 9/14/202.

Widiasih’s equation:
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Dynamics of the Ice Line
dn

;:S(T('I)*TL)

RLZT =0s(»)(1-a(y.m)~(4+BT)+C(T ~T)
ot
unstable stable

EZEaney

Widiasih’s Theorem. For sufficiently
small ¢, the system has an attracting
invariant curve given by the graph of a
function @, :[0,1] — X . On this curve,
the dynamics are approximated by the
equation

h(n)

0 01 02 03 04 05 06 07 08 09 1

n
Esther R. Widiasih, Dynamics of the Budyko Energy Balance Model, SIAM J. Appl. Dyn. Syst., 12(4), 2068-2092.

experts only

Math 5490 9/14/2023
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Budyko-Widiasih Model

Temperature profiles

dt

d -40
M _ ehin) 4\

Math 5490 9/14/2023
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Budyko-Widiasih Model

<~— Dick

Oahu, February 2020

Math 5490
Budyko's Model

Summary

surface temperature

sin(latitude)
Ny /
R -

1-a(y)—(4+BT)+C(T -T)

T=[ T

heat capacity insolation albedo OLR heat transport
reduces to
dn
—-=¢h(n)
dt

%:sh(q):e[ggc(s(q)(l 7a0)+%(lfa2 +(a, 7&,)S(17))]7g77"]

Math 5490
Budyko's Model

Budyko-Widiasih Model

/ sin(latitude)

/RE:Qif@(l_a(Y))_(A+BT)+C(f_T)

heat capacity insolation albedo OLR heat transport

-
T =) T(y)dy

surface temperature

What about the greenhouse effect?

A+BT is the outgoing long wave radiation. This term
decreases if the greenhouse gases increase.
We view A as a parameter.

dn
h(n, A
. ch(n,4)

5 mBuanso s |

Richard McGehee, University of Minnesota
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Budyko-Widiasih Model
dn _
i &h(n,A)

~ /

isocline (n,4)=0

75 80 185 190 1% 200 205 210 215 220

high co, low €O,

5B s s |
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Math 5490
Snowball Earth

4.0 3.0 2.0 1.0 0
T T T 100%
Is it possible for Earth to o Hadean  Archean
become completely Thereisevidence gy 5 219%
covered in ice? that Snowball § E 10%
(Snowball Earth) Earth has 5 log
occurred, the last B = P02
time about 600 o ¢ 1%
L 5 i e
Did it ever happen? million years ago. 5 Y |
1 1 1 1 1 1 0.1%
ﬁ 4.0 3.0 2.0 1.0 0
< Time (billions of years before present) orves

http://www.snowballearth.org/when.html
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Snowball Earth

SOUTHCHINA  AUSTRALIA
SIBERA  yazaKHSTAN " :

AFRICA

NORTH AMERICA

WEST
AFRICA i
\ EASTERN
SOUTH AMERICA  NORTHERN ' SOUTH AMERICA
EUROPE ANTARCTICA

. “Ice-rafted debris” occurred in ocean sediments near the equator,
The continents were clustered near the equator. indicating large equatorial glaciers calving icebergs.

Hoffman & Schrag, Snowball Earth, SCIENTIFIC AMERICAN, January 2000, 68-75 Hoffman & Schrag, Snowball Earth, SCIENTIFIC AMERICAN, January 2000, 68-75

Math 5490
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Math 5490
Snowball Earth

Idea:
Large limestone deposits
“cap carbonates”
are found immediately
above the glacial debris,
indicating a rapid
warming period following
the snowball.

< When the Earth is mostly ice-covered, silicate
i weathering slows down, but volcanic activity stays the
3 same, allowing for a build-up of CO, in the atmosphere.

When the Earth is mostly ice-free, silicate weathering
speeds up, drawing down the CO, in the atmosphere.

Hoffman & Schrag, Snowball Earth, SCIENTIFIC AMERICAN, January 2000, 68-75

Richard McGehee, University of Minnesota 8
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Anna Barry
Postdoc 2012-14

What if 4 is a dynamical variable?

Anna M. Barry, Esther Widiasih, & Richard McGehee, Discrete & Continuous Dynamical Systems

Math 5490
Budyko's Model

Budyko-Widiasih Model
‘;—’Z =¢h(n,4)

Simple equation:

=&(n-n,) <— (silicate weathering)

it
O<i<xexl
New system:
d4 .

o -
dn
—=ch(n,A
o =)

Series B 22 (2017), 2447-2463.

Math 5490 9/14/2023
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Budyko-Widiasih-Barry Model

d .
L= en(n, ), o~ i=n)

~ T

T

. /

stable rest point

Yo e e s a0 25 20 2%
high CO, A

low CO,

220

What if 7,
were here?

e

Math 5490 9/1
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Budyko-Widiasih-Barry Model

dn dAd .
o eh(n,4), == _
o =), Te=E(n-n)

unstable rest point \

L What if 7,
were here?

Banded iron deposits
form when the ocean
oscillates between
oxygen-rich and
oxygen-poor. The
formation on the right
is from northern
Minnesota.

0 7.

7 ]

Yo e we s a0 a5 20 25 20
high CO, A low CO,

Math 5490
Budyko's Model

Banded Iron Formations

Richard McGehee, University of Minnesota
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Budyko-Widiasih-Barry Model
Snowball — Hothouse Oscillations
'
S
09| N
04|
N
07]
05|
=05
04|
03]
01
5 w0 s w0 s a0 25 20 2
high CO, A low CO,

220




