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@he Washington Post

April 11, 2018

The oceans’ circulation hasn’t been this sluggish in 1,000
years. That’s bad news. -

The Atlantic Ocean circulation that carries
warmth into the Northern Hemisphere’s
high latitudes is slowing down because of
climate change, a team of scientists
asserted Wednesday, suggesting one of the
most feared consequences is already
coming to pass.

Nature volume 556, pages191-196 (2018)

Richard McGehee, University of Minnesota
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Welander's Model
Reference
Pierre Welander, A simple heat-salt oscillator,

Dynamics of Atmospheres and Oceans 6 (1982)
233-242.
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& INDEPENDENT
April 12,2018

Gulf Stream current at 'record low' with
potentially devastating consequences for
weather, warn scientists
The Atlantic meridional overturning circulation (AMOC), the
system of currents that transports warm water from the tropics
via the Gulf Stream to the North Atlantic, plays a major role in
regulating the world’s climate.

A fictional depiction of AMOC's collapse was portrayed in
The Day After Tomorrow, and while the film’s events were
exaggerated, scientists say severe weather events are likely to
result from the ongoing changes.
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Current Atlantic Meridional Overturning Circulation
weakest in last millennium

The Atlantic Meridional Overturning Circulation (AMOC)—
one of Earth’s major ocean circulation systems—
redistributes heat on our planet and has a major impact on
climate. Here, we compare a variety of published proxy
records to reconstruct the evolution of the AMOC since
about AD 400. A fairly consistent picture of the AMOC
emerges: after a long and relatively stable period, there
was an initial weakening starting in the nineteenth
century, followed by a second, more rapid, decline in the
mid-twentieth century, leading to the weakest state of the
AMOC occurring in recent decades.

NATURE GEOSCIENCE | VOL 14 | MARCH 2021 | 118-120 |
‘www.nature.com/naturegeosciencell8
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THE DAY AFTER
TDMDRI%;I'W

The Day After Tomorrow/Film synopsis

After climatologist Jack Hall (Dennis Quaid) is
largely ignored by U.N. officials when presenting
his environmental concerns, his research proves
true when an enormous "superstorm" develops,

setting off catastrophic natural disasters
throughout the world. Trying to get to his son, Sam
(Jake Gyllenhaal), who is trapped in New York with
his friend Laura (Emmy Rossum) and others, Jack
and his crew must travel by foot from Philadelphia,
braving the elements, to get to Sam before it's too
late.

Google Search
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Recent (last 400 Kyr) Temperature Cycles
Vostok Ice Core Data

What's with these oscillations?

as0 200 450 300 250 200 150 300 50 0
tima (i)

J.R. Petit, et al (1999) Climate and atmospheric history of the past 420,000 years from the Vostok ice core,
Antarctica, Nature 399, 429-436.
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Dansgaard-Oeschger Events

“Global warming” can cause the
Northern Hemisphere to cool.

Melting ice can lower the salinity of the
North Atlantic, causing a decrease in
the flow of the Atlantic Meridional
Overturning Circulation (AMOC),
slowing the heat transfer to the
Northern Hemisphere.

This phenomenon is believed to have
caused the Younger Dryas.

THE DAY AFTER
TDMDRRE!W
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The Younger Dryas
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The Younger Dryas
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What caused the Dansgaard-Oeschger oscillations?

They could be self-oscillations in the natural dynamics
of ocean circulation.

Pierre Welander, A simple heat-salt
oscillator, Dynamics of Atmospheres
and Oceans 6 (1982) 233-242.

R/V Weelander is a 23-foot-long Beach Master
work boat, informally named in honor of
Professor Pierre Welander (1925—1996).
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Welander's model divides the Earth atmosphere
into three components: the

"atmosphere", the "shallow ocean", "l’ "S
and the "deep ocean". Yy

The "shallow ocean" is represented by shallow ocean T(t), s(v)
its temperature 7 and its salinity S, === k___--
both of which vary with time.
The "atmosphere" is a ficticious entity
To. So

encompassing and simplifying all the
interactions of the shallow ocean with
the rest of the planet. It is assumed to
have an "effective" temperature of 7,
and an "effective" salinity of S,.

deep ocean

@ Math 5490 10/1
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What caused the Dansgaard-Oeschger
Oscillations?

For glacial cyles, there is overwhelming evidence that they
are "paced" by the Milankovitch cycles.

None of the Milankovitch cycles has periods short enough to
trigger the Dansgaard-Oeschger events, and we can't think of
any other external triggers.

Could they occur spontaneously?
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What caused the Dansgaard-Oeschger oscillations?

They could be self-oscillations in the natural dynamics
of ocean circulation.

Welander constructed a simple
(conceptual!) box model of ocean
circulation and showed that the
interactions of temperature and
salinity with the atmosphere, the
surface ocean, and the deep ocean
could create self-oscillations.

R/V Weelander is a 23-foot-long Beach Master
work boat, informally named in honor of
Professor Pierre Welander (1925—1996).
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The "deep ocean" is assumed to have a atmosphere
constant temperature 7, and a
constant salinity S,.

The interaction between the shallow

ocean and the atmosphere is modeled shallow ocean

as a dynamic transfer of relaxation to - k___--
equilibrium:

T(1), S(t)

dar
dr
ds
dr
where krand kg are constants.

@_ ]\l:l(h 5490 3

=k (T, =T), To. So

=kg(S,-S), deep ocean
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Discussion Discussion
How do we solve this differential equation? How do we solve this differential equation?
dT dT
—=k(T,-T —=k (T, -T
dt =D "separate variables" dt =D
dr dr dr
=kdt S =—kd = [k,
7okl o= JT—TA [kyat

In(T—T,)=—k;t+c <———— arbitrary constants
T=T, =e = e = &

r(t)y=T,+Ce™"

general solution

Math 5490 Math 5490
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Discussion Discussion
How do we solve this differential equation? dT
2 @D
ar " R .
= ke (T, -T) Find an equilibrium solution.
general solution
check
dT _d it eyt iyt
U m(n +Ce)=0+Ce™ (~k; ) =—k,Ce™

checks!
ke (T, =T) =k (T, =(T, + Ce ™)) ==k Ce ™ >
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dr dr
o@D 2 @D
Find an equilibrium solution. equilibrium solution: T(1)=T,
Is it stable?
Answer

0=~

@ Math 5490 1 @ Math 5490 10/ 3

Richard McGehee, University of Minnesota 4



Math 5490, Fall 2023

Math 5490
Ocean Circulation

Discussion

dT

=k (T,~T)

A

equilibrium solution: T(t)=T,
Is it stable?
Yes!

general solution: T(t)=T,+Ce ™"
limT()=T,
fas

Note that we are assuming that k; is positive.
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Discussion
How do we solve this "initial value problem"?

dr
& =k (T, =T),

T =T, when t=0.

general solution: T(t)=T,+Ce™"
T(0)=T,+Ce*" =T, +C=T,
Cc=1,-T,
T(t)=T,+Ce™"
TO=T,+(5,~T,)e "
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Discussion

How do we solve this "initial value problem"?

dr
—=k,(T,-T), equation
2l (@= q
T=T, when t=0. initial value
alternative approach:
Introduce the departure from equilibrium

y=T-T, T=T;+y

—kry

new initial value
problem

y=T,-T, when t=0.
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Discussion
How do we solve this "initial value problem"?

‘;—7; =k, (T, -T), equation

T=T, when t=0. initial value
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Discussion
How do we solve this "initial value problem"?

dr
;%m -1,

T=T, when t=0.

solution: T(1)=T,+(T,~T,)e""

check:
() =~k (T, =T, )e ™" 7 equal
ky (T, =T) =y (~(T, - T,)e*

TO)=T,+(T,~T,)e™"" =T, +(T,~T,)=T,  checks!
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Discussion

How do we solve this "initial value problem"?

y=T,-T, when t=0.

@ Math 5490 10,
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Discussion Summary
How do we solve this "initial value problem"? dr
o k(T =T)

" " iables” This differential equation has a stable
'separate variables

equilibrium solution 7'=T7.
v : ?
Yo pa Yo a [ dy _ [/ kot Remember Welander?
¥ B By %
¢ 0 ¥ . T is the Welander temperature.
Iyl =kt Iny—In(7, - T,) =kt =t
7,-T, "o 0 4 T
o LT, Salinity:
] ds -
v =(,~T,)e™" E_ks(sq_s)
stable

This differential equation also has a

stable equilibrium solution S=S,.
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Welander's Model 4 \ Welander's Model
The interaction between the shallow atmosphere Atmosphere - Ocean Surface Interaction
ocean and the atmosphere is modeled dr
as a dynamic transfer of relaxation to ky kg system of & e L-D=-k(T-1),  TO)=L, initial
equilibrium: dlﬁere.ntlal s condition
shallow ocean T(t), s(t) equations 7 =ks(S, =8)=—ks(S=S,), 5(0)=S,.
CLINPRe == '
a T k Matrix Notation
B _1(s,-5), differential  d[T] [~k 0 ][T-T, T 0= 7, initial
o To. So equation di| S| 0 kS-S, sV 7|s,|  condition
where kand kg are positive constants. '
This system has a stable equilibrium deep ocean Solution
point at singular! T T T (T —T.)e
ONE vector |: ](x):{ m}:{ (0 ‘)eﬂ[}
(T,S):(TA,SA)A equation N S(1) SA+(SO—SA)e «
e~ e
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Dynamical Systems

Dynamical Systems
Basic idea:
The dependence of the solution on initial conditions is
just as important as its dependence on time.

DYNAMICAL SYSTEMS
Inital value problem

differential d| T _ k0 | T-T, T (0= T

equation de| S 0 —kg| S-S, N S, |

. 7] [t0] [1,+(5,-1,)e*
https://en.wikipedia.org/wiki solution s (1= =
/Henri_Poincar$C3%A9

S(1) S, +(S,—S,)e™
T, T,+(T)-T,)e*"
flow 0 0 ,t - A ( 0 .4) .
https://en.wikipedia.org/wiki S, S, +(S0 -8, )e st
/George _David Birkhoff !
https://openlibrary.org/works/
OL86546W/Dynamical_systems

initial condition time

Math 3 @ Math 5490 10/ 3
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Dynamical Systems

Basic idea:
The dependence of the solution on initial conditions is
just as important as its dependence on time.

General notation:

dot notation

T k0 T-T, T, da
Nt

state variable vector field initial condition differential equation

flow
st [B} [
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Dynamical Systems

Example
R
o2
flow ( H?Ifi §>e~}
wo A [
property o N o)
B et e
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"Phase Plane"

Example
i{x}_[—l 0 ]{‘c] X=-x
darly] Lo -1y y=-y [H ] ﬁw}
| L= .
x Xy x(0)=x, !
St :
¥ Yo ¥0)=y,

1 B

Richard McGehee, University of Minnesota

10/17/2023

Math 5490
Ocean Circulation

Dynamical Systems
The dependence of the solution on initial conditions is
just as important as its dependence on time.
xeR", £eR", f:R">R"
x=/(x)

intital value problem x(0)=¢&
- p(n.5)=p(&,1+5)
The initial value problem generates a flow
¢:R"'xR—>R"
with properties
intital condition go(f,O) =¢
""group property" ¢(¢(§,t),s):¢(§,t+s) <
If we start the system at state ¢ and follow the solution for time ¢, then
restart the system at the new state and follow the solution for time s,
we end up at the same state as starting at ¢ and following for time #+s.
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Dynamical Systems
Example
dx
—=ax
dt
X x x
a<0 a=0 a<0
t t t
"Lyapunov stable"
"asymptotically stable" "unstable"
—_— — X
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"Phase Plane"
Example

d{x]| |[-1 0[«x X=-x
dt|y 0 2]y y==2y X xe”!
1) =,
x X, x(0) =x, Yo v
0=
y o 2(0) =y,

M
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"Phase Plane" "Phase Plane"
Example Example: "stable nodes"
EH_[_z o]H i=2y diﬂ{g ﬂm e
dily] 1o -]y y=-y (aﬂru]t]{xqe’”] xf 4 } 4 X(J;)__j: r/{{x"],tj{xihi
x )= X x(0)=x, Yol e L](O):{n] . : o0 Yo Yy
v ¥ 0=y, 4 o HO=2,
y x| [1
)
MiH
X ¥ = 0
X 0
e a<b<0 a=b<0 b<a<0
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"Phase Plane"
Example: "saddles"

"Phase Plane"
Example: "unstable nodes"
d|x a 0]l x X=ax i{x]:{tl 0}[}(} X=ax
E{}Ji{o b][)’] y=by X, x,e" dily] 10 by y=by X, RETS
(”{A]’t - x X x(0)=x, ? v, o= et
v )L 2N u )7
y Yo »(0)=y,
y y

] x(0)=x,
y Yo (0)=y,
y y y
unstable
manifold
X x X X x
stable
manifold
a>f>0 a=p>0 0<a<f p<0<a
e m

a<0<p
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