Math 5490, Fall 2023 10/24/2023

Math 5490
Tipping Points

Math 5490
Topics in Applied Mathematics
Introduction to the Mathematics of Climate

Tipping Points
Fall 2023
1:25 - 3:20 Tuesdays and Thursdays

In climate science, a tipping point is a critical threshold
Amundson Hall 162

that, when crossed, leads to large and often irreversible
changes in the climate system. If tipping points are
crossed, they are likely to have severe impacts on
human society. Tipping behavior is found across the
climate system, in ecosystems, ice sheets, and the
circulation of the ocean and atmosphere.
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Stommel's Model Stommel's Model
Henry Stommel, Thermohaline Convection with Two Stable
References Regimes of Flow, TELLUS XII (1961), 224-230.
Vessel | Vessel 2

H. Kaper & H. Engler, Mathematics & Climate, SIAM

Philadelphia 2013, Chapter 6. m |°"""°'| = 7
Henry Stommel, Thermohaline Convection with Two = T \ 3

Stable Regimes of Flow, TeLLus X1l (1961), 224-230.
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Stommel's Model Stommel's Model

%:c(T'—T)—‘Zq‘T %:c(T‘—T)—\Zq\T Stommel divided the ocean into two
s ) s . boxes, a low-latitude box, where the
e -85)-|2q|S Pl -8)-|2q|S water is warm, and a high-latitude
Ka = p, - ps = py(<2aT +255) k= p, -, = pu(~2aT +2S) box, where the water is cooler. He
assumed that the boxes are
Vessal | Vessal 2 immersed in baths, where the

Vessel | Vessel 2
temperature and salinity are

o ot o | oot o |

= 2 = constant and where each box is

T T . I h
s b -s 1 trying to relax to the temperature
 ° 8 and salinity of its bath.

7K . -z -

He reduced the system to two

variables: the temperature and

https://en.wikipedia.org/wiki/ salinity in one of the boxes.
Henry_Stommel
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Stommel's Model Cessi's Model

Paola Cessi, A Simple Box Model of Stochastically Forced

dar .
2T )=[2q|T Stommel showed that this simple Thermohaline Flow, Journal of Physical Oceanography 24
s _ 45" -5)-pals _two b_ox model of ocean (1994), 1911-1920.
ar circulation could exhibit two
kg =p, - p, = py(-2aT +23S) stable equilibrium solutions tF(t)/Z T 1 F(t)y2 l
caused by interactions between
Vewl 1 Vessel 2 temperature and salinity.
overtiow Q(Ap)/2
f u—‘?'—ﬂ Changes in the parameters caused a—
s " T = 1 by events such as melting glaciers Ty=62 Tp=-6n2
1 s -5 could induce the system to move
TH o« 7 hd T from one stable state to a S Sa
< different stable state, perhaps an o2

copillery example of "tipping." https://scripps.ucsd.edu/
profiles/pcessi
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Cessi's Model Cessi's Model
Fy/2 - Fay2 . - /2 Fy2
t o ' 1 o 1 Cessi constructed a variation of T o 1 r o l
Stommel's model with the Cessi deviated from Stommel by
Q(apy2 same two boxes, each trying to Q(ap)2 assuming that the temperature
T - T relax to its own equilibrium . A R changes much faster than
4=62 2=-612 temperature and salinity. 1702 2=-02 salinity, and she was able to
reduce the system to one
s s i s s
1 2 CESStI Wa: a?le to r?dl;jlce Lhe 1 2 equation with the independent
Q(ap)/2 . iys;m_ ° tvr\:o :ff;'a es by Q(ap)y2 variable related to the
introducing the ci erelpc_es in difference in salinity between
FIG. 1. The two-box model of Stommel (1961). The boxes rep- temperature and salinity FIG. 1. The two-box model of Stommel (1961). The boxes rep- the boxes.
resent two control volumes at different latitudes. Box 1 is the low- between the two boxes. resent two control volumes at different latitudes. Box 1 is the low-
latitude box where the relaxation temperature is /2, and box 2 is latitude box where the relaxation temperature is 6/2, and box 2 is
the high-latitude box where the relaxation temperature is —6/2.

the high-latitude box where the relaxation temperature is —6/2.
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Cessi's Model
dy _ 2 2
E—*(H/J (v-1) )y+p
Il
r 1
1F(l)/2 1 l F(ty2 ‘
All variables and parameters are
non-dimensional, but y is related
Q(Ap)/2 to the salinity difference between
the two boxes, x? is the ratio
Ty=62 Tp=-012 between diffusive and advective
time scales, and p is related to
Sy Sy the infusion of fresh water.
Q(Ap)/2
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Cessi's Model

dy _ 2 2\
;—*(H# (y=1) ]y+p
[ For?=6.2and p = 1.1, there are
' e three rest points, y,, », and y,,
as shown in the figure.
The points y, and y, are stable,
while y, is unstable. The
existence of the two stable rest
- points is the main point of
Ya P e ‘ Stommel's model, and it is the
. starting point of Cessi's analysis.
o oz o4 o6 oe 1 T
y
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Cessi's Model
dy _ 20018 )
s (1+u (v-1) ]>+p
121 p=13
n?=862 .
it For p = 1.3, the the rest points y,
sl and y, have collided.
o8| The point y, continues to be
stable.
02}
Yo =Dy Ve
o 0z o4 os  os 1 12
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Cessi's Model
d) 2
”Ty:—(IJr,uz(yfl) )y
't
A
r 1
?F(t)/z T l F(y2 l
For now, we assume that the influx
p of fresh water is constant, and
Q(Ap)2 we treat is as a parameter.
Ty=02 To=-612
S Sz
Q(ap)2
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%b(lwz(y-l);)ﬁp

ayidt

=62 For p = 1.2, the three rest points
continue. Note that y,and y,
have moved closer together.

The points y, and y, continue to
be stable, while y, is unstable.
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%b(lwz(y-l);)ﬁp

ayidt

bet4
2e
ines For p = 1.4, the rest points y, and

¥, have disappeared.

The point y, continues to be
stable.

The system has "tipped" to a

different state.
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Cessi's Model - Cessi's Model
pei2
| =62 dy 2 2
two stable rest points, W ;:*(Hﬂ (»=1) ),V+P
with an unstable s i
rest point in between % differential equation solutions
~ 12 14
2t o2 T \ 1 p=11 | I
S L B ) a2
> , . , , O 0 \
@ (e oo " B
o103 f\ pera Sos > 06
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Cessi's Model Cessi's Model
Y (142 (o) Ay (L e
e (HH (y-1) ]y+p e (Hﬂ (v=1) )y+p
differential equation solutions differential equation solutions
I8 n - " )
1 p=12 12 12 p=13 12
=62 w2=62
o ! ' |
o o o o
2o 08 Soe =06
02 N 04
o 0 0
T S 7 T R PR R B A %0z o4 o8 0s
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Cessi's Model Cessi's Model
a 2 2 dy 3
;f:,(lw (r=1))y+»p ;=—(1+ﬂ (r=1))y+p
differential equation solutions Cessi's differential equation can be written in terms of a

potential function V.

T =~(1 s =1 )y p

We can compute V" by integrating.

V)= [V =[((144 (=1 ) v+ p) v

o[-y

Note that the rest points of the differential equation are the
maxima and minima of V.
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Cessi's Model

dy
2o iy
& )
AN
Vi = 22 Y)Y
() u[4 PRI e 4

Note that the rest points of the differential equation are the
local maxima and minima of V.
If V is decreasing at a point y, then V() is negative,
so —V'(y) is positive, so y is increasing.

If ¥ is increasing at a point y, then V'(y) is positive,
so —V'(y) is negative, so y is decreasing.
Therefore, local minima of ¥ are stable rest points,

while local maxima are unstable rest points.
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day y7) 2
V(y)=p'| ——"—+—|+—-py
)=u FRaal i
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Cessi's Model

N2
y) Y
+—|+—-py
2] 7P

If the parameter p changes to The ball eventually c

1.4, the ball moves toward y, ¢
"tipped" to a new

rest at y,. The system has

omes to

state.
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while the local maximum

Cessi's Model

PN
V(y):/f[yffirf +2py

Think of a ball rolling downbhill. The local minima of ¥ are stable rest points,

5490
Points

2 2
is an unstable rest pont.

1 p=11
=62

dyldt
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If the parameter p changes to
1.2, the ball will stay at rest at y,

viy)

Cessi's Model

e
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2 2
L A
+3 )+ PR
If the parameter p changesto 1.3,
the ball doesn't know what to do.

p=13
2=62
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If the parameter p changes back to
1.3, the ball stays at its new state.

o

Cessi's Model

v oy ) g2
V(},)=ﬂ.(%_L+L)+L_W
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2 2

If the parameter p changes back to 1.2,
the ball stays at rest at y,,, even though
¥, has come back into existence.

002 p=12
004 W2=62
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AN d ) >
V()= [%*%Jr%] S (VA IR

Cessi was interested in exploring the conditions under which the system would
return to its original state instead of tipping to a new state.

¢ If the parameter p changes back She added a step function in time to the parameter p.
o2 :;:'5‘2 to its original value of 1.1, IZhe ball 0, <0
continues to remain in the its
P(t)= h =JA 0<¢<
o0 new state. (1) = p+q(1), where (1) 0<t<7
0 t>1
) .
7 The system has flipped to a The differential equation becomes
. different state, and it has not dy R 5
. returned to its original state, ;:’(”/f (»=1) )Y+P(’)
01 . .
b despite the F’aran?e_ter having At time 0, the fresh water influx p suddenly increases by 4,
oz Fra— returned to its original value. where it stays for time 7, when it returns to its original value.

Does the system flip or not?

@ Math 5490 10/ @ Math 5490 1

Math 5490 Math 5490
Tipping Points Tipping Points
Cessi's Model Cessi's Model
dy _ 2L dy _ 201\
o= (142 (=17 )3+ P(0) o= (142 (v=1)) v+ P (1)
No flip scenario No flip scenario
. The system moves toward the new stable The parameter suddenly changes back to
The system starts at the rest point y,. The parameter suddenly changes. state. its original value.
° 0
01
004 s
S0 v, 52
> o025
008 os
o Ve 035
ol N
voe w wa w1 T
y

Math 5490 Math 5490
Tipping Points Tipping Points
Cessi's Model Cessi's Model
dy _ 2L dy _ 201\
o= (142 (=17 )3+ P(0) o= (142 (v=1)) v+ P (1)
No flip scenario Flip scenario
The system moves back toward the The system eventually returns to its .
original stable state. original state. The system starts at the rest point y,. The parameter suddenly changes.
o
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Cessi's Model Cessi's Model

dy _ 2 2\ dy _ 205, 1)
= (142 (=17 )3+ P(0) o= (1442 (v=1)) v+ P (1)
Flip scenario Flip scenario
The system moves toward the new stable The parameter suddenly changes back to The system continures to move toward The system eventually arrives at the new
state. its original value. the new stable state. state.
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Cessi's Model Cessi's Model
dy 2 dy _ a2 2
. (142 (=17 )y P() dt”(”” (v=1)")y+P(1)
0, <0
o 0, where a4 o<<,< 20 T T
=p+ , where = <t<t B
P+q q p=1
0 t>t 2
16 - ui=02
T
Il-?: :‘2 Cessi explored the values of the flip
1 parameters A and 7 to classify where A w0 ]
flipping occurs.
1] She found a critical curve in the critical curve
(t,A)-plane. Above the curve, flipping 06 b
] occurs, while below the curve, there is A
no flip. ° no flip
0.0 T S ST Rl sy R T T WP S
NI 0 2 4 8 8 10 2 ¥4 18 18 20 22 24
2 418 1\ 20 2 2 T
T
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