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Math 5490 B 5490
P . . Dynamical Systems
Topics in Applied Mathematics U v
IntrOdUCtlon to the Mathematlcs Of Cllmate The dependence of the solution on initial conditions is
just as important as its dependence on time.
Fall 2023 - - R SR
1:25 - 3:20 Tuesdays and Thursdays TeRL 5% N SR>
Amundson Hall 162 . x=[(x)
intital value problem 0)=
0= o(n.5)= (&t +5)
Richard McGehee, Instructor The initial value problem generates a flow
458 Vincent Hall Wf”xRﬂR”
with properties
mcgehee@umn.edu o . i n=p(&)
www-users.cse.umn.edu/~mcgehee/ intital condition (p(rf,O) =£
“group property"  ¢(p(£.t),s)= (.t +5) £
course website If we start the system at state ¢ and follow the solution for time 7, then
www-users.cse.umn.edu/~mcgehee/ teaching/Math5490/ restart the system at the new state and follow the solution for time s,
we end up at the same state as starting at £ and following for time #+s.
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"Phase Plane"
Example Example
dx
E:‘” i{x]:{fl 0 ]{r] X=-x
x dt|y 0 -1y y=-y Hxﬂ] ] {xoe”}
? =T
x X x(0)=x, Yo yoe!
HESM :
y Yo »(0)=y,
y x| [
[ }m

"Lyapunov stable"
"unstable"
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Dynamical Systems Dynamical Systems
"Phase Plane" "Phase Plane"
Example Example
d .]:{71 O}[q X=-x 1{\'}:{72 0}[1 X=-2x
dry 0 2]y y=-2y Hxﬂ] ] {xoe” :| diy 0 1]y y=-y [{x‘,] J {xce’z’}
¢ = ¢ o= -
x X x(0)=x, Yo Vo€ x X x(0)=x, Yo Vo€
ol ol
y Yo y(O0)=y, y Yo 2(0) =y,
» x| [1 y x] [
vl 11 )
X | 1 X | 1
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Math 5490 Math 5490
Dynamical Systems Dynamical Systems
"Phase Plane" "Phase Plane"
Example: "stable nodes" Example: "unstable nodes"
i{x}_{a O]F] X=ax i[x]_[a 0}[7:} X=ax
dtly] [0 b]ly y=by X, x,e” dt|y] [0 by y=by X, x,e”
? Rl ? =L
H “”:M 0=, sl Lne H“’)H x0)=x, 0l ) e
y Yo ¥(0)=y, y Yo ¥(0) =y,
\\ y y y
a<b<0 a=b<0 b<a<0 ash>0 a=b>0 O<a<h
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Math 5490 Math 5490
Dynamical Systems Dynamical Systems
"Phase Plane" Matrix Notation
Example: "saddles" P
d[x] [a 0] x X=ax o Ay [x} {a“ al,} dx
£ = ) — Xx= A= o — —=4x
dt{y] [0 b}[y} y=by %], xe” B y v a, a, dt
loy=| o x(0)=x, W) e a7
y a Yo y(0)=y, Amazingly, the solution is
y ¥ x(1)=e’'x,
unstable
manifold Example
ﬁ=0th
: : A D BRI
L _py y 0B dily) [0 Blly
dt
stable w w
manifold [x}t): 0 {xﬂ: ex,
¥ 0 |yl |e”w,
a<0<b b<0<a
Math 5490 10, 3 @
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Eigenvalues Eigenvalues
Av=A4v (v#0)
The number 4 is called an eigenvalue and the vector v is called an eigenvector. Example
Example A= 12
a 0 10
! {0 ﬁ}
By N
4| = = |=2
1 1 0]1 2 1

e G

1
a and S are eigenvalues with corresponding eigenvectors {0] and LJ
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Math 5490
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Eigenvalues

What are they good for?
To find solutions of
& =Ax
dt
If 2 is an eigenvalue of 4 with corresponding eigenvector v,

then x(f) = e*'v is a solution.

Proof:
dx

== 2eMv=eMAv=eMdv= A(e“'v) = Ax
dt

@ Math 5490 1
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Eigenvalues

Example
dx
i i o)
di|y] [1 0

b_, y ¥y
dt

y {1 2} cigenvalues: 2 and -1

lto

2 -1
eigenvectors: [J and { 1 ]
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Eigenvalues

Example

&

LGl
dy_ dily] |0 By
P

e 0
Solutions: [ﬂ(t) = {LO } and B}(r) = Lﬂi
General soluti {x}(z) g 0]l e
eneral solution: =q c =
¥ o e e

x(1) = ce™

y(0)=cye”
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Dynamical Systems
Eigenvalues
Example

dx
i bl )
dy _ dt|y 0 Ally
E—ﬂy
A= a 0 eigenvalues: « and f
{0 ,,}

s o ]
eigenvectors: and .
0 1
) x W1 e x o1 [o
Solutions: [y}(i):e [0}:[ o } and [y}(i):eﬁ {]}:L/"}

Math 5490
Dynamical Systems

Eigenvalues
More good news:

If x=¢,(t) and x = @,(1) are solutions of % = Ax,

then x(7) = ¢, (t) + c,,(¢) is also a solution for arbitrary constants ¢, and c,.

Proof:
dr d
drdr
=0 (0)+ .0,/ (1) = ¢,y (1) + ¢, Ap, (1)
= A6 (D +c0,(0)
=Ax

(e () +0,(0))
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Math 5490
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Eigenvalues
Example

ﬁ:>c+2
dar 4 d|x _ 1 2][x
dy _ dt|y 1 0]y

=x
dt

. x 207 x e’
Solutions: )= and =
v EZI ) E”
X x 26 - 2¢,6* —cye”!
General solution: )=¢ +c, = N -
¥ & e’ e’ +oe!

n

x(1) =2¢,e* —cye”

y(1) = e
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Dynamical Systems

Eigenvalues
Av=Av
How do we find the eigenvalues?
Av=Av = Av-Av=0 = (A-Al)v=0
For (4—AI)v=0 to have a nontrival solution v# 0, we must have
I

Characteristic Polynomial
The roots of the characteristic polynomial are the eigenvalues of 4.

@ Math 5490 10/26/2023

Math 5490
Dynamical Systems

Eigenvalues

Example

]

A2y 0-2)-2
1 07/1]7(_)(_)_

=AP=A-2=(1-2)(A+1)

0=det(A—Al) = dc{

The eigenvalues are the roots of (1 —2)(4+1)=0, namely,
2 and —1.

@ Math 5490 10/

Math 5490
Dynamical Systems

Eigenvalues

Example

7 =trace(4)=1+0=1
5 =det(4)=1-0-2-1=-2
det(A- AN = -tA+5=1-1-2

T -45 141 -4(=2) 1449 123

The eigenvalues are A = =

2 2 2 2

Richard McGehee, University of Minnesota
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Math 5490
Dynamical Systems

Eigenvalues
The roots of the characteristic polynomial are the eigenvalues.
Example
a 0
A=
0 g
0

a-A4
0=det(4—Al)=det
0 B-2

}(a—m(ﬂ—i)

The eigenvalues are the roots of (4 —a)(4—f)=0, namely,
a and S .

@ Math 5490 10/
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Eigenvalues
In general

A= ay  ap
Ay

a, =4 ay
0=det(4-AI)=det =(a,, —A)(ay, - 1) -ay,a,

a,, a, -4
=7 = (ay, +ay)A+ayay, - a,a,
= A7 —trace( A)A + det( A)

=A—1A+35

e’ -45
2

realif 72 -45>0
complex if 72 -45<0

@ Math 5490 10/
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Math 5490
Dynamical Systems

Eigenvalues
Av=2v
How do we find the eigenvectors?
Av=v = Av-Av=0 = (4-Al)y=0

If we have an eigenvalue 4 we can find a corresponding eigenvector by solving
(A=AIyv=0
for a nontrival solution v.
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A2 -2 27 1 2

1 0721}[ 1 072}[1 72}
-1 2« _|?
1 72}[)/ =0 A 1}

Math 5490
Dynamical Systems

Eigenvalues

A =2, A,=-1 «— eigenvalues

corresponding
eigenvectors

-1
A=-1 v= .

Math 5490
Dynamical Systems

Eigenvalues

4 :{0 72} A=-l, A,=-2 <« eigenvalues

corresponding
eigenvectors

]
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Eigenvalues

Example

LN

B 0 -1

oo
7 =trace(4)=0+0=0

5=det(4)=0-0-(-1)-1=1

det(A— AN = -tA+8 =" +1=(A—i)(A+i)

The eigenvalues are [ and —i
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Eigenvalues
Example
ﬁ =-2 0 -2 0 -2
P H i
ity =3y y -

2 =x-3y
dt

7 = trace(4)=0-3=-3
§=det(4)=0-(-3)~(-2)-1=2

det(A—AN) =2 —tA+8 =2 +3A+2=(A+1)(A+2)

The eigenvalues are

Math 5490 10/26/2023

Math 5490
Dynamical Systems
Eigenvalues
Example
“_
R i i W IS
dy dt|y 1 =3y y 1 -3
Fox-3y
dt ;
eigenvalues: -1 -2

emvectors: 121 [1
eigenvectors: 1 1
}(Z) e B}

. x 12 X
Solutions: (H)=e and
¥ 1 V.
x e

. 2¢7 ' 2ce7 +cye
General solution: =¢ tol L 0= . 2
v e’ e e+ e

Math 5490 10/26/
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Eigenvalues
A :ﬁ 701} A =i, A=—i +—— eigenvalues
0-4 -1 0—i -1 i -1 corresponding
A-A1= } :{ } :{ ] eigenvectors
1 0-4, 1 0-i 1 -

—i —l|x i
= . =0 V=
1 iy 1
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Math 5490
Dynamical Systems

Eigenvalues

Example

dt

eigenvalues: i —i

eigenvectors: B} {7}

Reality Check:

T R NI

e S I B S

Math 5490
Dynamical Systems

Eigenvalues
Example

dx

R N M NI

dt
x ie" —ie”" | |ice" -
General solution: N=c¢ +c, =
v e e ce’ +
Ui it
—(e"+e™)

1 1 X
Let ¢, =—, ¢, =——. Then [ ](l):
2i 2i y

1

L.(eiz —e)

. Then P}(t): 2 :[
Yy

E(eiz e

Let ¢,=¢, =

P _ [cos t}
Lot sint
2i ¢ )

ice™ }
-t
e

—sint
cost
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Eigenvalues
Alternate Approach
Let z=x+iy. Then ézﬁ_ﬂ.dl:
dt dt dt

ion: — el = -
Solution:  z(f) = zye" =re™e" =re

Let z=re”. Then & _ ﬂe‘o + ric«f"’ﬁ =iz =ire”
dt dt
§+I‘i?:0+il‘ ﬂzo =1,
' ! dt Solution: 0
d0 _ . O(t)=0,+t
dt

—-y+ix=iz

0, it _ . 5iO+0)
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Richard McGehee, University of Minnesota

10/26/2023
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Dynamical Systems
Eigenvalues
Example
LA -y
dt ix:O—lx:Ax A:O_l
dr_ arlly| [V o]ly] Ty 1o
dt
cigenvalues: i —i
il [~
i tors:
eigenvectors [J [ 1 ]
. X il X | 7
Solutions: )=e and (n=e
v 1 y 1
) X i —je" icie" —ic,e™
General solution: ()=¢ +c, = i
¥ e e e +ee
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Eigenvalues
Example

dx
7 dfx]_ 0 -1« 47 A:{O *1}
dy _ dt|y] |1 0]y ¥ 1o
ar

. x ie" —ie ™| |ice" —icye™
General solution: () =¢ +c, =
y e e e +ee™

X cost —sint
or H‘”:‘{' }b{ }
¥ sint cost
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Summary So Far

& a,x+a,y
— e 12. a, a, d
dt — X= * A= 2 — ax _ Ax
dy y a, a, dt
i =a,X+ayy h

Eigenvalues and eigenvectors
Av=2Av (v # 0)

If v and u are linearly independent eigenvectors
with corresponding eigenvalues 4 and
then the general solution is
Al

X(t) = e 4 cze’”u

where ¢; and ¢, are arbitrary constants.

Linear independence: one is not a multiple of the other.

Math 5490 10/
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Coordinate Change Coordinate Change
dlx]_ [x 3 x ¢ d|&]_ ¢
il =S Licl=s
dlL’] L} } — [y} [”] = d{”} N ASLJ

Ay u
Suppose that v = "l and w=|""| are linearly independent eigenvectors of 4 _
V2 L) §=[v]u]

Av=2v Au=pu

with corresponding eigenvalues A and g . Introduce new variables & and 7 : 10
AS:A[V‘u]:[Av‘Au]:[iv‘pu]:[v‘u]{o }:SA
u

[lrerem s M H -0 P

o v
where S = =|viul. A - 1 1
[Vz ”2] [ ‘ ] A[v ‘MJ :{a” GIZMVI u,} [ ’ ‘ﬂ"] L*Vz ﬂ"j
dé| d |&] dlx x ¢ R v ulli 0
Then S<|°|==5|° =<7 |=4| " |= 45 _inowm
e dt{r]} dt LJ dt{y] L} {n ={“|1V|+alz"2 au“l*alz"z} v, up ][0 u
dfs 5l £ ayVy+ayvy Gy +ayy - 70
aln " [ v | Au] =l
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Math 5490 Math 5490
Dynamical Systems Dynamical Systems
Coordinate Change Coordinate Change
bl = L) = el b4 = Ll = aflf]
dry ¥ y n dr(n n iy v y n di|n n
S=[v\u] Av=2v Au=pu S=[v\u] Av=2v Au=puu
AS:A[V‘u]:[Av‘Au]:[lv‘yu]:[v‘u){f; 2}:5% AS:A[v‘uJ:[Av‘Au:':[lv‘yu):[v‘u]{é :ﬂ:SA
A=S57las

CHERC Y

Math 5490 Math 5490
Dynamical Systems Dynamical Systems
Coordinate Change Coordinate Change
Example Example
2 -l io—i
;ﬂ =x+2y | 2 eigenvalues: 2 and -1 = L 1 } % ==y [0 71] eigenvalues: i —i S= L 1 ]
A= i 2 -1 V A= . i —i
ﬂ:x 10 eigenvectors: { } and [ } Ao 2 0 D _ 1o eigenvectors: [J [1} i 0
di 1 1 =lo 1 di A=l L

Pl T s N MR MR

V. n 1 1]n E+n y=¢+n J
dx dz
—=—y — =iz
dt x=iz—iw dt
L y=zew L
dt dt
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Math 5490
Dynamical Systems
Coordinate Change
Example
i dz
dx . . z =1z
- ="y X=iz—iw
dt — — ,
dy yEatw d—w:—mf
dr
. Note that one of these equations is redundant.
2z=y-ix .
= w=zZ
2w=y+ix
dx dr _ 0
a dz _. di
— =iz

dy dt do_,
w dr
dt

Cartesian complex polar

Math 5490
Dynamical Systems

Coordinate Change
dx
G Ew Then -4, ;&
Let z=x+iy. dr drdt
ﬂ =wox+ay =ax — @y +iox +iay
t = (a+iw)(x+iy)
Solution:  2(r) = zge i) = it tHON  p patgiler+ty)
Let z=re”.
dz _dr 0 d0 0 i =a at
Then — =—¢" +rie” — = (a +iw)z = (a +iw)re" dt . () =re
dr dt di Solution:
do O(t)=6, + ot
ﬂ+riﬁ—(a+iw)r Pk
a d

@ Math 5490 10,

Math 5490
Dynamical Systems
Stable Spirals
Q:Ar
dr
0 -1 -2 -1 -2 1
= A= A=
I i I
jzzrz 2oz & _(c2-i)z
y ot y y di
x A X/ /x
stable spirals
=% conter r(ty=ne™ (1) = e ™
0()=6,+1t 0(t)=6,+1t o(1)=0,—t
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Dynamical Systems

Coordinate Change

Example

dx

PR o 1 I

=ox+ay
it

r=trace(d)=a+a=2a
S=det(4d)=a’+ @’

det(A-AN)=A~tA+5=2"-2a+a’ + @’

TN —468 :2ai«/4a2—4a2—4w;
2 2

The ei; lues are A=

=atio

a+io and a-io|

Math 5490
Dynamical Systems

Complex Eigenvalues

If 4 is a matrix with real elements and
if A isan eigenvalue of 4 with corrresponding eigenvector v ,

then 4 is an eigenvalue of A with corresponding eigenvector v.

Av=Av = Av=2v = Av=21v

Math 5490
Dynamical Systems
Unstable Spirals
E= Ax
t
0 1 -
A{l 0} Azﬁ ;} A:ﬁ ;}
_ & -
e E:(Zfi)z dl:(zﬂ')z
y y y dt
XA AR A x
unstable spirals
M=%  center r(t)=re” L) =ne
0()=6,-1t o(t)=6,-t (1) =0, +1
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A+31= -
{ 1 75+3] {1 72}

Fall 2023

Math 5490
Dynamical Systems

Coordinate Change
Example

dx

ARt A
dy _ _sy ity =S »
dt

[

X

7 =trace(4d)=—-4-5=-9
S=det(A4)=(-4)-(-5)-2-1=18
det(A=Al) = A =tA+5=2"+91+18 = (A +3) (A +6)

The eigenvalues are A=-3 and 1=-6.
—4+6 2 22
A+61 = =
[ 1 —5+6} [1 1}
2 -1
A=-3 v= A=—6 v=
] B

2 -1 30 "
S= A= SA=4S A=5"4S
11 0 -6

Math 5490 10/26/2023

341 4 2 4
A+I= =
[5G ]

Math 5490
Dynamical Systems

Coordinate Change
& eed Example
;—7x+y ix:—_’? 4 x:Ax A:|:73 4}
dy dt|y] |-2 3]y » -2 3
7:—2x+3y
g 7= trace(4) = —3+3=0

5 =det(4)=(-3)-3-4-(-2)=-1

det(A-AN) = A —tA+5=2"-1=(A+1)(A-1)

The eigenvaluesare A=-1 and A=1.
-3-1 4 —4 4
A-1= =
[ -2 3—1} [—2 2]
2 1
A=-1 v= A=1 v=
1 1
0
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Coordinate Change
Example

[T = e

Math 5490 10/26/2023

dx

—=-3x+4

a T

dy

——=-2x+3

e 7
y

Math 5490
Dynamical Systems

Coordinate Change

Example dé

L = o
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