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Nonlinear Systems
One Variable
dx
N @ S(x)
Rest points: E:O < f(x)=0
If f(p)=0, then x(¢)=p (constant) is a solution.

Example
dx
x4t
dt

Rest points: x—x'=0 < x(1-x)(1+x)=0
-1, 0, and 1
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Discussion
What are the restpoints of Rest points
this equation?
1s
dx
el Xz -1 10
dt
0s
x*-1=0 _
T oo
x=+1 =
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AMERICAN. MATHEMATICAL SOGIET
COLLOGUIUM PUBLICATIONS, YOLUME 1x

DYNAMICAL SYSTEMS

GEoRGE b’ RKHOF

https://en.wikipedia.org/wiki
/George_David_Birkhoff

https://openlibrary.org/works/
OL86546W/Dynamical_systems

https://en.wikipedia.org/wiki
/Henri_Poincar¥C3%A9
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Discussion
What are the rest points of
this equation?
dx

Zo

dt
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/

Rest points

|

|

One Variable
Example
dx 3 2
dt
1
Rest points: -1, 0, and 1
Zo
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Math 5490
Dynamical Systems

Nonlinear Systems
One Variable
Example Rest points
dx 3 2 / | |
—=Xx-X
dt
1
Rest points: -1, 0, and 1
Zo
What about the stability 1
of the rest points?
2
2 1 o 1
x
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Nonlinear Systems
%: f(x) Rest point p: f(p)=0
Linear Approximation
S = f(p)+ f(p)x=p)=f(p)x—p)
Introduce &=x-p.
Then f(x) = f(p+&) =~ f(p)é

O S0 =1+~ S PS
d_,
% _rws
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Nonlinear Systems
dx .
;: f(x) Rest point p: f(p)=0
Linear Approximation

S = f(p)+ f'(p)x=p)=[(p)x—p)

Introduce & =x-—p.
Then f(x) = f(p+&) =~ f(p)¢

Basic Idea

If & issmall,ie., if x iscloseto p,

d&  d ,
f:i:f(x):f(p*—f)zf(]?)f then solutions of %=f(§+p)
% = f'(p)¢ are close to solutions of % =f"(p)é.

The rest point p is asymptotically stable for ? = f(x)
it

«— linear,

if the origin is asymptotically stable for one variable

Richard McGehee, University of Minnesota
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Nonlinear Systems

dx,
A

Rest point p : f(p)=0
Linear Approximation

S = [(p)+ f'(p)x=p)=["(p)(x=p)
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Nonlinear Systems
%:f(x) Rest point p: f(p)=0
Linear Approximation

S = f(p)+ f'(p)x=p)=f(p)(x—p)

Introduce &=x-p.
Then f(x) = f(p+&) =~ [(p)¢

Basic Idea

If & issmall,i.e., if x iscloseto p,

dé  d .
%L =1+ 1K then solutons of 45 = &+ )
% =f"(p)¢ are close to solutions of % =f"(p)é.

Math 5490 11/

Math 5490
Dynamical Systems
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% =f(x) Restpoint p: f(p)=0
Variational Equation
az _ .
% =/'"(pé
dé . .
E =a¢, stableifa <0, unstable ifa >0
a=f"(p)

Stability Criteria
. . . dx e
The rest point p is asymptotically stable for o = f(x) if f"(p)<0.
t

1t is unstable if /'(p) > 0.

Math 5490 11/
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Nonlinear Systems
Example
p stable
ax _ R |
@ f(x)=x-x ) / \
Rest points: —1, 0, and 1
1
[(x)=1-3x*
SED=M==2, f(0)=1 o
3
Rest points —1 and 1 are stable,
rest point 0 is unstable. 1
2
2 -1 o \ 1
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Discussion Rest poil

nts

restpoints: ¥ -1=0 x=+I

What are the associated variational
equations for each of these points?

M%)
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Nonlinear Systems
Two Variables

dx,

R ézi{x,}[ﬁ(%xz)} o)
d;;=f2(xl’xz) dedt|x,| [ fi(x,x,)]

[%:f(x), xeR?, f:Rza]Rz]

dx, —
G0 e (=0

Rest Points

Si(pp) =0
Si(p:py) =0

BEGI .
x(')’[x:(t)}{pj’p

f(p)=0 <

Richard McGehee, University of Minnesota

If f(p)=0, then x(t)=p (constant) is a solution (rest point)
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Nonlinear Systems
Example

& f() = =2 1)
—= fix)~2(x
dt

linear approxinjation

\/

dx _

dx | N\ YYo=
2 it
dt E

v

linear approximation

2 1

0 1 2
x
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Nonlinear Systems

Discussion Rest points

é:xz—]
dt

restpoints: ¥ -1=0 x=%1

What are the associated variational
equations for each of these points?

fx)

. 2 o L
f)=x"-1 f(x)=2x 5
p=-1: fi(-D=-2
posls Fh=2 W e w0
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Two Variable

Example
& x—x
dt 7
dy
a7

Rest Points

Math 5490 1
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Dynamical Systems Dynamical Systems
Nonlinear Two Variable Systems Nonl Two Variable Sy
Example Example
Zox-Py L
dr Y dt oy
b__, b __
a7 a7
5 rest points [lf (0)=0, then y(f)=0, forall t rest points
“invariant line”:
X- aXIS
‘ x
e s
Math 5490

Dynamical Systems

Math 5490
Dynamical Systems
Nonlinear Two Variable Systems Nonlinear Systems
Example Discussion
jx
T Wy What are the rest points of
dy this system?
7
% =X -1+ y
If y(0)=0, then y(1)=0, forall t rest points d}’y
oy
“invariant line”: dt
x axis
If y(0)=0, then

Math 5490
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Nonlinear Systems

li Two Variable Sy
Discussion Example
_ 3
What are the rest points of o x—x"+y

hi ?
this system Pley=0 xesl &

-y=0 y=0 dt

(~1.0) and (1,0) [lf ¥(0)=0, then y(r)=0, forall t rest points

“invariant line”:
¥ x axis

If y(0)=0, then <=

How do we analyze the full system?

Math 5490 11
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Nonlinear Two Variable Systems
Example

Preview

N
AN
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Jacobian Matrix
Example
dx 3
—=x-x+y
dt ’
dy _
a7

- /'[H]:[/i(x’y)} Xty
dt|y y S (x.y) -y
%

D/[[XD: aX(X.y) ay(x,y) {173){2 1]
%,y B 0 -
o (x,») o (x,)
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Nonlinear Two Variable Systems
Linear Approximation
one independent variable fx)=f(p)+f'(p)x-p)

L

i . of o)
twoindependent (7). (7, ) +0—£<x0.)»0>(x—x0)+5f(xo,yo>(y -n)

variables
Example
Sy =x-x+y
Lrem-1-32 Ly -1-32
ax L3

FOup) = £ G r0)+ (1235 ) (x = %0) + (3= »0)

(%0:30)=(0,0) = f(x,3)= f(0,0)+(1-3x07)(x=0) +(y-0)=x+y
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Nonlinear Two Variable Systems
Jacobian Matrix

d>
= hew)

dx, _

)

%:f(x), xeR?, f:R*>R?

e o)
o (xp,%) o (x1,%7)
Df (x) =

&% %
o (x1,%2) o, (¥1,%2)
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Nonlinear Two Variable Systems
Linear Approximation
one independent variable fx) = f(p)+f'(p)x-p)

AN

i 9 J
O e (3% S5+ s ()¢ 5 ) ()
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Linear Approximation
two by two system
derivative

one variable —— f(x)= f(p)+ f'(p)(x=p)=f"(p)x-p) .
— Jacobian

two variables —— f(x) = f(p)+ Df (p)(x - p) = Df (p)(x - p)

/ ‘ } A

—(pp) - (ppy)

[ [ 27 a0 o]
LGux) ] LA(sp)] | O Loy 2

g o,

aT,(p"pz) o, (Pi:p2)

S = 702+ L) (5= )+ L) 5= )
X, 0x,

%
0ox,

@ Math 5490 11/
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Math 5490 Math 5490
Dynamical Systems Dynamical Systems
Nonlinear Two Variable Systems Nonlinear Systems
“ Example Discussion
T ey ﬁ:xz—l+y rest points  (—1,0) and (1,0)
. Rest Points: (x,y)=(~1,0), (0,0), and (1,0) dt
@ dy
Y 2

dt a2 =y

Jacobian: Df()c,y):|:l sx IJ dt v

N What are the Jacobian matrices
D10 = 2 1 DF0.0) = 1 1 DFOLO) 2 1 for each of these points? X
yeLo=| o oreo=| | o= o |
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Nonlinear Systems

Classification of Two Variable Linear Systems
Discussion 2

%: P -l+y rest points  (—1,0) and (1,0)
dy .
a

y \
What are the Jacobian matrices

for each of these points?

Saddle Points

=
trace

I

2x 1 2 1 21
Df(x,y>=[ . 71] DF-LO) {0 J Dr0.0) {0 J

&
4 I

determinant

Math 5490 Math 5490
Dynamical Systems Dynamical Systems
Nonlinear Two Variable Systems lii Two Variable Sy
Example Example
dx 3 3
E:xfx +y aT +y
dy Rest Points: (x,y) =(~1,0), (0,0), and (1,0) dy
=) 2 =7y
dt . -3¢ 1 dt
Jacobian:  Df(x,y)=
0 -l [lf 1(0)=0, then y(r) =0, forall x rest points
-2 1 11 -2 1
DF(=1.0) = DF(0.0) = DF(L.0) = “invariant line”:
f (<1,0) {0 _J f(0,0) {0 _J f (1,0) {0 _J Xax‘s
S=det=2>0 S=det=—1<0 S=det=2>0
r=trace=-3<0 r=trace=-3<0
2_45=1>0 saddle 2-45=1>0 dx
" bl " ‘ bl " If y(0)=0, then u =x
ink (st .
sink (stable node) sink (stable node) How do we analyze the full system?

i s |

Richard McGehee, University of Minnesota 6
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Nonlinear Two Variable Systems

Example

—X X +
dr i

dy

a7

[If (0)=0, then y(t) =0, forallt rest points

“invariant line”:
X- aXIS

stable node saddle

Math 5490
Dynamical Systems
Nonlinear Systems
Discussion
%: P-l+y rest points:  (~1,0) and (1,0)
d
@ =y
dt »
Classify each of the rest points.
-2 1 | 21
0 -1 0 -1
eigenvalues: -2 and —1 2and -1
stable node saddle

@ Math 5490 11
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Nonlinear Two Variable Systems

o= 2 preo=t ] prag= !
f (-1,0)= 0 -1 /(»)—0 = f (1,0) = 0 -1
sink (stable node) sink (stable node)

saddle
eigenvalues: 1, -1

eigenvectors: B]{_lz}
N

unstable stable

@ Math 5490 11
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Example
% =x-x*+y  RestPoints: (x,y) =(-1,0), (0,0), and (1,0)
v __ . s
o y Jacobian:  Df(x,y) —{ o 71}
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Nonlinear Systems

Discussion
d>
;Jt‘: ol+y rest points:  (~1,0) and (1,0)
d
@ ==y
dt ¥

Classify each of the rest points.

@ Math 5490 1 3
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Two Variable

What else can we learn from the variational equation?
dx .
Z=f(x) Rest point p @ f(p)=0

Linear approximation:

S = [(p)+Df (p)(x=p)=Df (p)(x=p)

Introduce &=x-p.
Then f(x) = f(p+&)= Df (p)é Basic Idea
dé _dx If & issmall, ie., if x isclose to p,

7 *—f(X) S(p+&)=Df (p)
it dt

then solutions of % =/(E+p)
it

are close to solutions of ‘i'—; =Df (p)s.
it
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Dynamical Systems Jacobian:

Nonlinear Two Variable Systems

dx 3
;:X—X +y Example
dy _ —y saddle: (x,y)=(0,0) variational equation
d ; 11
1 §=4S, A=Df(0,0)= 0 -1
— stable

unstable cigenvalues: 1, -1

11
eigenvectors: B
012

o / \

unstable stable

@ Math 5490 1
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Math 5490 Math 5490
3 Jacobian: 3
Dynamical Systems acopian Dynamical Systems
- Nonlinear Two Variable Systems Nonlinear Two Variable Systems
@ x=x+y Example & Example
ax L3
&y _ -y saddle: (x,y)=(0.0) variational equation a TR
a . 11 & __
1 é=az, A=Df(0,0){0 71} a =

eigenvalues: 1, -1

stable
. 1 1
elgenvectors: N
0]|-2
u]

7N .

unstable stable \

unstable
-1
-1

5490 11/7/2023 @

Math 5490 Math 5490
Dynamical Systems Dynamical Systems
Nonlinear Two Variable Systems i Nonlinear Two Variable Systems
Example @ x-x+ v Example
e =x-x+ ¥ Rest Points: (x,y) =(-1,0), (0,0), and (1,0) dy stable node: (x,y)=(1,0) and (~1,0)
jt 2 dr Y variational equation
2. -y Jacobian:  Df(x,y)= 1-3¢ ! 1 ) 2 1
dt 0 -1 &=4¢, A:D/'(O,O):{O J
o= 2 roo=|t | prao<| ! fast
L0 = 0 -1 F(0.0= 0 -1 7 (1.0)= 0 -1 eigenvalues: -2, -1
saddle / eigenvectors: ! !
sink (stable node) sink (stable node) 0 ol 11
eigenvalues: —2,—1 /
1|1
eigenvectors: B fast
01
fast slow 7171 0 1

Math 5490
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Math 5490
Dynamical Systems

Nonlinear Two Variable Systems

i Nonli Two Variable Sy
Zox-+y Example Example
dt dx 3
Q_7 stable node: (x,y]:(l,O) and (-1,0) ;—x—x +y
@ y variational equation dy
Q@__,
1 : -2 1 d
é- g, A:Df(o,m{o 71} ;
stable
fast eigenvalues: -2, -1 slow
eigenvectors: s
ﬂ o) b N S S
fast \ \
fast
unstable

ath 5490 11/7/2023 @ Math 5490 1
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Nonlinear Two Variable Systems
Example

dx

dt

@ _

di

=x-x*ty

-y

stable manifold —__) unstable manifold

o /[
rd

7 /
saddle
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Nonlinear Systems

Discussion

¥y
Lo ¥ rest points:  (—1,0) (1,0)
dt X
y__, 21 | 201
dt 0 -1 0 -1
Find the eigenvectors for each of .
the rest points. eigenvalues: —2and -1 2and -1

Sketch the solutions of the
variational equation for each of
the rest points.

G son s |

Richard McGehee, University of Minnesota
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Nonlinear Two Variable Systems

Example
dx 3
PR +y
unstable manifold @ stable manifold
9 __
a
1
fast direction
e
0

— L
klow direction -
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Nonlinear Systems

Discussion v
&2 ~l+y rest points:  (~1,0) (1,0)
dt x
Y__, 21 | 21
o 0 -1 0 -1
Find the eigenvectors for each of .
the rest points. eigenvalues: —2and -1 2 and -1

Sketch the solutions of the

variational equation for each of . 1 g 1 1 and 1
the rest points. eigenvectors: 0 an ! 0 4

5 owson s |



