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Nonlinear Systems

One Variable

0 ( ) 0
dx

f x
dt

  Rest points:

3dx
x x

dt
 

If   ( ) 0,   then   ( )   (constant)  is a solution.f p x t p 

( )
dx

f x
dt



Example

   3 0 1 1 0

1, 0,   and  1

x x x x x     



Rest points:
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Discussion

What are the rest points of 
this equation?

Nonlinear Systems

2 1
dx

x
dt

 
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Discussion

What are the restpoints of 
this equation?

Nonlinear Systems

2 1
dx

x
dt

 

2 1 0

1

x

x

 
 
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0.0
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Rest points

f(
x)

x
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One Variable

Example Rest points

‐2

‐1

0

1

2

‐2 ‐1 0 1 2

f(
x)

x

Nonlinear Systems

3dx
x x

dt
 

1, 0,   and  1Rest points:
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One Variable

Example Rest points

‐2

‐1

0

1

2

‐2 ‐1 0 1 2

f(
x)

x

What about the stability 
of the rest points?

Nonlinear Systems

3dx
x x

dt
 

1, 0,   and  1Rest points:
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Rest point   :    ( ) 0p f p ( )
dx

f x
dt



( ) ( ) ( )( ) ( )( )f x f p f p x p f p x p     

Nonlinear Systems

Linear Approximation
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Rest point   :    ( ) 0p f p ( )
dx

f x
dt



Introduce  .

Then  ( ) ( ) ( )

( ) ( ) ( )

( )

x p

f x f p f p

d dx
f x f p f p

dt dt
d

f p
dt


 

  




 
  

    



( ) ( ) ( )( ) ( )( )f x f p f p x p f p x p     

Nonlinear Systems

Linear Approximation
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If    is small, i.e., if    is close to  , 

then solutions of  ( )

are close to solutions of  ( ) .

x p

d
f p

dt
d

f p
dt


 

 

 



Rest point   :    ( ) 0p f p ( )
dx

f x
dt



Introduce  .

Then  ( ) ( ) ( )

( ) ( ) ( )

( )

x p

f x f p f p

d dx
f x f p f p

dt dt
d

f p
dt


 

  




 
  

    



Basic Idea

( ) ( ) ( )( ) ( )( )f x f p f p x p f p x p     

Nonlinear Systems

Linear Approximation
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If    is small, i.e., if    is close to  , 

then solutions of  ( )

are close to solutions of  ( ) .

x p

d
f p

dt
d

f p
dt


 

 

 



Rest point   :    ( ) 0p f p ( )
dx

f x
dt



Introduce  .

Then  ( ) ( ) ( )

( ) ( ) ( )

( )

x p

f x f p f p

d dx
f x f p f p

dt dt
d

f p
dt


 

  




 
  

    



Basic Idea

( ) ( ) ( )( ) ( )( )f x f p f p x p f p x p     

The rest point    is asymptotically stable for  ( )

if the origin is asymptotically stable for  ( ) .

dx
p f x

dt
d

f p
dt

 





Nonlinear Systems

Linear Approximation

d
a

dt

 linear,
one variable
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Rest point   :    ( ) 0p f p ( )
dx

f x
dt



Stability Criteria

The rest point    is asymptotically stable for  ( )  if  ( ) 0.

It is unstable if  ( ) 0.

dx
p f x f p

dt
f p

 

 

Nonlinear Systems

( )
d

f p
dt

 

Variational Equation

,   stable if 0, unstable if 0

( )

d
a a a

dt
a f p

   


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Example

3( )
dx

f x x x
dt

  
stable

‐2

‐1

0

1

2

‐2 ‐1 0 1 2

f(
x)

x

Rest points:  1, 0,   and  1

2( ) 1 3

( 1) (1) 2, (0) 1

f x x

f f f

  
      

Rest points  1  and  1  are stable,

rest point 0  is unstable.



unstable

Nonlinear Systems

‐2

‐1

0

1

2

‐2 ‐1 0 1 2

f(
x)

x
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Example

Nonlinear Systems

linear approximation

linear approximation

 2 1
dx
= f(x) - x +

dt

 2 1  
dx
= f(x) x

dt

x
dx
= f(x)

dt
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Discussion

What are the associated variational 
equations for each of these points?

Nonlinear Systems

2 1
dx

x
dt

 

2restpoints:   1 0 1x x   

‐1.5

‐1.0

‐0.5

0.0

0.5

1.0

1.5

‐1.5 ‐1.0 ‐0.5 0.0 0.5 1.0 1.5

Rest points

f(
x)

x
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Discussion

What are the associated variational 
equations for each of these points?

Nonlinear Systems

2 1
dx

x
dt

 

2restpoints:   1 0 1x x   

‐1.5

‐1.0

‐0.5

0.0

0.5

1.0

1.5

‐1.5 ‐1.0 ‐0.5 0.0 0.5 1.0 1.5

Rest points

f(
x)

x

2( ) 1 ( ) 2f x x f x x  

1: ( 1) 2 2

1: (1) 2 2

d
p f

dt
d

p f
dt

 

 

      

   
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Two Variables

0 ( ) 0
dx

f x
dt

  

If   ( ) 0,   then   ( )   (constant)  is a solution (rest point)f p x t p 

2 2 2( ), , :
dx

f x x f
dt

    

1
1 1 2

2
2 1 2

( , )

( , )

dx
f x x

dt
dx

f x x
dt





1 1 2

1 1 2

( , ) 0
( ) 0

( , ) 0

f p p
f p

f p p


 


1 1

2 2

( )
( )

( )

x t p
x t p

x t p

   
     
   

Nonlinear Systems

1 1 1 2

2 2 1 2

( , )
( )

( , )

x f x xdx d
f x

x f x xdt dt

   
     

   

Rest Points
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Nonlinear Two Variable Systems

3dx
x x y

dt
dy

y
dt

  

 

Example

  3 3 1 1 00 0

00 0

( 1,0), (0,0),   and  (1,0)

x x xx x y x x

yy y

       
  



Rest Points
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3dx
x x y

dt
dy

y
dt

  

 

rest points

x

y

Nonlinear Two Variable Systems

Example
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3dx
x x y

dt
dy

y
dt

  

 

rest pointsIf  (0) 0,  then  ( ) 0,   for all  .y y t t 

x

y

“invariant line”:
x‐axis

Nonlinear Two Variable Systems

Example
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3dx
x x y

dt
dy

y
dt

  

 

x

y
rest points

“invariant line”:
x‐axis

If  (0) 0,  then  ( ) 0,   for all  .y y t t 

Nonlinear Two Variable Systems

Example

3If  (0) 0,  then  .
dx

y x x
dt

  
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Discussion

What are the rest points of 
this system?

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 
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Discussion

What are the rest points of 
this system?

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 
   

2 1 0 1

0 0

1,0  and 1,0

x y x

y y

    
  



o o x

y
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3dx
x x y

dt
dy

y
dt

  

 

x

y
rest points

“invariant line”:
x‐axis

If  (0) 0,  then  ( ) 0,   for all  .y y t t 

Nonlinear Two Variable Systems

Example

How do we analyze the full system?

3If  (0) 0,  then  .
dx

y x x
dt

  
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3dx
x x y

dt
dy

y
dt

  

 

Preview

Nonlinear Two Variable Systems
Example
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Jacobian Matrix

2 2 2( ), , :
dx

f x x f
dt

    

1 1
1 2 1 2

1 2

2 2
1 2 1 2

1 2

( , ) ( , )

( )

( , ) ( , )

f f
x x x x

x x
Df x

f f
x x x x

x x

  
   
  
   

1
1 1 2

2
2 1 2

( , )

( , )

dx
f x x

dt
dx

f x x
dt





Nonlinear Two Variable Systems
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3
1

2

( , )

( , )

f x yx xd x x y
f

f x yy ydt y

                            

1 1
2

2 2

( , ) ( , )
1 3 1

0 1( , ) ( , )

f f
x y x y

x x y x
Df

y f f
x y x y

x y

  
                      
   

3dx
x x y

dt
dy

y
dt

  

 

Jacobian Matrix
Example
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Linear Approximation

Nonlinear Two Variable Systems

( ) ( ) ( )( )f x f p f p x p  

   0 0 0 0 0 0 0 0( , ) ( , ) ( , ) ( , )
f f

f x y f x y x y x x x y y y
x y

 
    

 

one independent variable

two independent
variables
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Linear Approximation

Nonlinear Two Variable Systems

( ) ( ) ( )( )f x f p f p x p  

   0 0 0 0 0 0 0 0( , ) ( , ) ( , ) ( , )
f f

f x y f x y x y x x x y y y
x y

 
    

 

one independent variable

two independent
variables

3( , )f x y x x y  

2 2( , ) 1 3 ( , ) 1 3
f f
f x y x f x y x

x y

 
   

 

    2
0 0 0 0 0( , ) ( , ) 1 3f x y f x y x x x y y     

Example

        2
0 0, 0,0 ( , ) (0,0) 1 3 0 0 0x y f x y f x y x y          
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Linear Approximation

1 1
1 2 1 2

1 21 1 2 1 1 2 1 1

2 1 2 2 1 2 2 22 2
1 2 1 2

1 2

( , ) ( , )
( , ) ( , )

( , ) ( , )
( , ) ( , )

f f
p p p p

x xf x x f p p x p

f x x f p p x pf f
p p p p

x x

  
                      
   

( ) ( ) ( )( ) ( )( )f x f p f p x p f p x p     

( ) ( ) ( )( ) ( )( )f x f p Df p x p Df p x p    

one variable

two variables

derivative

Jacobian

   

   

1 1
1 1 2 1 1 2 1 2 1 1 1 2 2 2

1 2

2 2
2 1 2 2 1 2 1 2 1 1 1 2 2 2

1 2

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

f f
f x x f p p p p x p p p x p

x x

f f
f x x f p p p p x p p p x p

x x

 
    

 
 

    
 

two by two system
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Nonlinear Two Variable Systems

3dx
x x y

dt
dy

y
dt

  

 

Example

Rest Points:  , ( 1,0), (0,0),   and  (1,0)x y  

21 3 1
( , )

0 1

x
Df x y

   
 

2 1 1 1 2 1
( 1,0) (0,0) (1,0)

0 1 0 1 0 1
Df Df Df

      
               

Jacobian:
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Discussion

What are the Jacobian matrices 
for each of these points?

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 

   1,0  and 1,0

o o x

y

rest points
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Discussion

What are the Jacobian matrices 
for each of these points?

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 

   1,0  and 1,0

o o x

y

rest points

2 1
( , )

0 1

x
Df x y

 
   

2 1
( 1,0)

0 1
Df

 
    

2 1
(1,0)

0 1
Df

 
   
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Classification of Two Variable Linear Systems

determinant

tr
ac
e
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Nonlinear Two Variable Systems

3dx
x x y

dt
dy

y
dt

  

 

Example

Rest Points:  , ( 1,0), (0,0),   and  (1,0)x y  

21 3 1
( , )

0 1

x
Df x y

   
 

2 1 1 1 2 1
( 1,0) (0,0) (1,0)

0 1 0 1 0 1
Df Df Df

      
               

Jacobian:

2

det 2 0

trace 3 0

4 1 0




 

  
   

  

det 1 0    

saddle

sink (stable node)

2

det 2 0

trace 3 0

4 1 0




 

  
   

  

sink (stable node)
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3dx
x x y

dt
dy

y
dt

  

 

x

y
rest points

“invariant line”:
x‐axis

If  (0) 0,  then  ( ) 0,   for all  .y y t t 

Nonlinear Two Variable Systems

Example

How do we analyze the full system?

3If  (0) 0,  then  .
dx

y x x
dt

  
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Dynamical Systems

3dx
x x y

dt
dy

y
dt

  

 

x

y
rest points

“invariant line”:
x‐axis

If  (0) 0,  then  ( ) 0,   for all  .y y t t 

Nonlinear Two Variable Systems

Example

saddlestable node
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Math 5490
Dynamical Systems

Discussion

Classify each of the rest points.

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 

   1,0  and 1,0

o o x

y

rest points:
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Dynamical Systems

Discussion

Classify each of the rest points.

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 

   1,0  and 1,0

o o x

y

eigenvalues:

2 1

0 1

 
  

2 1

0 1

 
  

2 and 1  2 and 1

rest points:

stable node saddle
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Nonlinear Two Variable Systems

What else can we learn from the variational equation?

Rest point   :    ( ) 0p f p ( )
dx

f x
dt



Introduce  .

Then  ( ) ( ) ( )

( ) ( ) ( )

x p

f x f p Df p

d dx
f x f p Df p

dt dt


 

  

 
  

    

Linear approximation:

( ) ( ) ( )( ) ( )( )f x f p Df p x p Df p x p    

If    is small, i.e., if    is close to  , 

then solutions of  ( )

are close to solutions of  ( ) .

x p

d
f p

dt
d

Df p
dt


 

 

 



Basic Idea
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Nonlinear Two Variable Systems

3dx
x x y

dt
dy

y
dt

  

 

Example

Rest Points:  , ( 1,0), (0,0),   and  (1,0)x y  

21 3 1
( , )

0 1

x
Df x y

   
 

2 1 1 1 2 1
( 1,0) (0,0) (1,0)

0 1 0 1 0 1
Df Df Df

      
               

Jacobian:

saddle

sink (stable node) sink (stable node)

 eigenvalues: 1, 1

1 1
eigenvectors: ,

0 2



   
      

unstable stable
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Nonlinear Two Variable Systems
3dx

x x y
dt
dy

y
dt

  

 

Example

saddle:  , (0,0)x y 

Jacobian:

unstable

stable

 eigenvalues: 1, 1

1 1
eigenvectors: ,

0 2



   
      

unstable stable

1 1
, (0,0)

0 1
A A Df 

 
     


variational equation
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Nonlinear Two Variable Systems
3dx

x x y
dt
dy

y
dt

  

 

Example

saddle:  , (0,0)x y 

Jacobian:

 eigenvalues: 1, 1

1 1
eigenvectors: ,

0 2



   
      

unstable stable

1 1
, (0,0)

0 1
A A Df 

 
     


variational equation
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Math 5490
Dynamical Systems

3dx
x x y

dt
dy

y
dt

  

 

unstable

stable

Nonlinear Two Variable Systems
Example
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Nonlinear Two Variable Systems

3dx
x x y

dt
dy

y
dt

  

 

Example

Rest Points:  , ( 1,0), (0,0),   and  (1,0)x y  

21 3 1
( , )

0 1

x
Df x y

   
 

2 1 1 1 2 1
( 1,0) (0,0) (1,0)

0 1 0 1 0 1
Df Df Df

      
               

Jacobian:

saddle
sink (stable node) sink (stable node)

fast slow

 eigenvalues: 2, 1

1 1
eigenvectors: ,

0 1

 

   
   
   
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Nonlinear Two Variable Systems
3dx

x x y
dt
dy

y
dt

  

 

Example

stable node:  , (1,0) and ( 1,0)x y  

 eigenvalues: 2, 1

1 1
eigenvectors: ,

0 1

 

   
   
   

fast slow

2 1
, (0,0)

0 1
A A Df 

 
     


variational equation

slow

fast
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Nonlinear Two Variable Systems
3dx

x x y
dt
dy

y
dt

  

 

Example

stable node:  , (1,0) and ( 1,0)x y  

 eigenvalues: 2, 1

1 1
eigenvectors: ,

0 1

 

   
   
   

fast slow

2 1
, (0,0)

0 1
A A Df 

 
     


variational equation

slow

fast
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Nonlinear Two Variable Systems
Example

fast

slow

unstable

stable

3dx
x x y

dt
dy

y
dt

  

 
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Dynamical Systems

Nonlinear Two Variable Systems
Example

3dx
x x y

dt
dy

y
dt

  

 

saddle

stable manifold unstable manifold
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Math 5490
Dynamical Systems

Nonlinear Two Variable Systems
Example

stable manifoldunstable manifold

slow direction

fast direction

3dx
x x y

dt
dy

y
dt

  

 
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Dynamical Systems

Discussion

Find the eigenvectors for each of 
the rest points.

Sketch the solutions of the 
variational equation for each of 

the rest points.

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 

 1,0
o o x

y

eigenvalues:

2 1

0 1

 
  

2 1

0 1

 
  

2 and 1  2 and 1

rest points:  1,0
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Math 5490
Dynamical Systems

Discussion

Find the eigenvectors for each of 
the rest points.

Sketch the solutions of the 
variational equation for each of 

the rest points.

Nonlinear Systems

2 1
dx

x y
dt
dy

y
dt

  

 

 1,0
o o x

y

eigenvalues:

2 1

0 1

 
  

2 1

0 1

 
  

2 and 1  2 and 1

rest points:  1,0

eigenvectors:
1 1

 and 
0 1

   
   
   

1 1
 and 

0 3

   
      


