Math 8601 Solutions to First Exam Fall 2008

Midterm Exam Solutions
October 10, 2008

(36) 1. Define each of the following statements or notation.
(4) a. M isa o-algebraon the set X .

If M c .7)(X) is nonempty and closed under complements and countable unions, then
M is a o-algebra.

(4) b. u isameasure on the measurable space (X, /).

If u: M — R is countably additive and satisfies ,u(@) =0, then x is a measure.

(4) c f:X—>R ismeasurable.

If the inverse image of every Borel setin R is a measurable setin X ,thenis f is
measurable.

4) d. @:X >R issimple.

If the image of ¢: X > R s finite, then ¢ is simple.

4) e de,u , Where ¢ is a nonnegative measurable simple function.

If o= a,z. is the standard representation of ¢, then de,u => au(E)
k=1

k=1
4 f I fdu,where f isanonnegative measurable function.

j fdu :sup{j¢dy :0< @< f and ¢ is a measurable simple function} .

(4 g9 fel.

If f is a measurable function satisfying .ﬂ f |d,u <o, then fel .

(4) h. f — f almosteverywhere.

If f,(x)— f(x) forall xe E, where y(E°)=0, then f — f almost everywhere.

@) i fofinlL.

If f el',forevery n,if fel',and if I|fn—f|dy—>0,then f >finl.
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(20) 2.

(10) a. State the Monotone Convergence Theorem, and give an example to show that monotonicity is a
necessary hypothesis.

forall j,andif f=Ilimf, , then

n—oo

Theorem. If {f } is asequencein L" suchthat f <f,

jfdyzmjfndy.

Example. Let f, =nyg,, . Then f=limf =0, and jfndyzl, forall n. {f } isnot

n—oo

monotone, and

jfdyzoilzmjfndy.

(10) b. State Fatou’s Lemma, and give an example to show that the inequality cannot be replace with
equality.

Lemma. If {f } is asequencein L, then

j(liminf fn)dﬂ=|irnr1jgfj fdu.

n—oo

Example. Let f =ny,,, . Then f=liminf f =0, and jfndyzl, forall f, =ngyqy, -

0,1/|’1 n—oo

jfdy:Oil:liqligfffndy.
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(20) 3. If (X, A, 1) is ameasure space, and if { f } is a sequence of measurable functions on X, then

{x:lim f_(x) exists} is a measurable set.
Solution. Let E ={x:lim f (x) exists|, and let

g,(x) =liminf f (x),

n—oo

g, (x) =limsup f, (x).

n—oo

Then g, and g, are R -valued measurable functions, and

E={x:0,(x)=0,(x)}
Let
A={x:9,(x) >0} N {x:0,(X)<oo}.
Note that A is measurable. Since g, <g,, we can also write
A={x:-0<g,(X)<g,(x)<oo}.

Therefore g,: A— R and g,:A— R are both measurable functions and hence sois g, -9, .
It follows that

E, ={xeA:(g,-9,)(x)=0}={xeA:g,(x)=g,(x)}
is measurable. Now let
E, ={x:g,(x)=0,(x) =00} ={x:g,(x) =0},
E, ={x:9,(X)=0,(x) =} ={x:g,(x)=—o0}.
Both E, and E, are measurable. Since
E=E UE,UE,,

it follows that E is measurable.
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(24) 4. Suppose that E c R has finite Lebesgue measure. Show that m(E m[x,oo)) —>0as x—>ow.

Solution. Let

E =En[n,), for neN.

n

Then E, o En[x,0) whenever x>n, so it suffices to show that

m(E,) >0 as n—-w

c E, and that ﬂ E, =9 . Note also that E, c E, and hence that

n=1
m(E,)<m(E)<o. Therefore, continuity from below implies that

Note that E

n+1

n—w

Iimm(En)zm(@Enjzm(Q):O.
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