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Midterm Exam Solutions 
October 10, 2008 

(36) 1. Define each of the following statements or notation. 

(4) a. M  is a σ -algebra on the set X . 

 If ( )X⊂M P  is nonempty and closed under complements and countable unions, then 
M  is a σ -algebra. 

 

(4) b. μ  is a measure on the measurable space ( ),X M . 

 If :μ →\M  is countably additive and satisfies ( ) 0μ ∅ = , then μ  is a measure. 
 

(4) c. :f X →\  is measurable.  

 If the inverse image of every Borel set in \  is a measurable set in X , then is f  is 
measurable.   

 

(4) d. : Xϕ →\  is simple.  

 If the image of : Xϕ →\  is finite, then ϕ  is simple.  
 

(4) e. dϕ μ∫ , where ϕ  is a nonnegative measurable simple function.  

 If 
1

n

n

n E
k

aϕ χ
=

=∑  is the standard representation of ϕ , then ( )
1

n

k k
k

d a Eϕ μ μ
=

=∑∫   

 

(4) f. f dμ∫ , where f  is a nonnegative measurable function.  

 { }sup : 0  and  is a measurable simple functionf d d fμ ϕ μ ϕ ϕ= ≤ ≤∫ ∫ . 

 

(4) g. 1f L∈ . 

 If f  is a measurable function satisfying f dμ < ∞∫ , then 1f L∈ . 
 

(4) h. nf f→  almost everywhere.  

 If ( ) ( )nf x f x→  for all x E∈ , where ( ) 0cEμ = , then nf f→  almost everywhere. 
 

(4) i. nf f→  in 1L . 

 If 1
nf L∈ , for every n , if 1f L∈ , and if 0nf f dμ− →∫ , then nf f→  in 1L . 
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(20) 2.  

(10) a. State the Monotone Convergence Theorem, and give an example to show that monotonicity is a 
necessary hypothesis. 

Theorem.  If { }nf  is a sequence in L+  such that 1j jf f +≤  for all j , and if lim nn
f f

→∞
= , then  

 lim .nn
f d f dμ μ

→∞
=∫ ∫  

 

Example.  Let ( )0,1n nf nχ= .  Then lim 0nn
f f

→∞
= = , and 1nf dμ =∫ , for all n .  { }nf  is not 

monotone, and  

 0 1 lim .nn
f d f dμ μ

→∞
= ≠ =∫ ∫  

 
 
 
 
 
 
 
 
 
 
 

(10) b. State Fatou’s Lemma, and give an example to show that the inequality cannot be replace with 
equality. 

Lemma.  If { }nf  is a sequence in L+ , then  

 ( )liminf liminf .n nn n
f d f dμ μ

→∞ →∞
=∫ ∫  

 

Example.  Let ( )0,1n nf nχ= .  Then liminf 0nn
f f

→∞
= = , and 1nf dμ =∫ , for all ( )0,1n nf nχ= .   

 0 1 liminf .nn
f d f dμ μ

→∞
= ≠ =∫ ∫  
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(20) 3. If ( ),X μM,  is a measure space, and if { }nf  is a sequence of measurable functions on X , then 

( ){ }: lim  existsnx f x  is a measurable set. 

Solution.  Let ( ){ }: lim  existsnE x f x= , and let 

 
( ) ( )
( ) ( )

1

2

liminf ,

limsup .

nn

n
n

g x f x

g x f x
→∞

→∞

=

=
 

 Then 1g  and 2g  are \ -valued measurable functions, and  

 ( ) ( ){ }1 2:E x g x g x= = . 

 Let  

 ( ){ } ( ){ }1 2: : .A x g x x g x= > −∞ ∩ < ∞  

 Note that A  is measurable.  Since 1 2g g≤ , we can also write 

 ( ) ( ){ }1 2: .A x g x g x= −∞ < ≤ < ∞  

 Therefore 1 :g A→\  and 2 :g A→\  are both measurable functions and hence so is 2 1g g− .  
It follows that 

 ( )( ){ } ( ) ( ){ }1 1 2 1 2: 0 :E x A g g x x A g x g x= ∈ − = = ∈ =  

 is measurable.  Now let  

 
( ) ( ){ } ( ){ }
( ) ( ){ } ( ){ }

2 1 2 1

3 1 2 2

: : ,

: : .

E x g x g x x g x

E x g x g x x g x

= = = ∞ = = ∞

= = = −∞ = = −∞
 

 Both 2E  and 3E  are measurable.  Since 

 1 2 3E E E E= ∪ ∪ , 

 it follows that E  is measurable. 
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(24) 4. Suppose that E ⊂ \  has finite Lebesgue measure.  Show that [ )( ), 0m E x∩ ∞ →  as x →∞ . 
 

Solution.  Let  

 [ ),nE E n= ∩ ∞ , for n∈` . 

 Then [ ),nE E x⊃ ∩ ∞  whenever x n≥ , so it suffices to show that  

 ( ) 0nm E →  as n →∞  

 Note that 1n nE E+ ⊂  and that  
1

n
n

E
∞

=

= ∅∩ .  Note also that 1E E⊂ , and hence that 

( ) ( )1m E m E< < ∞ .  Therefore, continuity from below implies that  

 ( ) ( )
1

lim 0.n nn
n

m E m E m
∞

→∞
=

⎛ ⎞
= = ∅ =⎜ ⎟

⎝ ⎠
∩  

 

 

 

 

 

 

 

 

 

 

 
 


