Math 8601

Solutions to Second Exam Fall 2008

Midterm Exam Solutions
November 21, 2008

(24) 1. Define each of the following statements or notation. For parts (a) through (d), assume that v and A

(4)

(4)

(4)

(4)

(4)

(4)

are signed measures and g is a positive measure on a measurable space (XM) .

a vliAd

Solution. Thereexist Eec A and Fe ¥ ,with ENnF=J and EUF =X, suchthat E is
null for v and F is null for 1.

b. |v|

Solution. |v|=v*+v~, where v=v"v" is the Jordan decomposition of v .

C. vu.

Solution. Forevery Ee ¥, u(E)=0 = v(E)=0.

dv

d. —
du

Solution. v« x and j—vz f: X > R is an extended u-integrable function satisfying
U

dv=fdu
e. F:R — R isof bounded variation.

Solution. sup{zn:|F(xk)—F(xk_l)|: neN, —0<X, <X, <oo}<oo
k=1

f. F:R—>R isabsolutely continuous.

Solution. For every >0, there exists a 0 >0 such that, for any finite set of disjoint
intervals (a,,b,),....(a,,b,),

(b, —a,)<5 = kzn;|F(bk)—F(ak)|<g.

k=1
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(20) 2.
(10) a. State Fubini’s Theorem for L* functions.

Solution. Let (X, A7,u) and (Y, AV ,v) be o-finite measure spaces. If f eLl'(uxv),then
fxeLl(v) for a.e. xe X, fyeLl(u) fora.e. yeY, jfxdveLl(u), nydue Ll(v), and

[fd(uxv)=[[ fdudv =[] fdvdu.

(10) b. You may use the following formula:

1 1

1 1
X2 —y? s X2 —y?

2 22dX dy__ziz_ 2 zzdy o
(X y?) (X y?)

Explain why this formula does not contradict Fubini’s Theorem.

Solution. The formula does not contradict Fubini’'s Theorem because the function
X2 — yz
(x2 n yz)2

is notin L*([0,1]x[0,1]). To see this, note that |f| is symmetric about the line x=y.

f(xy)=

Therefore, by Tonelli’'s Theorem,

1

1 y -
) y>—x? X - "1
[[ |fldm?=2 L7 _dx|dy=2| | 5= | dy=2| —dy=o
[0.4]:[0.1] \Jo (X2 + yz) oLX Y L 02y
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(200 3.
(10) a. State the Fundamental Theorem of Calculus for Lebesgue integrals.

Solution. If F :[a,b] — R, then the following statements are equivalent.

a. F is absolutely continuous on [a,b].

b. F(x)-F(a)=] f(t)dt for some f <L ([a,b],m).

c. F is differentiable a.e. on [a,b], F’eLl([a,b],m), and F(x)—F(a):ij’(t)dt.

a

(10) b. Give an example of a continuous increasing function F:[0,1] — R such that

F(l)—F(O)iI:F’(t)dt

Solution. Let F be the middle third Cantor function. Thatis, F:[0,1]—[0,1] is a

continuous increasing function such that F is constant on every interval in C°, where C
is the middle third Cantor set. Since m(C)=0, F'=0 a.e. Therefore,

F(1)-F(0)=1-0=120= F'(t)dt
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(20) 4. Let X =Y =N, M =N =2(N), u=v=counting measure. Define

1 ifm=n,
f(mn)=4-1 ifm=n+1
0 otherwise.

Show that f|f|d(yxv)=oo and that ”fd,udv and ”fdvdy exist and are unequal.

Solution. Since x4 and v are o -finite and since all functions are measurable for
M@ N =2(NxN), Tonelli's Theorem implies that

Jleig o) = (el = 3 S mn) |35 5] -3 2=

On the other hand,

while
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(16) 5. Suppose that F:[a,b]—>R and G:[a,b] > R are absolutely continuous. Show that FG is
absolutely continuous.

Solution. First note that

IF(x)G(x) ()|=[F(x) F(x)G(y)+F(x)G(y)-F(y)G(y)|
§|F F(x)G( |+|F G(y)—F(y)G(y)|
<|F(x ||G ~G(y)|+[G(Y)||F(x)-F(y).-

Since F and G are absolutely continuous, they are continuous. Since continuous functions
on compact sets are bounded, F and G are bounded on [a,b]. Therefore, there exists an
M such that

F(x)<M and G(x)<M forall xe[a,b],
which implies that
IFG(x)—FG(y)|<M|[G(x)-G(y)|+M|F(x)-F(y)|.

for all x,ye[a,b]. Given £>0, choose & >0 so that

Z(b —a,)<5 = Z|F F(ak)|<ﬁ

k=1

and

(b -8)<s = kZ:‘|G(bk)—G(ak)|<ﬁ

=
||
[:N

for any finite set of disjoint intervals (a,,b,),...,(a,,b,). Therefore, Z —a,) <6 implies that

Y|FG(b,)-FG(a,) <3 (M[G(b,)-G(a, )|+ M|F (b,)~F(a,))

k=1 k=1

which shows that FG is absolutely continuous.
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