Math 8601 Solutions to First Exam Fall 2009

Midterm Exam Solutions
October 16, 2009

(16) 1. Define each of the following statements or notation.
(4 a M isa o-algebraontheset X.

If M c .7)(X) is nonempty and closed under complements and countable unions, then
M is a o -algebra.

(4) b. (X,A) isameasurable space.

If X isasetandif 2/ isa o-algebraon X, then (Xﬂ{) is a measurable space.

(4) c. u isameasure on the measurable space (X, /).

If x: M —[0,0] is countably additive and satisfies x(2)=0, then x is a measure.

(4) d. f:X —>R ismeasurable.

If the inverse image of every Borel setin R is a measurable setin X ,thenis f is
measurable.

(15) 2.

(5) a. Let(X,7,u) beameasure space. State the fundamental theorem about “continuity from
above.”

Theorem. If {E,} is a sequence in # suchthat E, 5E,>---, and if u(E;)<x, then

n

(10) b. Let E <R have finite Lebesgue measure, and let x, be an increasing sequence of real numbers
such that X, — oo as n—oo. Show that m(E N [x,,%))—>0 as n— .

c E, Note that x, — oo implies that ﬂEn = . Note

n=1
also that E, « E, and hence that m(E,)<m(E) <. Therefore, continuity from below
implies that

Solution. Since x, is increasing, E

n+l

Iimm(En):m(ﬁEnj:m(Q):O.

n—oo
n=1
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(16) 3. Let (X M, /1) be a measure space and let f, be a sequence of real-valued measurable functions on
X.

(4) a. Define * f, converges almost everywhere.”

If E Z{XE Xt f, (%) converges} and if ,u(EC) =0, then f, converges almost everywhere.

(4) b. Define“f convergesin L ”.

If f el forall n and if there exists a function f e L' such that J‘|fn ~-fl>0asn>ow,
then f, convergesin L.
(8) c. Give an example of a sequence converging almost everywhere but not in L.
Trivial Solution. Let (X, ,u)=(R,£,m) and let f =1forall n. Then f —1 pointwise,

but f ¢L', so f, does not convergein L.

Better Solution. Let (X, /7, u)=(R,£,m) and let f, =z
pointwise, and hence a.e.

, forneN. Then f —0

n-1,n

Claim: f_does not converge in L.

Proof: Suppose that f — f in L. Then, for n>N,

L S R NI YT

Therefore, .[(7 N)|f|=0 , which implies that f =0a.e. on (-»,N), and hence that f =0

a.e.on R. We have shown that, if f — f in L', then f =0a.e. But I|fn —0|=1 for all

n,so f, does notconvergeto f in ', so f, does not converge in L.

(15) 4.
(5) a. State Fatou’s Lemma.

Lemma. If {fn} is a sequence in L', then

j(liminf fn) <liminf { f,.
(10) b. Let (X, A, 1) be a measure space, let f, be a sequence of measurable real-valued functions on

X converging pointwise to f , and suppose that Iiminf_f|fn|=0. Show that f =0 almost

everywhere.

Solution. Since f, — f pointwise, |f | —>|f| pointwise, so Fatou’s Lemma implies that

JI81= [ (tim ) = (timin £} < timinf f|1,|=o0.
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Therefore, I|f|=0, which implies that f =0 a.e. (either by Proposition 2.16 or 2.23).

(20) 5.
(5) a. State the Dominated Convergence Theorem.

Theorem. If {f } is a sequencein L such that
(@ f,—»> f ae., and
(b) there exists a nonnegative g e L' such that |f,|<geL' a.e.forall n,

then fel' and [f=lim|f,.

(15) b. Let EcR be Lebesgue measurable, let m(E) <o, and let f(t)szsin xtdm(x). Show that
f:R—RR is continuous.

Solution. Write h(x,t)= z. (x)sinxt, and note that f(t)z.[h(-,t). Foreach teR, h(-t) is
measurable, since y. is measurable and since sinxt is measurable in x for fixed t.
Also, |h(-,t)|§;(E e L', since m(E)<w. Hence h(.t) is integrable, which implies that

f (t) exists and is finite for all te R . Therefore, f:R > R.

We will show that f is continuous at t,, forany t,eR. Let t —t,, let ¢, (x)=h(xt,),
and let ¢(x)=h(x,t,). Since h(x,-) is continuous for each fixed x, ¢, — ¢ pointwise.

since |p,|=|h(-t,)

f(t,)=[h(-t,)=[@=lim[g, =lim[h(-t,)=lim f (t,),

which implies that f is continuous at t,.

< ¢ €', the Dominated Convergence Theorem implies that

(18) 6. Givenameasure space (X, A, u) and E e M , define . (A)=p(ANE) for Ae /. Show that
Mg isameasureon (X, A/).

Solution. First note that s : 7 —[0,].
Next, note that s (&)= u(FNE)=pu(d)=0.

Finally, let A, be a sequence of disjoint measurable sets. It follows that A, N E is also a
sequence of disjoint measurable sets. Therefore,

e (UA)=((UA)E)=(U(A N E)) = (A NE)=Fsee (),

which establishes the countable additivity property for .
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