A FREE BOUNDARY PROBLEM FOR THE PARABOLIC POISSON
KERNEL

MAX ENGELSTEIN

ABSTRACT. We study parabolic chord arc domains, introduced by Hofmann, Lewis and
Nystrom [HLN04], and prove a free boundary regularity result below the continuous thresh-
old. More precisely, we show that a Reifenberg flat, parabolic chord arc domain whose
Poisson kernel has logarithm in VMO must in fact be a vanishing chord arc domain (i.e.
satisfies a vanishing Carleson measure condition). This generalizes, to the parabolic setting,
a result of Kenig and Toro [KT03] and answers in the affirmative a question left open in the
aforementioned paper of Hofmann et al. A key step in this proof is a classification of “flat”
blowups for the parabolic problem.
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1. INTRODUCTION

In this paper we prove a parabolic analogue of Kenig and Toro’s Poisson kernel charac-
terization of vanishing chord arc domains, [KT03]. This continues a program started by
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Hofmann, Lewis and Nystrom, [HLN04], who introduced the concept of parabolic chord arc
domains and proved parabolic versions of results in [KT99] and [KT97] (see below for more
details). Precisely, we show that if € is a -Reifenberg flat parabolic chord arc domain, with
0 > 0 small enough, and the logarithm of the Poisson kernel has vanishing mean oscillation,
then Q actually satisfies a vanishing Carleson measure condition (see (1.6)). The key step
in this proof is a classification of “flat” blowups (see Theorem below), which itself was
an open problem of interest (see, e.g., the remark at the end of Section 5 in [HLNO4]).

Let us recall the defintions and concepts needed to state our main results. In these we
mostly follow the conventions established in [HLN0O4]. We then briefly sketch the contents
of the paper, taking special care to highlight when the difficulties introduced by the para-
bolic setting require substantially new ideas. Throughout, we work in two or more spacial
dimensions (n > 2); the case of one spacial dimension is addressed in [E15]. Finally, for more
historical background on free boundary problems involving harmonic or caloric measure we
suggest the introduction of [HLNO04].

We denote points (21, ..., Z,, t) = (X,t) € R"™! and the parabolic distance between them is
d((X,t),(Y,s)) = |X = Y|+ |t —s|"/2. For r > 0, the parabolic cylinder C,(X,t) := {(Y,s) |
|s —t| < r?,|X — Y| < r}. Our main object of study will be Q, an unbounded, connected
open set in R™*! such that Q¢ is also unbounded and connected. As the time variable has
a “direction” we will often consider Q" := QN {(X,s) | s < tp}. Finally, for any Borel set
F we will define o(F) = [ do,dt where do, := H"'|;_, the (n — 1)-dimension Hausdorff
measure restricted to the time-slice . We normalize H"~! so that o(C1(0,0)NV) = 1 for any
n-plane through the origin containing a direction parallel to the time axis (we also normalize
the Lebesgue measure, dXdt, by the same multiplicative factor).

Definition 1.1. We say that Q is 5-Reifenberg flat, § > 0, if for R > 0 and (Q, 1) € 002
there exists a n-plane L(Q, T, R), containing a direction parallel to the time axis and passing
through (Q,T), such that

{(Y,s)+rneCr(Q,7)|r>0R,(Y,s) € L(Q,7,R)} C

(1.1) {(Y,s) —rh € Cr(Q,7) | 7 > R, (Y,s) € L(Q,7,R)} Cc R"™\Q.

Where n is the normal vector to L(Q, T, R) pointing into Q at (Q,T).

The reader may be more familiar with a definition of Reifenberg flatness involving the
Hausdorff distance between two sets (recall that the Hausdorff distance between A and B
is defined as D(A, B) = sup,ec d(a, B) + supycg d(b, A)). These two notions are essentially
equivalent as can be seen in the following remark (which follows from the triangle inequality).

Remark 1.2. If Q) is a 0-Reifenberg flat domain, then for any R > 0 and (Q,T) € 0) there
exists a plane L(Q, T, R), containing a line parallel to the time axis and through (Q,T), such
that D[Cr(Q,7) N L(Q, 7, R),Cr(Q,7) N0N] < 46R.

Simalarly, if holds for some 0y and there always ezists an L(Q, T, R) such that
D[Cr(Q,7)NL(Q, T, R),Cr(Q,7) NN < IR then holds for 24.

Let 0((Q,7), R) := infp £ D[CR(Q,7) N P,Cr(Q, 7) N 9] where the infimun is taken over
all planes containing a line parallel to the time axis and through (@, 7).
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Definition 1.3. We say that Q (or Q%) is vanishing Reifenberg flat if Q is §-Reifenberg
flat for some 6 > 0 and for any compact set K (alternatively K CC {t < ty}),
(1.2) lim sup 6((Q,7),7)=0.

™0 (Q,r)eKnan
Definition 1.4. 002 is Ahflors regular if there exists an M > 1 such that for all (Q,T) €
0 and R > 0 we have

R n+1
(5) < o(Cr(Q,7)NIN) < MR,

Note that left hand inequality follows immediately in a d-Reifenberg flat domain for
d > 0 small enough (as Hausdorff measure decreases under projection, and Crg/2(Q,7) N
L<Q7 T R) - prOjL(Q,T,R) (CR(Q7 T) n 60))

Following [HLNO4], define, for » > 0 and (@, 7) € 09,

(1.3) Q) = in <7’"3 /8 o X0, PPaa(X, t))

where the infimum is taken over all n-planes containing a line parallel to the t-axis and going
through (@, 7). This is an L? analogue of Jones’ S-numbers ([Jo90]). We want to measure
how ~, “on average”, grows in 7 and to that end introduce

(1.4) dv(Q,7,7) = (Q,T,7)do(Q, T)r dr.

Recall that u is a Carleson measure with norm ||pl| if

(1.5) sup sup u((Cr(Q,7)NoN) x [0,R]) < ||ul|R".
R>0 (Q,7)€dQ

In analogy to David and Semmes [DS93] (who defined uniformly rectifiable domains in
the isotropic setting) we define a parabolic uniformly rectifiable domain;

Definition 1.5. If Q C R""! is such that 99 is Ahlfors reqular and v is a Carleson measure
then we say that ) is a (parabolic) uniformly rectifiable domain.

As in [HLNO4], if Q is a parabolic uniformly rectifiable domain which is also 0-Reifenberg
flat for some 6 > 0 we say that € is a parabolic regular domain. We may also refer to
them as parabolic chord arc domains.

Finally, if Q0 is a parabolic reqular domain and satisfies a vanishing Carleson measure
condition,

(1.6) lim sup sup p "' ((C,(Q,T)NIN) x [0, p]) =0

R0 0<p<R (Q,r)€00
we call 0 a vanishing chord arc domain. Alternatively, if holds when the 0Q is
replaced by K for any K CC {s < to} then we say that Q" is a vanishing chord arc domain.

Readers familiar with the elliptic theory will note that these definitions differ from, e.g.
Definition 1.5 in [KT97]. It was observed in [HLNO3] that these definitions are equivalent in
the time independent setting whereas the elliptic definition is weaker when €2 changes with
time. Indeed, in the time independent setting, uniform recitifiability with small Carleson
norm and being a chord arc domain with small constant are both equivalent to the existence
of big pieces of Lipschitz graphs, in the sense of Semmes [Se91], at every scale (see Theorem

2.2 in [KT97] and Theorem 1.3 in Part IV of [DS93]). On the other hand, in the time
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dependent case, even o(Ar(Q, 7)) = R™™ does not imply the Carleson measure condition
(see the example at the end of [HLNO3]).

The role of this Carleson measure condition becomes clearer when we consider domains
of the form Q = {(X,t) | ,, > f(z,t)} for some function f. Dahlberg [Da77] proved that
surface measure and harmonic measure are mutually absolutely continuous in a Lipschitz do-
main. However, Kaufman and Wu [KWS88] proved that surface measure and caloric measure
are not necessarily mutually absolutely continuous when f € Lip(1,1/2). To ensure mutual
absolute continuity one must also assume that the 1/2 time derivative of f is in BMO (see
[LMO95]). In [HLNO4] it is shown that the BMO norm of the 1/2 time derivative of f can
be controlled by the Carleson norm of v. Morally, the growth of o(Ag(Q, 7)) controls the
Lip(1,1/2) norm of f but cannot detect the BMO norm of the 1/2-time derivative of f (for
n = 1 this is made precise in [E15]).

For (X,t) € , the caloric measure with a pole at (X, ), denoted w**)(—), is the measure
associated to the map f +— Uy(X,t) where Uy solves the heat equation with Dirichlet data
[ € Co(09). If Q is Reifenberg flat the Dirichlet problem has a unique solution and this
measure is well defined (in fact, weaker conditions on € suffice to show w*X**) is well defined
c.f. the discussion at the bottom of page 283 in [HLNO04]). Associated to w**) is the
parabolic Green function G(X,t, —, —) € C(Q\{(X,t)}), which satisfies

( G(X,t,Y,s) >0, V(Y,s) € Q\{(X,1)},
G(X,t,Y,s) =0, V(Y,s) € 09,
(FP> _(as+AY) (X7t7Y S) 50((X7 t) - (Y78))7

/ @dw XY :/ G(X,t,Y,8)(Ay — 05)pdYds, Vo € C°(R"1).

\ o9 Q

(Of course there are analogous objects for the adjoint equation; G(—, —, Y, s) and @¥**).) We
are interested in what the regularity of w*" can tell us about the regularity of 9. Observe
that by the parabolic maximum theorem the caloric measure with a pole at (X, ¢) can only
“see” points (Q,7) with 7 < t. Thus, any regularity of w**Y) will only give information
about QF (recall Qf := QN {(X,s) | s < t}). Hence, our results and proofs will often be
clearer when we work with w, the caloric measure with a pole at infinity, and v € C'(2), the
associated Green function, which satisfy

( u(Y,s) >0, V(Y,s) € Q,
u(Y,s) =0, Y(Y,s) € 09,
(IP) —(8, + Ay)u(Y, s) =0, Y(Y,s) € Q

/ wdw :/ u(Y, 8)(Ay — 05)pdY ds, Yo € C°(R™1).
\ o0 Q
(For the existence, uniqueness and some properties of this measure/function, see Appendix
. However, when substantial modifications are needed, we will also state and prove our
theorems in the finite pole setting.

Let us now recall some salient concepts of “regularity” for w*). Denote the surface ball

at a point (@, 7) € 92 and for radius r by A,.(Q,7) := C.(Q, T) N O,

Definition 1.6. Let (Xy, 1) € Q. We say w*? is a doubling measure if, for every A > 2,

there exists an c(A) > 0 such that for any (Q,7) € 9Q andr > 0, where | Xo—Q[* < A(ty—7)
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and ty — T > 8r?, we have

(1.7) W) (A9, (Q, 7)) < (AW (AL(Q, 7).
Alternatively, we say w is a doubling measure if there exists a ¢ > 0 such that w(Aq.(Q, 7)) <
cw(A(Q, 7)) for all r >0 and (Q,T) € OS.

Definition 1.7. Let (Xo,t5) € Q and let wX00) be a doubling measure such that wXot) <<
o on 00 and kXo0)(Q, 1) := d“’(xo w0 () 7). We say that w0t € A (do) (is an Au-
weight ) if it satisfies a “reverse Holder inequality.” That is, if there exists a p > 1 such
that if A > 2,(Q,7) € 9, r > 0 are as in Definition then there exists a ¢ = ¢(p, A) > 0
where

p
(18) f k<X0vt0><@,T>pdo<@,T>sc(][ k<X0¢°><@,r>do<@,T>).
AQT‘(Q) Ar(QfT)

We can similarly say w € Ay (do) if w << o on O, h(Q,7) := % and there exists a

do
¢ > 0 such that

(1.9) ][AQ,.(Q,T) hQ,7)Pdo(Q,7) <c (][AT(Q,T) h(Q, T)do(Q, T))p.

In analogy to the results of David and Jerison [DJ90], it was shown in [HLNO04] that if
is a “flat enough” parabolic regular domain, then the caloric measure is an A, weight (note
that [HLNO4] only mentions the finite pole case but the proof works unchanged for a pole

at infinity, see Proposition |C.5)).

Theorem (Theorem 1 in [HLNO4] ). If Q is a parabolic reqular domain with Reifenberg
constant & > 0 sufficiently small (depending on M, ||v|| ) then wXot0) is an A, -weight.

Closely related to A, weights are the BMO and VMO function classes.
Definition 1.8. We say that f € BMO(9Q) with norm || f||. if

sup  sup f F(Pon) — feriomldo(P) < (11,
r>0 (Q,m)edr J Cr(Q,7)

where fe, () = fo f(P,n)do(P,n), the average value of f on C.(Q,T).

Define VMO(012) to be the closure of uniformly continuous functions vanishing at infinity
in BMO(9SY) (analogously we say that kXo0) € VMO(9Q) if kXot) € VMO(A(Q,T))
for any (Q,7) € 02, > 0 which satisfies the hypothesis of Definition for some A >2).

This definition looks slightly different than the one given by equation 1.11 in [HLNO04]. In
the infinite pole setting it gives control over the behavior of f on large scales. In the finite
pole setting it is actually equivalent to the definition given in [HLNO4] as can be seen by a
covering argument.

In analogy with the elliptic case, if {2 is a vanishing chord arc domain then we expect
control on the small scale oscillation of log(k(Xot0)).

Theorem (Theorem 2 in [HLNO4]). If Q is chord arc domain with vanishing constant and
(Xo,t0) € Q2 then log(kXot0)) € VMO(9Q).

Our main result is the converse to the above theorem and the parabolic analogue of the

Main Theorem in [KT03].
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Theorem 1.9. [Main Theorem] Let Q C R™™ be a §-Reifenberg flat parabolic reqular domain
with log(h) € VMO(9Q) (or log(kXo0)) € VMO(900)). There is a 6, > 0 such that if
§ < 8, then Q is a parabolic vanishing chord arc domain (alternatively, Q' is a vanishing
chord arc domain).

Contrast this result to Theorem 3 in [HLNO4;

Theorem (Theorem 3 in [HLNO4]). Let 2 be a 6-Reifenberg flat parabolic reqular domain
with (X,t) € Q. Assume that

(i) WD) (—) asymptotically optimally doubling,

(i) log k0 € VMO(99),

(111) ||v||s+ small enough.

Then Q' is a vanishing chord arc domain.

Our main theorem removes the asymptotically optimally doubling and small Carleson
measure hypotheses. As mentioned above, this requires a classification of the “flat” limits of
pseudo-blowups (Definition below), which was heretofore open in the parabolic setting.

Theorem 1.10. [Classification of “flat” Blowups] Let Qo be a §-Reifenberg flat parabolic
reqular domain with Green function at infinity, u., and associated parabolic Poisson kernel,
heo (i.€. hog = %) Furthermore, assume that |Vue| < 1 in Qo and |heo| > 1 for o-almost
every point on 0. There exists a 6, > 0 such that if 6,, > 0 > 0 we may conclude that,
after a potential rotation and translation, Q. = {(X,t) | x,, > 0}.

Nystrom [NOGa] proved a version of Theorem under the additional assumptions that
() is a graph domain and that the Green function is comparable with the distance function
from the boundary. Furthermore, under the additional assumption that €2 is a graph domain,
Nystrom [N12] also proved that Theorem implies Theorem . Our proof of Theorem
1.10| (given in Appendix |A]) is heavily inspired by the work of Andersson and Weiss [AWQ9],
who studied a related free boundary problem arising in combustion. However, we are unable
to apply their results directly as they consider solutions in the sense of “domain variations”
and it is not clear if the parabolic Green function is a solution in this sense. For example,
solutions in the sense of domain variations satisfy the bound

/ |Opul? < Cir™, YO.(X, 1) C Q,
Cr(X,t)

and it is unknown if this inequality holds in a parabolic regular domain (see, e.g., the remark
at the end of Section 1 in [N12]). Furthermore, the results in [AW09] are local, whereas
Theorem is a global result. Nevertheless, we were able to adapt the ideas in [AW09] to
our setting. For further discussion of exactly how our work fits in with that of [AWQ9] see
the beginning of Appendix [A] below.

Let us now briefly outline this paper and sketch the contents of each section. The paper
follows closely the structure, and often the arguments, of [KT03]. In Section We prove some
technical estimates which will be used in Sections 3| and [l Section [3]is devoted to proving
an integral bound for the gradient of the Green function. The arguments in this section are
much like those in the elliptic case. However, we were not able to find the necessary results
on non-tangential convergence in parabolic Reifenberg flat domains (e.g. Fatou’s theorem)

in the literature. Therefore, we prove them in Appendix [D] Of particular interest may be
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Propositionwhich constructs interior “sawtooth” domains (the elliptic construction does
not seem to generalize to the parabolic setting). Section 4| introduces the blowup procedure
and uses estimates from Sections [2] and [3] to show that the limit of this blowup satisfies
the hypothesis of Theorem [1.10} This allows us to conclude that €2 is vanishing Reifenberg
flat and, after an additional argument, gives the weak convergence of surface measure under
pseudo-blowup.

By combining the weak convergence of o with the weak convergence of no under pseudo-
blowups (the latter follows from the theory of sets with finite perimeter) we can conclude
easily that 7 € VMO (morally, bounds on the growth of o(A,(Q, 7)) give bounds on the
BMO norm of 7, see Theorem 2.1 in [KT97]). Therefore, in the elliptic setting, the weak
convergence of surface measure is essentially enough to prove that {2 is a vanishing chord
arc domain. On the other hand, to show that €2 is a parabolic vanishing chord arc domain
one must establish a vanishing Carleson measure condition (equation ([1.6))). Furthermore,
the aforementioned example at the end of [HLNO3] shows that control of the growth of
(A (Q, 7)) does not necessarily give us control on ||[v|+. In Section [5| we use purely geo-
metric measure theoretical arguments to prove Theorem [5.1} that a vanishing Reifenberg flat
parabolic chord arc domain whose surface measure converges weakly under pseudo-blowups
must be a parabolic vanishing chord arc domain. To establish this (and thus finish the
proof of Theorem [1.9)), we adapt approximation theorems of Hofmann, Lewis and Nystrom,
[HLNO3], and employ a compactness argument.

The remainder of our paper is devoted to free boundary problems with conditions above
the continuous threshold. In particular, we prove (stated here in the infinite pole setting),

Theorem 1.11. Let Q C R™! be a parabolic reqular domain with log(h) € Cka(kte)/2(Rn+1)
for k >0 and « € (0,1). There is a 6, > 0 such that if §,, > 6 > 0 and 2 is §-Reifenberg
flat then ) is a CkHiFekti+a)/2(ReHL) domain.

Furthermore, if log(h) is analytic in X and in the second Gevrey class (see Deﬁm’tion
in t then, under the assumptions above, we can conclude that ) is the region above the graph
of a function which is analytic in the spatial variables and in the second Gevrey class in t.

Similarly, if log(h) € C* then 0X2 is locally the graph of a C* function.

The case of k£ = 0 follows in much the same manner as the proof of Theorem but
nevertheless is done in full detail in Section [6] For larger values of k, we use the techniques
of Kinderlehrer and Nirenberg (see e.g. [KNT8]), parabolic Schauder-type estimates (see e.g.
[L8G]) and an iterative argument inspired by Jerison [Je90]. These arguments are presented
in Section

Finally, let us comment on the hypothesis of Theorem [I.11} For n > 3, this theorem
is sharp. In particular, Alt and Caffarelli, [AC8I], constructed an Ahlfors regular domain
Q C R3 with log(h) = 0 but which is not a C' domain (it has a cone point at the origin).
A cylinder over this domain shows that the flatness condition is necessary. On the other
hand, Keldysh and Lavrentiev (see [KL37]) constructed a domain in R? which is rectifiable
but not Ahlfors regular, where h = 1 but the domain is not a C' domain. A cylinder
over this domain shows that the Parabolic regular assumption is necessary. In one spatial
dimension, our upcoming preprint [E15] shows that the the flatness condition is not necessary
(as topology implies that a parabolic NTA domain is a graph domain). When n = 2 it is
not known if the flatness assumption is necessary and we have no intuition as to what the

correct answer should be.
7



Acknowledgements: This research was partially supported by the National Science Foun-
dation’s Graduate Research Fellowship, Grant No. (DGE-1144082). We thank Abdalla
Nimer for helpful comments regarding Section [5| and Professor Tatiana Toro for helping us
overcome a technical difficulty in Section [6] Finally, we owe a debt of gratitude to Professor
Carlos Kenig who introduced us to free boundary problems and whose patience and guidance
made this project possible.

2. NOTATION AND PRELIMINARY ESTIMATES

As mentioned above, all our theorems will concern a d-Reifenberg flat, parabolic regular
domain 2. Throughout, § > 0 will be small enough such that €2 is a non-tangentially
accesible (NTA) domain (for the definition see [LM95], Chapter 3, Sec 6, and Lemma 3.3
in [HLNO4]). In particular, for each (Q,7) € 0Q and r > 0 there exists two “corkscrew”
points, AX(Q, 1) == (XF(Q,7),tX(Q, 7)) € C.(Q,7) N Q such that d(AX(Q, 7),0Q) > r/100
and min{t"(Q,7) — 7,7 —t(Q,7)} > r?/100.

Our theorems apply both to finite and infinite pole settings. Unfortunately, we will often
have to treat these instances seperately. Fix (for the remainder of the paper) (Xo, o) €
and define uXot)(— —) = G(Xy,t9, —, —), the Green function (which is adjoint-caloric),
with a pole at (Xy,%y). As above, wX0t) is the associated caloric measure and k(Xo-%0) the
corresponding Poisson kernel (which exists by [HLNO04], Theorem 1). In addition, w is the
Green function with a pole at co, w the associated caloric measure and h the corresponding
Poisson kernel. We will always assume (unless stated otherwise) that log(h) € VMO(052) or
log(kXot0)) € VMO(9Qk).

Finally, define, for convenience, the distance from (X, t) €  to the boundary

SX,0) = inf[[(X.0) = (@]
2.1. Estimates for Green Functions in Parabolic Reifenberg Flat Domains. Here
we will state some estimates on the Green function of a parabolic Reifenberg flat domain
that will be essential for the gradient bounds of Section |3 Corresponding estimates for the
Green function with a pole at infinity are discussed in Appendix [C]

We begin by bounding the growth of caloric functions which vanish on surface balls. The
reader should note this result appears in different forms elsewhere in the literature (e.g.
[LM95], Lemma 6.1 and [HLN04] Lemma 3.6), so we present the proof here for the sake of
completeness.

Lemma 2.1. Let Q be a §-Reifenberg flat domain and (Q, ) € 0. Let w be a continuous
non-negative solution to the (adjoint)-heat equation in Co.(Q,7) N Q such that w = 0 on
Co(Q,7) NON. Then for any € > 0 there exists a 6y = dy(e) > 0 such that if § < g there
exists a ¢ = ¢(8p) > 0 such that

sup  w(Y,s)

r €C-(Q,7)

o ot < o(AEL@IY

whenever (X,t) € C,.(Q, ) N KL

Proof. We argue is in the proof of Lemma 2.1 in [KT03]. Let (Q,7) € 09 and r > 0.

Let vy be adjoint caloric in Cy.(Q,7) N Q such that vy = 0 on Ay, (Q,7) and vy 1 on
8



0,Co-(Q, 7) N Q. By the maximum principle,

(2.2) w(X,t) <[ sup  w(Y,s)|vo(X,1).
(Y,5)€C2r(Q,7)

We will now attempt to bound vy from above.

Assume, without loss of generality, that the plane of best fit at (Q,7) for scale 2r is
{z,, = 0} and that (Q,7) = (0,0). Define A = {(X,t) = (z,z,,t) | ©, > —4rd}. It is
a consequence of Reifenberg flatness that C,.(0,0) N Q C C,(0,0) N A. Define hg to be an
adjoint-caloric function in A N Cy,.(0,0) such that hg = 0 on OA N Cs,.(0,0) and hy = 1 on
0,C5-(0,0) N A. By the maximum principle ho(X,t) > vo(X, t) for all (X, ) € Ca,.(0,0) N2

Finally, consider the function gy defined by go(x,z,,t) = x, + 40r. It is clear that g
is an adjoint caloric function on A N C5,(0,0). Furthermore, hg, gy both vanish on OA N
Cor(Q, 7). Recall that (adjoint-)caloric functions in a cylinder satsify a comparison principle
(see Theorem 1.6 in [FGS86]). Hence, there is a constant C' > 0 such that

hO(X7 t) < ChO(O’ T/27 0)

(2.3) (XD S . , V(X,t) € Cpya(0,0) MA.
Let (X,t) = (x,a,t). Then equation ({2.3) becomes

4
(2.4) ho(X, 1) < 2 +r o

It is then easy to see, for any 6 < 1 and (X, t) € Cy,.(0,0), that vo(X, 1) < ho(X,t) < C(0+9).
Let 6 = 0 and iterate this process. The desired result follows. O

,T) w(x S)'

Lemma 2.2. [Lemma 5.7 in [HLNO4]/ Let Q,w, (Q, 7). be as in Lemma (2.1 There is a
universal constant c¢(dg) > 1 such that if (Y,s) € QN C,2(Q, 7) then

w(Y, s) < cw(A7(Q, 7)),

where we choose A~ if w is a solution to the adjoint-heat equation and A" otherwise.

Using the parabolic Harnack inequality, we can say more about sup(y. e, (@

As the heat equation is anisotropic, given a boundary point (@), 7) it will behoove us to
distinguish the points in € which are not much closer to (@, 7) in time than in space.

Definition 2.3. For (Q,7) € 092 and A > 100 define the time-space cone at scale r
with constant A, T;ET(Q,T), by

TE,(Q,7) = {(X,t) € Q| |X — Q> < At — 7], £(t — ) > 4r?}.

The next four estimates are presented, and proven, in [HLNO04]. We will simply state
them here. The first compares the value of the Green function at a corkscrew point with the
caloric or adjoint caloric measure of a surface ball.

Lemma 2.4. [Lemma 3.10 in [HLNO4]/ Let Q. (Q,7), 8 be as in Lemma[2.1. Additionally
suppose from some A > 100,r > 0 that (X,t) € T;CT(Q, 7). There exists some ¢ = c(A) > 1
(independent of (Q),T)) such that

GX L AT(Q, 7)) S WA (Q,7)) < er"G(X t, AL(Q, 7).
Similarly if (X,t) € Ty ,(Q,7) we have

cHG(A(Q,7), X, 1) S (AL p(Q, 7)) < er"G(AT(Q, 7), X, t).
9



We now recall what it means for an (adjoint-)caloric function to satisfy a backwards in
time Harnack inequality (see e.g. [FGSS86]).

Definition 2.5. If (Q,7) € 9Q and p > 0 we say that w > 0 satisfies a backwards Harnack
inequality in C,(Q, T)NSY provided w is a solution to the (adjoint-)heat equation in C,(Q,T)N
Q and there exists 1 < X\ < oo such that

w(X,t) < (X, 1), V(X,1),(X,1) € C.(Z,s),
where (Z,s),r are such that Cy,.(Z,s) C Cy(Q, ) NS
In Reifenberg flat domains, the Green function satisfies a backwards Harnack inequality.

Lemma 2.6. [Lemma 3.11 in [HLNO4]] Let 0, (Q,7), 8y be as in Lemma[2.1. Additionally
suppose from some A > 100,r > 0 that (X,t) € T;L(Q,T). There exists some ¢ = ¢(A) > 1
such that

G(X,t,A,(Q, 7)) < cG(X, 1, ANQ,T)).
On the other hand, if (X,t) € Ty (Q,T) we conclude

G(AT(Q,7), X 1) < cG(A(Q,7), X, ).
Lemmas and , imply that (adjoint-)caloric measure is doubling.

Lemma 2.7. [Lemma 3.17 in [HLNO4]/ Let 0, (Q,7), 8y be as in Lemma[2.1 Additionally
suppose from some A > 100,7 > 0 that (X,t) € TXT(Q,T). Then there exists a constant
c=c(A) > 1 such that

WwED(AL(Q, 7)) < CW(X’t)<Ar/2(Q,T)).
If (X,t) € Ty (Q, T) a similar statement holds for @.
In analogy to Lemma 4.10 in [JK82], there is a boundary comparison theorem for (adjoint-

)caloric functions in Reifenberg flat domains (see also Theorem 1.6 in [FGS86], which gives
a comparison theorem for caloric functions in cylinders).

Lemma 2.8. [Lemma 3.18 in [HLNO4]] Let Q. (Q,7),d0 be as in Lemma[2.1, Let w,v > 0
be continuous solutions to the (adjoint)-heat equations in Cs,.(Q,7) N Q with w,v > 0 in
QN Cy(Q,7) and w = v = 0 on Con(Q,7) N ON. If w,v salisfy a backwards Harnack
inequality in Co.(Q,7) N for some A > 1 then

v(Yos) T T u(AR(@, 7))

Where we choose A~ if w,v are solutions to the adjoint heat equation and A" otherwise.

V(Y,s) € Cppo(Q,7) NOQ.

As in the elliptic setting, a boundary comparison theorem leads to a growth estimate.

Lemma 2.9. [Lemma 3.19 in [HLNO4]/ Let Q,(Q, ), d,w,v be as in Lemma[2.8 There
exists a 0 <y =v(\) <1/2 and a ¢ = ¢(\) > 1 such that
X Y,
wlX, Do(tss) 1‘ c(8) vX . (v.5) € (@) N O

r

IN

w(Y, s)v(X,t)

whenever 0 < p <r/2.
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2.2. VMO functions on Parabolic Chord Arc Domains. Here we state some con-
sequences of the condition log(h) € VMO(99) or log(kXot)) € VMO(9Q). Our first
theorem is a reverse Holder inequality for every exponent. This is a consequence of the
John-Nirenberg inequality [JN16], in the Euclidean case (see Garnett and Jones, [GJ78]).
However, per a remark in [GJ7§|, the result remains true in our setting as 0f) is a “space of
homogenous type”. For further remarks and justification, see Theorem 2.1 in [KT03], which
is the analogous result for the elliptic problem.

Lemma 2.10. Let Q C R™ be a parabolic chord arc domain and log(f) € VMO(9Q).
Then for all (Q,7) € 9Q and r > 0 and 1 < g < co we have

1/q
(2.5) (][ fqda) < C'][ fdo.
Ar(Q,T) Ar(Q,T)

Here C' depends only on the VMO character of f, the chord arc constants of 2, n and q.

For the Poisson kernel with finite pole a localized analogue of the above Lemma holds
(and is proved in much the same way):

Lemma 2.11. Let (Xo,tp) € Q with (Q,7) € 0Q,A > 100,r > 0 such that (Xo,ty) €
T ,(Q,7). If log(kXot)) € VMO(Q®) then, for any 1 < q < 0o

1/q
(2.6) (][ (k‘XO’tO)qu‘) S C][ k;(XO’tO)dO‘.
Ar(Q7) Ar(Q,7)

Here C > 0 depends on n,q, A the VMO character of ko) and the chord arc constants of
Q.

Substitute the poisson kernel, h := Z—‘;, for f in Lemma m to glean information on the
concentration of harmonic measure in balls. This is the parabolic analogue of Corollary 2.4
in [KT03].

Corollary 2.12. If Q,h are as above, then for all e > 0,(Q,7) € 0Q,r > 0 and E C
A(Q,T)

_ E) e w(E) o(E) e
21 c(L> g—gc(—) .
20 AaQn)  =uadan = \eai@n)
Here C' depends on n, e, the chord arc constants of 2 and the VMO character of h.

Similarly, in the finite pole case we can conclude:

Corollary 2.13. Let (Xo,ty) € Q,log(kXot)) € VMO(9Q®), and A > 100, > 0 and
(Q,7) € 02 such that (Xo, 1) € TXT(Q,T). Then for alle >0 and E C A(Q,T)

1+ (Xo,to) 1—¢
@s) (2B N wmE) o olE)
o(Ar(Q; 7)) wXol) (An(Q, 7)) a(Ar(Q;7))
Here C depends on n, e, A, the chord arc constants of 2 and the VMO character of k(Xo:t0).

Finally, the John-Nirenberg inequality and the definition of VMO lead to the following
decomposition (see the discussion in the proof of Lemma 4.3 in [KT03|] for more detail-

specifically equations 4.95 and 4.96).
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Lemma 2.14. Let Q, h be as above. Given € > 0 and (Qo, 7o) € 0N there exists an r(e) >0
such that for p € (0,7(¢)) and (Q,7) € A1(Qo, T0) there exists a G(Q,T,p) C A,(Q,T) such
that o(A,(Q, 7)) < (1 +¢)a(G(Q,7,p)) and, for all (P,n) € G(Q, T, p),

(2.9) (1+ 5)1][ hdo < h(P,n) < (1+ 8)][ hdo.
Ap(Q)7) Ap(Q7)

And in the finite pole setting:

Lemma 2.15. Let Q, k&Xo:t0) (Q, 1) € I8, r >0, A > 100 be as above. Given e > 0 exists an
r(e) > 0 such that for p € (0,7(¢)) and (Q,7) € C.(Q, T) there exists a~G(Q,%, p) C AQ,7T)
such that o(A,(Q, 7)) < (14+¢)o(G(Q,T,p)) and, for all (P,n) € G(Q, T, p),

(210) (1 + 5)1][ ) /{Z(XO’tO)dO' < /{?(Xo’to)(P, 7]) < (1 + 8)][ ) /{?(Xo’to)da.
p(Q7) A7)

3. BOUNDING THE GRADIENT OF THE GREEN FUNCTION

As mentioned in the introduction, the first step in our proof is to establish an integral
bound for Vu (and VG(Xo, tg, —, —)). Later, this will aid in demonstrating that our blowup
satisfies the hypothesis of the classification result, Theorem [1.10}

We begin by estimating the non-tagential maximal function of the gradient. Recall the
definition of a non-tangetial region:

Definition 3.1. Fora > 0,(Q,7) € 09 define, I',(Q, T), the non-tangential region at (Q, T)
with aperture a, as
Fa(@,7) = {(X,1) € Q| (X, 1) — (@, 7)[| < (L +a)d(X, 1)}
For R> 0 let TE(Q, 1) :=T,(Q,7) N Cr(Q,7) denote the truncated non-tangential region.
Associated with these non-tangential regions are mazximal functions

No(I)@,7) = sup  |f(X,1)]

(X,t)ela (Q,7)
NAf(@Q.m) = sup  [f(X,1)].
(XH)erf(Q,m)
Finally, we say that f has a non-tangential limit, L, at (Q,T) € 0 if for any a > 0
lim  f(X,t)=1L.

(X,)=(Q.7)
(X,t)ela(Q,T)

In order to apply Fatou’s theorem and Martin’s repesentation theorem (see Appendix @
we must bound the non-tagential maximal function by a function in L?. We argue as in the
proof of Lemma 3.1 in [KT03] (which proves the analogous result in the elliptic setting).

Lemma 3.2. For any a > 0, R > 0, NE(|Vu|) € L} (do).

Proof. Let K C R™"! be a compact set and K be the compact set of all points parabolic
distance < 4R away from K. Pick (X,t) € T2(Q, 7). Standard estimates for adjoint-caloric
functions, followed by Lemmas [2.2 and [C.4] yield

u(X,t) (A4II(QT _x)(@:7)) w(Agj@.n—(x0)(Q, 7))
5% = ¢ X, = X DI@ ) — (X"

Vu(X,t)] < o siaidl



In the non-tangential region, §(X,t) ~, |[(Q, ) — (X, t)||, which, as o is Ahlfors regular and
w is doubling, implies

IVu(X,t)| < Ca][ hdo < Co,Mp(h)(Q,T).
Aj@m-x,01 (@)

Here, Mr(h)(Q,7) = supy.,<p fCT(Q ” |h(P,n)|do(P,n) is the truncated Hardy-Littlewood

2

maximal operator at scale R. 0f2 is a space of homogenous type and h € Lj,_

apply the Hardy-Littlewood maximal theorem to conclude

/ Mpg(h)?*do < C’/ h*do < oco.
K K

(do), so we may

The result in the finite pole setting follows in the same ways;

Lemma 3.3. For (Xo,ty) € Q let (Q,7) € 02, R >0 and A > 100 be such that (Xo,to) €
Ty r(Q,7). Then for any o > 0, Nf/8(|Vu(X°’t0)])|AR/2(Q,T) € L*(do).

Proof. Let (P,n) € A/ (Q,7) and pick (X, t) € Ff/s(P, n). Standard estimates for adjoint-
caloric functions, followed by Lemma [2.2] yield
WX 1) (Al (1)

X, t) — I(X,t) '

Note (X,t) € rﬁ/S(P, n) hence 4||(P,n) — (X,t)|| < R/2. By our assumption on (Q,T)
and (P,n) € ARﬁ(Q, 7) we can compute that R/2, (P, n),(Xo,ty) satisfy the hypothesis of

Lemmas 2.6/and [2.4|for some A > 100 which can be taken uniformly over (P, 1) € Ag/(Q, 7).
Therefore,

[VulXol) (X 1)) < C

WX (Agyip - cx1 (P 1)
In the non-tangential region, 6(X,t) ~q [[(P,n) — (X,¢)||, which, as o is Ahlfors regular
and [|(P,n) — (X, )| < R/8 implies

(3.1) |VulXol) (X 1) < C(A)

|VuXoto) (X 1) < CQ,A][ o) do < O A Mp o (KE00)) (P ).
APy — (x| (Pom)
The result then follows as in Lemma 3.2l 0

Unfortunately, the above argument only bounds the truncated non-tangential maximal
operators. We need a cutoff argument to transfer this estimate to the untruncated non-
tangential maximal operator. We will do this argument first for the infinite pole case and
then in the finite pole setting. The following lemma is a parabolic version of Lemma 3.3 in
[KT03] or Lemma 3.5 in [KT06], whose exposition we will follow quite closely.

Lemma 3.4. Assume that (0,0) € 0Q and fix R > 1 large. Let o € C(R"™), op = 1
on Cr(0,0), 0 < pr < 1 and assume spt(pr) C Cor(0,0). It is possible to ensure that
\Vor| < C/R and |0wpr|, |Apr| < C/R%. For (X,t) € Q define
(3.2) wr(X,t) = / G(Y, s, X,t)(0s + Ay)[er(Y, s)Vu(Y, s)|dYds,

Q
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here, as before G(Y, s, X, t) is the Green’s function for the heat equation with a pole at (X,t)
(i.e. (05 — Ay)(G(Y,5,X,t)) = 0xp),v,s) and G(Y,s,—,—) =0 on Q). Then, wrlsn =0
and wr € C(Q). Furthermore, if ||(X,t)|| < &, then

O(X, )M
(3.3) lwr(X,t)| < Cw-
Additionally, if ||(X,t)|] > 4R, there is a constant C' = C(R) > 0 such that
(3.4) lwr(X,t)] < C

Proof. That wglag = 0 and wg € C(£2) follows immediately from the definition of wg. For
ease of notation let V(z,t) := Vu(X,t). By the product rule

(0s + Ay)[pr(Y, )V (Y, 5)] = V(Y. s)(Ay + 95)pr(Y, s) + 2(Ver(Y,s), VV (Y, 5)) .
Split wr(X,t) = wk(X,t) + wh(X, t) where,

WHX )= [ GV X OV(Y.5)(By + 0.)on(Y.s)dVds
wh(X,t) = 2/ G(Y,s,X,t) (Vpr(Y,s), VV(Y,s)) dY ds.
Q

Regularity theory gives |Vu(Y,s)| < C Z((;/j)) and [VVu(Y,s)| < C (;12((1;38))' This, along with
our bounds on g, yields

C
wh(X 0] < 5 [
R R? Jivseair<)(vis)<2ry 0(Y,8)
C u(Y, s)
whxol< G [
R R Jiv.syeair<|(v.s)<2ry 02(Y; )

Any upper bound on w% will also be an upper bound for wk (as R = 6(Y,s)). Assume
first, in order to prove (3.3), that [|(X,t)|| < R/2. We start by showing that there is a
universal constant, C' > 1 such that

u(Y, s)

G(Y,s, X, t)dYds

=)

(3.5)

G(Y,s, X, t)dYds.

3/4
(3.6) G(Y,s,X,t) < C (‘S(LRS)> G(A(0,0), X, 1)

for all (Y, s) € QN(C2r(0,0)\Cr(0,0)) and (X, t) € QNCg/2(0,0). To prove this, first assume
that §(Y,s) > R/10. We would like to construct a Harnack chain between Aj,(0,0) and
(Y, s). To do so, we need to verify that the parabolic distance between the two points is less
than 100 times the square root of the distance between the two points along the time axis.
As we are in a §-Reifenberg flat domain the ¢ coordinate of A;,(0,0) is equal to (3R)? and
so A75(0,0) and (Y, s) are seperated in the ¢-direction by a distance of 5R?. On the other
hand || AZ;(0,0) — (Y, s)|| < 20R < 100(5R%)}/2. So there is a Harnack chain connecting
(Y,s) and A3;(0,0). In a d-Reifenberg flat domain the chain can be constructed to stay
outside of Cr/2(0,0) (see the proof of Lemma 3.3 in [HLNO4]). Furthermore, as 6(Y,s) is
comparable to R, the length of this chain is bounded by some constant. Therefore, by the

3/4
Harnack inequality, we have equation ((3.6]) (note in this case <5(LR’S)> is greater than some

constant, and so can be included on the right hand side).
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If 0(Y, s) < R/10, there is a point (@, 7) € 9 such that Cr/5(Q, ) N Cr/2(0,0) = 0, and
3/4
(Y,s) € Crj10(Q, 7). Lemma yields G(Y, s, X,t) < (J(LR’S)> G(A;/E)(Q,T),X, t). We

can then create a Harnack chain, as above, connecting A}, /5(@, ) and A32(0,0) to obtain

equation .
G(A35(0,0),—, —) is an adjoint caloric function in QN Cr(0,0), whence,
v 3/4
G(Y, 5, X, 1) <C (“ ’S>) G(ALp(0,0), X, 1)

v 8/4 /50y 3/4

(3.7) <o (2L) T (AN ON T Gas (0,0), 47(0,0))
R R

3/4 3/4
<C (Y, s) (X, t) R

R R

where the penultimate inequality follows from Lemma applied in (X,t). The bound on
G(A35(0,0), Az(0,0)) and, therefore, the last inequality above, is a consequence of Lemmas
and R.4E G(Afz(0,0), A7(0,0)) < G(Afx(0,0), A£(0,0)) < cR"wArO0(Cps(0,0)) <
cR™".

Lemma applied to u(Y, s) and equation (3.7)) allow us to bound

v PEL A-
g MG(Y, s, X, t)dYds < g T (6< ’t)) / U(L(Ol’g))d}/d&
R Je,n0.00\cr00) 62(Y;5) Rnt2+1/ R anCon(00) O(Y,8)Y

Ahlfors regularity implies, for any 8 > (1/(2R))"2, that
{(Y,5) € QNCL(0,0) | 6(Y,5)"2 > B} = [{(Y,5) € QNC,(0,0) | §(Y,s) < 872} < R 2

Therefore,

1 o 1
————dYds < R™ / pdf = R,
/mCQR(O,O) (Y, 5)1/2 (1/(2R))1/? 2

Putting everything together we get that
A5(0,0)) (8(X, O\Y* 8(X, 1)1
|w(X,t)| S CU( 2R( ) )) ( ( ) )) S C ( ) )

(3.8) I I Rz

where the last inequality follows from the fact that u(A;;(0,0)) cannot grow faster than
Rt for any a > 0. This can be established by arguing as in proof of Lemma and

invoking Corollary [2.12]
We turn to proving equation (3.4), and assume that ||(X,¢)| > 4R. Following the proof

of equation (3.6) we can show

(3.9) G(Y, 5, X,t) < CG(Y,s, Ay, 1(0,0)).

Above, j is such that 2772R < [|(X,t)|| < 2/7'R. Note that G(Y, s, A5, ) is a caloric function
in Cy-15(0,0) and apply Lemma to obtain

(0,0), A3 5(0,0)) < C3(Y, 5)¥*(27R)~"—5/4,

15
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The last inequality follows from estimating the Green’s function as we did in the proof of
equation (3.7). Proceeding as in the proof of equation (3.3)) we write
c u(Y; s)

R Jon(can0.0)\Cr0.0)) 62(Y;5)

G(Y, s, X, t)dYds < (27 R) ™" ¥4 R-1=3/ARMH1T1/2y (A, ,(0,0)).
Putting everything together,

(3.10) wa(X, 1) < C-
]

Corollary 3.5. For any (Y,s) € Q, Vu has a non-tangential limit, F(Q, ), for do®*)-
almost every (Q,7) € Q. In particular the non-tangential limit exz’sts for o-almost every
(Q, ) € 0. Furthermore, F(Q,T) € (™) and F(Q,T) € (do).

Proof. Theorem 1 in [HLN04] implies that for any compact set K C 02 there exists (Y 5) € Q)
such that )| € Ay (o|x). Therefore, if the non-tangential limit exists d(*)-almost
everywhere for any (Y, s) € Q we can conclude that it exists o-almost everywhere. Addi-
tionally, Lemma [3.2] implies that if Vu has a non-tangential limit, that limit is in L? (do)
and therefore L} _(do®*)) for any (Y,s) € Q.

Thus it suffices to prove, for any (Y, s) € €, that Vu has a non-tangential limit da®*)-
almost everywhere. Let R > 0 and define, for (X,t) € Q, Hg(X,t) = ¢r(X,t)Vu(X,t) —
wr(X, 1), where wg, pr were introduced in Lemma (3.4, Equation and wr(X,t) € C(Q)
imply that wgz(X,t) € L®(Q), which, with Lemma|3.2} gives that N(Hg)(X,t) € L'(do®)
for any (Y,s) € Q. By construction, Hg is a solution to the adjoint heat equation in €,
hence, by Lemma|D.1, Hz(X,t) has a non-tangential limit ©**)-almost everywhere. Finally,
because wg, ¢r € C(Q) we can conclude that Vu has a non-tangential limit for &(*)-almost
every point in Cg(0,0). As R is arbitrary the result follows. O

loc loc

If we assume higher regularity in 0€2, it is easy to conclude that Vu(Q, 1) = h(Q, 7)n(Q, 7)
for every (Q,7) € 0. The following lemma, proved in Appendix [B] says that this remains
true in our (low regularity) setting.

Lemma 3.6. For o-a.e. (Q,7) € 092 we have F(Q,7) = h(Q, T)n(Q, T)
Finally, we can prove the integral estimate.

Lemma 3.7. Let 2 be a §-Reifenberg flat parabolic reqular domain. Let u,h be the Green
function and parabolic Poisson kernel with poles at infinity respectively. Fix R >> 1, then
Jor any (X, t) € Q with ||(X,t)]| < R/2

3/4

(311) vaxols [ @m0+ I
A2r(0,0)

Proof. For (X,t) € Q define Hr(X,t) = ¢r(X,t)Vu(X,t) — wg(X,t) where wg, pr were
introduced in Lemma [3.4 Hp(X,t) is a solution to the adjoint heat equation (by construc-
tion) and N(Hg) € L (do™*)) for every (Y, s) € Q (as shown in the proof of Corollary .
Hence, by Proposition£D4_4|we have Hp(X,t) = [,,9(Q.7) YA (Q, 7), where g(Q, 7) is the
non-tangential limit of Hpg.
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Lemma and wg|ag = 0 imply that ¢(Q,7) = ¢r(Q, 7)h(Q, T)n(Q, 7). Estimate (3.3)
on the growth of wg allows us to conclude

Xt 3/4
VU] < Ha(X 0+ lan(6 01 < [ w@naat(@r) + 1O
89(7021{(0,0) R

O

The finite pole case begins similarly; we start with a cut-off argument much in the style
of Lemma [3.4]

Lemma 3.8. Let (Xo, 1) € Q and fix any (Q,7) € 02, R > 0, A > 100 such that (Xo,ty) €
THp(Q, 7). Let ¢ € CX(Crpa(Q,7)). Furthermore, it is possible to ensure that ¢ = 1 on

Cru(Q,7), 0< 9 < 1,|Vy| < C/R and [0ypl, |Ap| < C/R?.
For (X,t) € Q define

(3.12) W%XJ)::/(XYﬁerx&f+AyMwOCQVﬂ”@“KKsﬂdea
Q

Then, Wlaq =0 and W € C(Q). Additionally, if ||(X,t) — (Q,7)|| < R/8 then
6(X, t))“ W00 (AR(Q, 7))

R Rn—i—l

Finally, if |(X,t) — (Q,7T)|| > 32R there is a constant C > 0 (which might depend on
(Xo,t0), (@, T) but is independent of (X,t)) such that

(3.14) W(X,t)| <C

Proof. Using the notation from Lemma , observe that ¢(X,t) = pru((X,t) — (Q,7)).
Therefore, the continuity and boundary values of W follows as in the infinite pole case.
Furthermore, arguing exactly as in the proof of equation (3.13)) (taking into account our
modifications on ¢) we establish an analogue to equation (3.8)) in the finite pole setting;

ue(A,(Q,7) (8(x, 1)\
v ()

By assumption, (X, %), (@, ) and R satisfy the hypothesis of Lemmas[2.4 and [2.6] As such,
we may apply these lemmas to obtain the desired inequality (3.13]).
To prove equation (3.14]) we follow the proof of equation (3.4]) to obtain an analogue of

(3.13) WX, 1) < C(4) (

(3.15) W(X,t)| <C

(3-10));

u(Xo,to)(Al_%/4(Q,T)) R
3.16 WX, t)| <C =C.
(3.16) W (X, 1) R (X, 1) — (Q,7)||"

O

Corollary 3.9. For (Xy,ty) € Q, let (Q,7) € 9Q, R > 0, A > 100 be as in Lemma 3.8, For
any (Y, s) € Q, VulXoto)(— ) has a non-tangential limit, FX0) (P ), for do®™*)-almost
every (P,n) € Aguu(Q,7). In particular, the non-tangential limit exists for o-almost every
(P,n) € Agu(Q, 7). Furthermore, F(Xo’t0)|AR/4(Q7T) c L' (do™)) and F(Xo’t°)|AR/4(Q7T) €
L?(do).
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Proof. Theorem 1 in [HLN04] implies that there exists (Y, s) € 2 such that 0|, 5(Xgut0)/4(@) €
Ao (0)ap@m)- Therefore, if the non-tangential limit exists dw®**)-almost everywhere on
Aps(Q,7) for any (Y,s) € € we can conclude that it exists o-almost everywhere on
Ap/s(Q, 7). Additionally, Lemma implies that if Vu(Xo®0)(— —) has a non-tangential
limit on Ap/4(Q, 7), that limit is in L?(do)-integrable on Ag/4(Q, 7) and therefore L (dw®*)-
integrable on Ag/4(Q,7) for any (Y, s) € Q.

Thus it suffices to prove, for any (Y,s) € Q, that Vu(Xo?)(— —) has a non-tangential
limit d*)-almost everywhere on Ag /4(Q, 7). Let ¢, W be as in Lemma and define, for
(X,t) € Q, H(X,t) = p(X,t)VulXolo) (X +)-W (X, t). Equation and W(X,t) € C(Q)
imply that W(X,t) € L*(Q2). Lemma implies that N(H)(P,n) € L'(do™*) for any
(Y, s) € Q (as outside of Cr/2(Q,7) we have H = =W, which is bounded). By construction,
H is a solution to the adjoint heat equation in €2, hence, by Lemma |D.1| H(X,t) has
a non-tangential limit do*)-almost everywhere. Finally, because W, ¢ € C(Q) we can
conclude that Vu(Xo0)(— —) has a non-tangential limit for d&®**)-almost every point in

Apru(Q, 7). O

As in the infinite pole case, if we assume higher regularity in 0f2, it is easy to conclude
that Vu(Xot) (— ) (P, n) = kXot) (P n)a(P,n) for every (P,n) € 92 The following lemma,
proved in Appendix , says that this remains true in our (low regularity) setting.

Lemma 3.10. For (Xo,t9) € Q let (Q,7) € 90, R > 0,A > 100 be as in Lemma[3.8 Then
for o-a.e. (P,n) € Arys(Q,7) we have FXot) (P p) = &Xoto)(P )i (P, n)

Finally, we have the integral estimate (the proof follows as in the infinite pole case and so
we omit it).

Lemma 3.11. For (Xo,t9) € Q let (Q,7) € 9, R > 0,A > 100 be as in Lemma[3.8 Then
for any (X,t) € Q with ||(X,t) — (Q,7)|| < IR/8

k'(XO’tO)dC:)(X’t) + C (5(X7 t>)3/4 w(X()’tO)(AR(QJ 7—)) '

@11 [P < [ - oa

AR/Q(QvT)

Here C = C(A) < .

4. €0 1S VANISHING REIFENBERG FLAT

In this section we use a blowup argument to prove Proposition [£.6] that € is vanishing
Reifenberg flat, and Lemma , that lim, o sup(g nexnon w = 1. To do this, we
invoke Theorem the classification of “flat blow-ups”.

We now describe the blowup process,

Definition 4.1. Let K be a compact set (in the finite pole case we require K = Agr(Q,T)
where (Q,7) € 0Q, R > 0 satisfy (Xo,to) € T 4z(Q, T) for some A >100), (Q;, 7;) € KNI

and r; 1 0. Then we define
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(4.1a) Q ={(X,t) | (nX + Qi rit+7) € Q}
u(riX + Qi 1t + 1)

4.1b i X,t =
(1) w0 T fori(czi,mmaﬂ hdo
_0(Cr(Qi ) w{(Pn) € Q| (P —Qi)/ri,(n—7:)/r}) € E})

(4.1¢) wi(E) = e SO Qi)

h(riP + Qi rin + 1)
4.1d hz P, =
410 ) fori(czi,mman hdo
(4.1e) 0; ==0|aq,-

(Xoto) |, Koto) o g fKorto)

Similarly we can define u; ,
Remark 4.2. Using the uniqueness of the Green function and caloric measure it follows
by a change of variables that u; is the adjoint-caloric Green’s function for §; with caloric
measure w; and

dwi = hzdaz
is the Green function for Q; with a pole at (

i(XO’tO) and Poisson kernel kZ(XO’tO).

(XOvtO)

; with associated

U Xo—Qi to—7
Similarly, u Xo-9i fosri

(3

caloric measure w

We first need to show that (perhaps passing to a subsequence) the blowup process limits
to a parabolic chord arc domain. In the elliptic setting this is Theorem 4.1 in [KT03]|.
Additionally, in [NO6b], Nystrom considered a related parabolic blowup to the one above
and proved similar convergence results.

Lemma 4.3. Let Q;,u;, h;,w; (or ngo’tO), k;i(XO’tO) and wEXO’tO)) be as in Definition n Then

there exists a subsequence (which we can relabel for convenience) such that for any compact
K

(4.2) DIK N Qi KN Q] =0

where Q4 s a parabolic chord arc domain which is 40-Reifenberg flat.

Moreover there is a us € C(Ss) such that
(4.3) Ui — Uso

uniformly on compacta. Additionally, there is a Radon measure ws, supported on 0 such
that

(4.4) Wi — Weo-

Finally, us,ws are the Green function and caloric measure with poles at infinity for Q.
(i.e. they satisfy equation (IP))).

Proof. Lemma 16 in [NOGb] proves that ©; — Q. and that 2 is 40-Reifenberg flat. In the
same paper, Lemma 17 proves that u; — s, w; — W and that u, ws satisfy equation
. A concerned reader may point out that their blowup differs slightly from ours (as their
2 is not necessarily a chord arc domain). However, using Ahlfors regularity their argument

works virtually unchanged in our setting (see also the proof of Theorem 4.1 in [KT03]).
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Therefore, to finish the proof it suffices to show that {2, is a parabolic regular domain.
That is, 0o = 0|sq.. is Ahlfors regular and 02 is uniformly parabolic rectifiable. Let us first
concentrate on . Note that for each ¢y € R we have that (Q;),, = Q,; N{(Y,s) | s = to}
is 6-Reifenberg flat (and thus the topological boundary coincides with measure theoretic
boundary). Furthermore, we claim that (2;);, = (Q)s, in the Hausdorff distance sense.
This follows from the observation that, in a Reifenberg flat domain €2, the closest point on
O to (X,t) € Q is also at time ¢ (see Remark [D.2).

For almost every sy we know that (), is a set of locally finite perimeter in X € R" and
thus (£2;)y, is a set of locally finite perimeter for almost every ¢,. We claim, for those ¢,, that
Xe, (X, to) = Xa.. (X, to) in Lj, (R™). Indeed, by compactness, there exists an Ey, such that
Xe,; (X, t0) = Xg,- That By, = (Qu)s, is a consequence of (§2;);, — (€2o0)t, in the Hausdorff
distance sense (for more details, see the bottom of page 351 in [KTO03]). Hence, for almost
every to, ()¢, 1S a set of locally finite perimeter. In addition, lower semicontinuity and
Fatou’s lemma imply

n+R?
oo Ar(Po)) = / HH{(X,5) | (X,5) € 0%, |X — P| < R})ds

n—R?

n+R?
< / lim inf 1 ({(X, ) | (X, 5) € 00, |X — P| < R})ds
n

_R2 1—+00

1—00 _R2

n+R2
< liminf/ H (X, s) | (X,s) € 0, | X — P| < R})ds
U

S MRn+1.

(The last inequality above follows from the fact that o is Ahflors regular and the definition of
the blowup). The lower Ahlfors regularity is given immediately by the d-Reifenberg flatness
of Q.

It remains to show that v, (defined as in ([1.4)) but with respect to Q) is a Carleson
measure. Define v(®)(Q,7,r) := infpr "3 fCT(Q,T)ﬂaQoo d((Y,s), P)*do (Y, s) where the in-
finum is taken over all n-planes P containing a line parallel to the t-axis. Similarly define
Y (Q,7,r). We claim that

(4.6) ~U(P i, r) < liminfyD (P, mi, 7 + &), V(P, 1) € 0Qu,
1— 00

where (P;,n;) € 0%; is the closest point in 9€2; to (P,n) and ¢; | 0 is any sequence such that
&; Z 2D[891 N CQT(P, 77), 8900 N CQT(P, 77)]
Let V; be a plane which achieves the infinum in v (P, n;, r+¢;). Passing to a subsequence,

the V; converge in the Hausdorff distance to some V.. As such, there exists 9; | 0 with
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D[V; N C1(0,0), Voo N C1(0,0)] < 6;. Estimate,

’Y(i)(Pmm,’f’ + 81) - T + 5@ - 3/ 2)\0'1 Y 5 € CT+€1(P17771) | d<<Y S) ) > A})d)‘
0

8

(r+e;) ”3/ 200;({(Y,s) € C.(P,n) | d((Y,s), Vi) > A})dA

(r+2)" 3/ s ({(Y.8) € Cu(P,m) | d((Y, ), Vi) > A+ 16, })dA
0
Y=A41d;

> (r4e)™ 3/(1) 2(y —o())ai({(Y, s) € Co(Pn) [ d((Y, 8), Voo) > 7})dy

Take liminfs of both sides and recall, as argued above, that for all open U, 0., (U) <
liminf; ,,, 0;(U). Equation then follows from dominated convergence theorem, Fatou’s
lemma and Ahlfors regularity.

We claim, for any p > 0,
(4.7) / FONY, 5, 1)dos (Y, 5) < lim'inf/ YO, 8,7 4 ¢;)doi(Y, s) =: F'(r)

Cp(Pm) ! ‘ot (Pismi)

where p > r > 0, (P,n) € 00, the (P;,n;) are as above and ¢; | 0 with &; > 3D[09Q; N
Cs,(P,n), 00 N Cs,(P,n)] — 0. The proof of equation (4.7) is in the same vein as that of
equation (4.6)), and thus we will omit it. Observing that the ||v;||; are bounded uniformly
in 7, Fatou’s lemma implies

Voo (CH(P,m) % [0, p)) :/OP FOO(T)@ &1 /Ophmlanz( )dT

T 1—00 T

(4.8)
<liminf v;(Cpie, (P, mi) X [0,p+¢€;)) < Cp”“ lim sup || ;]| +-
1—00 7

[l

We now want to show a bound on Vu., (in hopes of applying Proposition [1.10]). Here we
follow [N12] (see, specifically, the proof of Lemma 3.3 there).

Proposition 4.4. |Vu.(X,t)| <1 for all (X,t) € Qu

Proof: Infinite Pole case. Let (X,t) € 2o and define d((X, 1), 00) =: 0. There exists an
io > 0 such that if ¢ > 4y then Css_/4(X,t) C €. By standard parabolic regularity theory,
Vu; = Ve uniformly on Cs_2( X, t).

(2; is a parabolic regular domain with (0,0) € 0€; so by Lemma [3.7| we can write

X, )3/
(4.9) Vui(X, )] < / (@™ (Q, ) + LSO
99;1C 17 (0,0) M
as long as M/2 > max{2|[(X,t)||,1}. For e > 0, let M > 2 be such that CUXDIE )]%)/”3/ £/2

and let ¢’ = ¢/(M, d,€) > 0 be a small constant to be chosen later. By Lemma [2.14 “ there
exists an r(¢’) > 0 such that if (Q;,7;) € K N9IQ and M < r(¢') there is a set G;
G((Qs,7:), Mr;) C Crpr, (Qs, 1) MO with the properties that (1+¢")o(G;) > o(Chr, (Qs, Tl))
and, for all (P,n) € G,

(1+ 5')1][ hdo < h(P,n) < (1+¢ )][ hdo.
Coarr; (Qi,71) Carry (Qi,71)
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Throughout we will assume that ¢ is large enough such that Mr; < r(e').
Define G; := {(P,n) € 0Q; | (riP+ Q;,r?n+ 1) € G;}, the image of G; under the blowup.
Then

h(riP + Qi,rin+ 1) wa(@m) hdo ~
e : , V(P, T}) € G;
fAri(Qm) hdo fAri Q) MO

where, as in [KT03], we write a ~_ b if

Observe
(4.11)

(4.10) hi(P,n) =

1+€ <¢<(14+€).

][ hdo > —— - / hdo > U(Gi,m A (G, 7)) ][ hdo.
Ary(Qirrs) o(Ar(Qi, 1)) Jaina,, (@i (L+€)0(Ar(Qis 7)) J an,, (@im)

Combining this with equation (4.10) we can conclude

U(AW<Q1’,T¢)) 5
(GiNA, (Qr, 7)) V(P,n) € G;.

hi(Pn) < (1+¢)?

Ahlfors regularity implies

o(GiNAL(Qi 7)) = (A, (Qi, i) — o (A (Qi, Ti)\Gi)
> U(AT1<Q“TZ)) U(AMn(Qm Tz)\G )
(412) > U(ATZ<QZ7TZ)) o (AMW(QZ’ TZ))
> o(A,(Qi, 7)) (1 — CM™e.

Putting everything together hy(P,n) < (1 +¢')%(1 — CM™*'e" )=t Y(P,n) € G;. Hence,

R L+ (xn, A~ (1+4¢)?
4.1 Aot < L (0
(4.13) /@1 hidw, > (I—CM"H&T)M (Gi) < (1— CMntig’

as @fx’t) is a probability measure.

Define F; := (Cy,(Qs, 1) N OQ)\G; and F; analogously to G;. Let A; € Q; be the
backwards non-tangential point at (0,0) and scale 30M. We want to connect A; with (X, )
by a Harnack chain in €2;. Thus we need to show that that the square root of the difference
in the t-coordinates of A; and (X, t) is greater than w. This follows after observing
that the t-coordinate of A; is < —9M?. The Harnack inequality then tells us that there
is a C = C(n,M,6s) > 0 such that do™? < Cd* on Cay(0,0) N IQ;. Furthermore,
A; € Tyyg,(0,0) which implies, by Theorem 1 in [HLNO4], that there is a p > 1 such that

kA = % satisfies a reverse Holder inequality with exponent p and constant C' (as the
(); are uniformly parabolic regular and J-Reifenberg flat, the arguments in [HLNO04| ensure
that p,C can be taken independent of 7). Let g be the dual exponent; then, by Holder’s

inequality,

1/q . 1/p
(4.14) / hide™ < ¢ / hydi < C ( / h?doi) ( / (kA")pdai) .
F; F; F; F;
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To bound the first term in the product note,
f P hido
7

Per Lemma h* € Ay(do) (as log(h?) € VMO(012)). Apply Holder’s inequality and then
the reverse Holder inequality with exponent 2 to obtain

1/2
/ Wido < o (A (Qsr 7)) 20 (F)2 ][ h2do
F; Aner; (QisTi)

1/2
(4.16) <0 (LF)) / hdo
o AMU(Q’U Ti) Ay (Qi7)

< COVEo (M Qi) ][ hdo,

Ay (QisTi)

(4.15) / hido; = r;"

F;

where that last inequality comes from the fact that F; is small in Ay, (Q;, 7). Invoking
Lemma [2.10| again, h satisfies a reverse Holder inequality with exponent ¢. This fact, com-

bined with equations (4.15]), (4.16)), implies
. ~hdo\*
/h;’doi <oye B Qi 7i)) (fAMTi(QZ,n) )
F;

n+1
(4.17) eq (1 4+ENo (A (Qi, )\
< M" Z
= oV (G 1 A, (@i 7))

°q
< OVEM™ (1 — oM™

To bound the second term of the product in equation (4.14]) we recall that k4 satisfies a
reverse Holder inequality with exponent p at scale M,

. 1/p ) 1/p
( / (k;Ai)pdai) < ( / (k:Ai)pda,»)
ﬁ'i Cwmr (O,U)ﬂaﬂi

SCO’Z(CM(O,O) ﬂ(‘?Qi)l/p (][ ];‘Aid0'i>
CM(O,O)I'_‘IBQZ'
<Co;(Ch(0,0) N AP~ 4 (Cy4(0,0))

1/p—1
<C (U(AMTi(in Tz))) 8 < OM- (/e

n+1
T

(4.18)

Together, equations (4.14), (4.17) and (4.18)), say

(4.19) / hidw ™Y < C M-/ (C\/EM”+1(1—CM"“s')—Q)l/q: _ (e
| w0 < 1— CMmHie
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Having estimated the integral over G; in equation (4.13) and the integral over F} in equa-
tion (4.19)) we can invoke equation (4.9)) to conclude

Xt 3/4
Voo (X, )] Slimsup/ hi(Q, 7)di Xt)(Q,T)—i—CH( Dl
i A%NC11(0,0) M1/2
(4.20) (14 ¢)? (e')1/(29)
<< CMr+te) O G TE?
<1l +e.

The last inequality above is justified by picking &’ > 0 small so that = 014]\—;" Ty tC7 (EC/);W/,(LT;

14+¢/2. O
Proof: Finite Pole Case. Let (X,t) € Qo and define d((X,?), ) =: 0. There exists an
io > 0 such that if ¢ > iy then Css_/a(X,t) C Q; but Css_2(X,t) N 0Q; # 0. By standard
parabolic regularity theory, Vugxo’t(’) — Vo uniformly on Cs_jo(X,t). Let ()A(Z,f,) € 00
be a point on 0€; closest to (X, t). Note that uZ(XO’tO)
at (X‘);Qi, %) Let M > max{4R, 100}, be arbitrarily large to be chosen later. We

i 2

is the Green function of §2; with a pole

want to check that <X° Qi to ”) € Ty, w(Xi, t;) for 4 large enough (recall our assumption
that (Q;, 7)) € Ar(Q,7) where (Xo,t0) € T 4(Q, 7).

Observe .
0 27-1—tAi>4M2<:>t0—TZ’—7’Z-22?Z’>4TZ-2M2
T
But to—7; > 0 and |£;| < C(|t|+ 6x) < C. So for i large enough 5% —{; > 4M?. Similarly,
Xo—Qi o to— 7 . .
IO—Q—Xl SQA 0 3 —Ql—TZXZ‘QSZA‘tO—Tl—TZQtZ‘
. Ts

A

As |Xo—Qi|* < Aty — 7| we may conclude, for large 4, that (XOT;Q, tor;ﬂ) € Ty (X, 1)
Invoking Lemma |3.11
(4.21)

Va0 (X, 1)) < /

C]y[ (Xl ,fi)ﬂaﬂz‘

M Mt
For any € > 0, pick an M = M (e) > 0 large such that

3/4  (Xo,to) ,
C <5;°O) W; (CM(Qv T) N an) S 5/2

k(XO,tO)d(D(X,t) + C (%)3/4 wl(XO to) ( (Q 7-) N aQ )

M M
For large enough ¢,
(P,n) € Cu(Xi, 1) N0 =
(P + Qi,rin +75) € Dpuns (1 X, + Qi 12 + 73) € Nopon(Qi, 1) € Aop(Q, 7).

Therefore, we can apply Lemmas [2.11} [2.13 and [2.15 to k(X% on Ay, 1/(Q;, 7;) for large

enough i. Let ¢/ =¢'(M,€) > 0 be small and chosen later. There exists an iy € N such that

i > ig implies that equations (4.21]) and (4.22)) hold and that 2r;M < r(&) (where r(g’) is
24
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given by Lemma [2.15). We may now proceed as in the infinite pole case to get the desired
conclusion. U

To invoke Theorem [1.10] we must also show that h,, > 1 almost everywhere. Here we
follow closely the method of [KT03].

Lemma 4.5. Let O, Ueo, Woo be as above. Then hy, = j‘;—;’z exists and
hOO(QaT> Z 1
for ouo-a.e. (Q,7) € 0.

Proof. In Lemma [4.3| we prove that (. is a d-Reifenberg flat parabolic regular domain.
By Theorem 1 in [HLNO04|] (see Proposition for remarks when the pole is at infinity)
Woo € Auo(dos); thus hy, exists.

By the divergence theorem, the limiting process described in Lemma [4.3] and (e, i) =
1 — 1|l — €|® we have, for any positive p € C2°(R"!) and any e € S" ',

/ wdo; 2/ e (e, ;) do; = —/ div(pe)d X dt
o0, 09 o

K3

(4.23) iy —/ div(pe)dXdt = / (e, o) dos
Qoo Moo

1
> / 0do s — —/ O — €|?dose.
9000 2 Joo..

We claim, for any positive ¢ € C>°(R"1),

(4.24) / Yhsodos, > lim sup/ pdo;.
0o 1—00 09
If our claim is true then faﬂw Phoodose > fmm gpdaoo—% fmoo Q| —e|?dos. For (Qg, o) €
s, let e = 7o (Qo, 7o) and ¢ = X, (Qo,m) to obtain

1 - -
[ hdonzonC@um) =g [ (i (Pon) = @0 )P (Pn) =
Cr(Qo,m0) Cr(Qo,m0)

1 — —
][ hoodgoo Z 1-— 5% |TLOO(P, 77) - noo(Q0>T0>|2dUoo(Pa 77)
Cr(Qo,70) Cr(Qo,70)

If (Qo,70) is a point of density for 7, hoo letting 7 | 0 gives hoo(Qo, 7o) > 1 for o-a.e.
(Qo,70)-

Thus we need only to establish equation . Pick any positive ¢ € C(R"1) e > 0
and let M > 0 be large enough such that ¢ € C°(Cy(0,0)) and ||¢||r« < M. Let ¢ > 0
to be choosen later (depending on M, ¢). We will prove equation for the infinite pole
blowup. However, the arguments in the finite pole setting are completely unchanged; for
large enough i we have Cyy,..(Q;, ;) C Car(Q,7) and hence can apply Lemmas
and to kX0t on Ay, (Qi, 7).

log(h) € VMO(89), so Lemma[2.14) gives an R = R(&’) > 0 such that for ;M < R we can
split Crr, (Qi, 7;)NOQ into G, F; with o(Apry, (Qi, 7)) < (14-€")o(G;) and fAJ\lr-(Qi’Ti) hdo ~.
h(P,n) for (P,n) € G;. Define G; and F; as in the proof of Proposition .
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For (P,n) € G; we have h;(P,n) ~ , and consequently

fA'r'i(QiaTi) hdo
f . hdo
(4.25) / hiodo; ~u Anrry (Qirri) / oo,
G fA”(Qi,q—i) hdo Ja,
We can then estimate
(4.26) / pdo; = / pdo; — / pdo; > / wdo; — Ce' M" 2,
using the Ahflors regularity of 9€); and the definition of o;, F}.
Therefore,
/ Yhoodos = lim ph;do; > limsup / h;pdo;
900 7o o, isoo J&,
Fan (i) MO
> limsup(1 +¢/) 1t / do;
4.27 = p _ pao;
(4.27) P a0 ho Ja,
Fanss, (@i PO
> limsup(l +¢')7! Btry Qi) (/ pdo; — C’M””s’)
i—00 fAri(Qi:Ti) hdo 0

fAMr,L- (Qi»7i) hda

from below, we write
hdo ’

To estimate T
A'ri (Qiﬂ'i)

1
hdo =———— / hdo —|—/ hdo
][Ari(Qi,Ti) 0-<A’"i<Qi’Ti>> ( Ar; (Qi,mi)NG; Ar, (Qiymi)NE; )

/ 0<ATi (QM Ti) N GZ) W(E N Am‘ (Qu Tz))
hd
) U<AT1 (Q“ 7-7«)) fAA{ri (Quﬁ) 7 + O-(A'I’l (Ql; TZ))

O-(F) 1/2 1/2
<(1+¢) ][ hdo + (— ) ][ h*do
AMT‘Z(Q177—'L) O-(AT’L (Ql? T'L)) ATZ(Q17T1)

<(1+¢) ][ hdo + (Ce' M™+1)1/2 ][ hdo.
A (QisTi) Ary (Qiym)

<(1+e¢

(4.28)

To justify the penultimate inequality above note, for any set £ C A, (Q;,7;), Holder’s

inequality gives
1/2
w(E) < o(E)Y? / hdo | .
Ar, (QisTs)

The last inequality in equation (4.28]) follows from the fact that F; has small volume and h
satisfies a reverse Holder inequality with exponent 2 (Lemma [2.10)).
After some algebraic manipulation, equation (4.28]) implies

hdo
hdo

Anrry (QisTi) > (1 —i—él)_l(l _ (Cgan+1>1/2),

fA'ri (Qism)
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Hence, in light of equation (4.27)), and choosing &’ wisely,

/ Phoodos, > (1 —g) lim sup/ pdo; — €.
9000 a9

1—>00
Let € | 0 to prove equation (4.24)). d

We have shown that our blowup satisfies the hypothesis of Proposition (the classifi-
cation of flat blowups).

Proposition 4.6. After a rotation (which may depend on on the sequences (Q;, T;),7;),
Qoo = {x, > 0}, uoe = ) and dws = doos = H" Y iw—oinsenydt. In particular, Q0 is
vanishing Reifenberg flat.

In the above we have shown that any pseudo-blowup (i.e. a blowup described in Definition
of €2 is a half space. However, we will need a slightly stronger result, namely that under
this blowup 0; = 0. In the elliptic setting this is Theorem 4.4 in [KT03].

Proposition 4.7. For any blowup described in Definition 0; — Os-. In particular, for
any compact set K (in the finite pole case K is as in Definition , we have

o(Cr(Q,7) NON)

rn+1

(4.29) lim  sup
™0 (Q,r)eKnan

=1.

Proof. Observe that o; — o0, implies equation (4.29)): let (Q;,7;) € K N9 and r; | 0 be
such that

Cr,(Qi, ) N 0N :
lim il ’(anl) ) =lim sup
=0 T; ™0 (Q,r)eknon

o(Cr(@,7) NOY

rn+1

Blowing up along this sequence (possibly passing to subsequences) we get €); — €, and,
by Proposition[£.6] we have that Qo = {z,, > 0} (after a rotation). Since 0+ (9C1(0,0)) = 0,
if 0; — 0o we have lim; 0;(C1(0,0)) = 05(C1(0,0)) = 1 (recall our normalization from the
introduction). By definition, ¢;(C;(0,0)) = #U(Cm(Qi,n)) which implies equation (4.29)).

Proposition [4.6| proved that 0., = ws SO ‘to show 0; — 04 it suffices to prove, for any
positive p € C°(R™ 1),

lim pdo; = / VAW -
o9

i—00 99

Equation (4.24]) says that the right hand side is larger than the left. Hence, it is enough to

show
lim inf / pdo; > / Pdws.
=00 Jo0, 000

We will work in the infinite pole setting. The finite pole setting follows similarly (i.e. for
large i we may assume Cyr, (Q, ) C Cr(Q, 7), where (Xo,to) € T{ ,z(Q, 7), and then adapt

the arguments below).
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Keeping the notation from the proof of Lemma [4.5] it is true that, for large i,

@25) f . hdo
/ pdo; > / pdo;, = (1+4¢) 1 2nl@m) / hipdo;
09 Gi fAM”(Qi,n) hdo Gi

f _ hdo
(4.30) =(1+ g’)—lfA”(Q“ d ™ (/ wdw; — / hisodai)
Anrr; (Qiymi) g 09 F;

E1)+(1g)
> (14+£)2(1 —CM™e) (/ odw; — / higodal') .

i

We need to bound from above the integral of h;p on FZ»,

AR o(A, (Qi; 7)) w(F;)
/F fupdon SMei(l) = M 7"?“ wW(A,(Qi; 7))

1/2

Hélder’s Inequalit A T AN ) 1/2

< q yMU( ri(QisTi))o( Mn(gzla 7i)) O'(Fi)l/2 ][ h2do
W(Am (Qw Ti))ﬁ' Anrr; (Qiymi)

heAz(do) _ . _ o ))1/2
(4.31) < CMO-<AN(SZZZ)2;(ATA§;;(§? TZ)) U(E)l/zj[ hdo
T3 1y 11 7 AM'r‘i Qi)

hdo
hdo

o(F)<Ce(riM)™! Fanin (@i

C(E,)l/QMTH—Z

fAri (QiaTi)

ED+E
S C(gl)l/ZMn+2(1+€l)(1 . CMTH_lE,)_l.

From equations (4.30) and (4.31]) we can conclude, for large i, that

/ odo; > (1+&)72(1 - C’M"“a’)/ odw; — CM™2(HYY2(1 + )7L
8Q1‘ 891’

W; — Wee, consequently, let 1 — oo and then &’ | 0 to obtain the desired result. 0

5. THE VANISHING CARLESON CONDITION

In this section we prove the following geometric measure theory proposition to finish our
proof of Theorem

Proposition 5.1. Let Q be a parabolic uniformly rectifiable domain which is also vanishing
Reifenberg flat. Furthermore, assume that

(A (Q, 7))

fran—&-l =1

lim  sup
™0 (@, r)eKNnon

holds for all compact sets K. Then ) is actually a vanishing chord arc domain.

Propositions and [£.7] show that the assumptions of Proposition [5.1] are satisfied and
therefore Proposition implies Theorem (restricting to K CC {t < to} in Proposition
implies Theorem in the finite pole setting).

In the elliptic case, Proposition is also true but the proof is substantially simpler (see

the proof beginning on page 366 in [KT03]). This is due to the fact (mentioned in the
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introduction) that the growth of the ratio % controls the oscillation of n (see, e.g.

Theorem 2.1 in [KT97]). However, as we also alluded to before, the behaviour of %
does not give information about the Carleson measure v; see the example at the end of
[HLNO3] in which o(A.(Q, 7)) = r™ but v is not a Carleson measure. So we cannot hope
that the methods in [KT03] can be adapted to prove Proposition |5.1{above. We also mention
that the previous example in [HLNO3| shows that Proposition |5.1|is not true without the a
priori assumption that v is a Carleson measure (i.e. that the domain is parabolic uniformly
rectifiable).

When Q = {(2,2n,t) | 2, > ¥(z,t)} and ¢ € Lip(1,1/2) with D;’*) € BMO(R™!)
(see the introduction of [HLNO4] for precise definitions), Nystrom, in [N12], showed that
vanishing Reifenberg flatness implies the vanishing Carleson condition. To summarize his
argument, for any r; | 0, (Q;,7;) € 02N K we can write

1 . .
(5.1) Ti_n_ly(cri(QhTz‘) x [0,7;]) 5/ / %((y’%(y’S)’S>’T)dydsdr,
0 J{(@t)llz|<1,]t|<1} r

L w(rierqi,r?tJrn) . . . .
where ¥;(z,t) = — and ~; is defined as in equation but with respect to
the graph of v;. By vanishing Reifenberg flatness, 7;(—, —,7) | 0 pointwise and the initial
assumptions on v imply that {v;/r} is uniformly integrable. Hence, we can apply the
dominated convergence theorem to get the desired result.

The argument above relies on the fact that, for a graph domain, o; = /1 + Vi;dyds <
dyds, where the implicit constant in < is independent of i. In general, {2 need not be a graph
domain and, although o; — ¢ and ~; — 0 pointwise, we cannot, a priori, control the integral
of ~;do;. Instead, for each i, we will approximate {2, near (Q;, 7;) and at scale r;, by a graph
domain and then adapt the preceeding argument. Our first step is to approximate €2; by
graphs whose Lip(1, 1/2) and Carleson measure norms are bounded independently of i. The
proof follows closely that of Theorem 1 in [HLNO03], which shows that parabolic chord arc

domains contain big pieces of graphs of f € Lip(1,1/2) with Dtl/zf € BMO. However, we
don’t need to bound the BMO norm of Dt1 / Q@Z)i so the quantities we focus on are different.

Lemma 5.2. Let Q satisfy the conditions of Proposition[5.1 Also let r; | 0 and (Q;,7;) €
K NoQ. Then, for every € > 0, there exists an iy = ig(e, K) > 1 where i > ig implies the
existence of a ¢; € Lip(1,1/2)(R"™! x R) such that:
(1) sup; [|¢s[|Lip,1/2) < € = C(n,e) < oc.
(2) Let P, = P((Q;,7:),r;) be the plane which best approzimates Q0 at scale r; around
(Qi, 7). Define Q; be the domain above the graph of 1; over P((Q;,7;),7:). Then

(5:2) o (A, (Qi )\O) < erf ™!
(38) D[C,.(Qi, ;) N0, PN C, (Qs,7:)] < C(n)D[C,.(Qi, ;) NOQ, C,.(Qs, 7)) N Py

(4) If v; is the Carleson measure defined as in equation (L.4)) but with respect to Q; then
(53) 171<C7“1<Q177—1> X [07 TZ]) < K(na &, HVH)T?Jrl

Proof. Let € > 0 and r; | 0,(Q;, ;) € K N0S). By the condition on ¢ there exists an i; > 0
such that (1 —e?)p" ™ < o(A,(P,n)) < (1+¢e?)p"t! for all p < 2y, (P,n) € QN K. There
is also an iy such p < 1y, implies that A,(P,n) is contained in a €?p neighborhood of some

n-plane which contains a line parallel to the t-axis. Let iy(e) = max{iy, iz} and i > i.
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Henceforth, we will work at scale r; and so, for ease of notation, let r;, = R, (Q;, ;) = (0,0)
and P = P((0,0),R) = {z, = 0}. If D = £D[CR(0,0) N P,Cx(0,0) N 9], then, by
assumption, D < e2. Let p : R""! — P be the orthogonal projection, i.e. p(Y,s) := (y,0,s).
Fix a # € (0,1) to be choosen later (depending on n,c) and define

(5.4) E ={(P,n) € Ar(0,0) | Ip < R, s.t., H"(p(A,(P,n))) < 0p"}.

The Vitali covering lemma gives (P;,n;) € E, such that £ C |J; A,, (P, 1;) C A9r(0,0),
the C,,/5(P;,m;) are pairwise disjoint and H"(p(A,, (P, m:))) < 0p*'. Then

<ZHn pz P“m <szn+1

< 5n+1 192 p/5 P“m ) < 10n+1(1 —82)_1(1 —|—€2)¢9Rn+1.

If FF:= Ag(0,0)\E then 0( ) > H (p(F)) > H"(p(Ar(0,0)\p(E)) > (1 — )R —
o(p(E)) by Reifenberg flatness. This implies o(F) < (1 + &?)R"™ — o(F) < 2e?R™H +
10"H(1 — )71 + e2)0R™!. So if § = 10-™+De/100 then o(E) < eR™ /2 (as long is
e > 0 is sufficiently small).

We want to show that F' is the graph of a Lipschitz function over P. Namely, that if
(Y.5),(Z,t) € F then (Y, s) = (Z,t)|| < C(ly— 2|+ |s = t|'/?). Let p := 2|y — 2| + |s — 1]'/?)
and note that if p > R then the flatness of 2 at scale R implies the desired estimate. Write
Z=7"+7Z"and Y =Y'+Y"” where (Y',s),(Z',t) are the projections of (Y, s) and (Z, 1)
on P((Y,s), p). By vanishing Reifenberg flatness |Y”|,|Z"| < e?p. We can write

p(Z" = Y")|

mlnvEP((Ys |U - (U en)6n|

GH Y -Z'— (Y =-Z")-e)en=pY' —=2Z")=|Y' - 7| <

Define v = minge p((v,s),p) |0 — (0 - €n)en|. Combine the above estimates to obtain
0,8~ (Z 0 < lomt V2 V' 2 4= 7] < g2y~ (2 Y] < (1422447

It remains only to bound v from below. As p(C,(Y,s) N P((Y,s), p)) is a convex body in P,
equation implies H" (p(C,(Y, s)NP((Y, s), p))) < cyp™! for some constant ¢ (depending
only on dimension). As C,(Y,s) N 0Q is well approximated by C,(Y,s) N P((Y,s),p) it
must be the case that H"(p(C,(Y,s) N IN)) < c(y + e2)p™™. As (Y,s) € F we know
(cy+€?) > 0 = c¢(n)e = v > ce. In particular we have shown that for (Y, s), (Z,t) € F that
(56) [(V:5) = (Z. 1) < Cn.e)(ly = 2] + |s = ]'72).

In order to eventually get the bound, (5.3), on the Carleson norm we need to shrink F’
slightly, to F. € is a parabolic regular domain so if

2R
F(P.) = / (P, 7 \dr, (P,) € Cr(0,0)
0
then

[ seadotra) < uleRy
C2r(0,0)

Hence, by Markov’s inequality,

7P € Conl0,0) | f(Pn) 2 (27wl < ¥R



Let Iy = F\{(P,n) € Cor(0,0) | f(P,n) > (27" |v||}. Tt is clear that equation (5.6))
holds for (Y, s), (Z,t) € Fy and that

(5.7) f(P) <2 ey V(P,n) € F.
Finally, we have the estimate
(5.8) a(Cr(0,0) NOQ\F}) < eR™1

At this point we are ready to construct ¢ using a Whitney decomposition of {x,, = 0}. Let
" be such that if (y,0,s) € p(F1) then (y,47(y,s),5) € F1. Let Q; == Q,,(#,1;) C {z, = 0}
be such that

() {on = 0Pp(F) = U,
(2) Each Q; is centered at (i;,t;) with side length 2p; in the spacial directions and 2p?
in the time direction.

(3) QinQ; =0 foralli+#j
(4) lO*IOnd(Qijp(Fl)) <pi < 1078nd(Qi,p(F1)).

Then let v; be a partition of unity subordinate to ;. Namely,

(I) >°,v; =1 on R™\p(F7).
(II) v; =1 on %Qi and v; is supported on the double of Q;.
(IT1) v; € C=(R™) and pt|0%vs| + p2|0fvi| < c(f,n) for £=1,2,...

For each i there exists (x;,t;) € p(F1) such that

di = d(p(F1), Qi) = d((wi, t;), Qs)-

Finally let A = {i | Q; N C2x(0,0) # 0} and define

L [0 ) e
59 V) {Zie/\w*(ﬂfi,ti) + Dd;)v;i(y, s), (y,s) € R"\p(F})

where, as before, D = +£D[CR(0,0) N P,Cr(0,0) N Q] < 2.

Let € be the graph of ¢ over {x,, = 0} and recall the conditions we want ¢ and Q to satisfy.
Condition (2) is a consequence of equation (5.8). Condition (3) follows as || < C(n)D.

It remains to show Condition (1): [¢(y,s) — ¥(z,t)] < C(n, M, e)(ly — 2| + |s — t|/?).
Equation says this is true when (y, s), (z,t) € p(F1). When (y, s) € p(F1) and (z,t) ¢

p(F1) we can estimate

Wy s) =0 < D wlE )R (g, s) — ¢ (@, )] + Cln)%d((2,1), p(F1))
{ieA|(z,t)€2Q;} 0



as v;(z,t) # 0 implies d; < 10d((z,t), p(F1)). Apply the triangle inequality to conclude

Wy, s) =z < C)E (ly— 2+ s =t + D> Jy—a|+ s =t
{ieA|(z,t)€2Q;}
<Clme)(ly—zl+ls—t")+ > lz—ml+t—t"?
(5.10) {ieA|(z,t)€2Q;}

<Cne) [ly—2+s—t["*+ >  d
{ieA]|(z,t)€2Q;}
< C(n,e)ly — 2|+ |s — 1'%,

In the above, we used that [{i € A | (z,t) € 2Q;}| < C and, if (2,t) € Q; that d; <
C(n)d((z,t),p(F1)). From now on we write, a < b if there is a constant C, (which can
depend on ¢, the dimension and the parabolic uniform regularity constants of 2) such that
a < Ch.
The last case is if (y,s),(z,t) ¢ p(Fy). When max{d((y,s),p(F1)),d((zt),p(F}))} <
|+

1y, s) = (2, t)]| estimate [¢(y, s) = (2, )| < [¥(y, 8) = (G, 3)| +[0(5, 8) =y (2, D +[v(2,1) -
¥(z,t)| where (g,5) is the closest point in p(F}) to (y,s) and similarly (2,¢). The Lips-
chitz bound is then a trivial consequence of the fact that d((7, 3), (,%)) < d((y, s), p(F1)) +

d((z,t),p(F1)) + ||(y,s) = (z,t)]| < 3|l(y,s) — (z,t)]] and the above analysis.

Now assume min{d((y, s), p(F1)),d((z,t),p(F1))} > ||(y,s) — (z,t)||. Recall that if (y,s) €
2Q); then d; < C(n)d((y,s),p(F1)) < |[(y,s) — (z,t)||. Similarly if 4, j are such that (y,s) €
2Q); and (z,t) € 2Q); then ||(z;,t;) — (z;,t)|| < C(n)||(y,s) — (z,t)||. Then we can write
(5.11)

‘w(yv S) - 1/}<Z>t>’ = Z<w*(xlvtl) + Ddl)vl(yv S) - Z(w*@jj?tj) + de)vj<z7t)

icA JEA
<D W t) = % (g, t)] + Dldi = dl)vily, s)v; (2, 1)
ijeh
< > C(n,e)ll(xi, t:) — (25, )| + C(n)[(y, ) = (=, )]

{i,7€A|(y,5)€2Q;4,(2,t)€2Q; }

<C(n,e)[l(y,s) = (2, 1)l

In the above we use that [{i,7 € A | (y,s) € 2Q;, (2,t) € 2Q;}| < C(n) and equation (5.6).
Finally, we may assume, without loss of generality, that d((y, s),p(F1)) < ||(y,s)—(z,t)]| <
d((z,t),p(F1)). Then

(5.12) [0y, 8) = (2Ol < D (W7 (@i ts) = (Y. ) + Ddi)uily, s) — vil=,1)|

LIS

as > U(y,s)(vi(y, s) — vi(z,t)) = 0. Arguing as in equation (5.10)), |[¢*(x;,t;) — z/i( )]
C(n,e)ll(y,s) — (i, ti)||.  As before, if (y,s) € 4Q); then ||(y7 )— (zi, )] < C(n)d;

c(n)d((y, s),p(F1)) < c(n)||(y,s) — (z,t)]|. If (y,s) ¢ 4Q; then we may assume (z,t) € 2@Z
(or else vi(y, s) — vi(z, ) =0). So [[(y,s) = (@i, )| < ([, s) — (2. O + [[(2,8) = (i, )| <

Ity s) = (2. 0] + c(n)p: < e(n)ll(y,s) - (Z,tng (as [[(y,s) = (2, 0)[| = ¢(n)ps). Either way,



1(y; s) — (i, ti), di < C(H)H(y,S) — (2,1)[|. Hence,
[y, 5) = (2, 0)] < Cln,e)[(y,5) = (2 )] Y vily, s (z,0)] < Cn, &)y, s) — (2, 1)
i€A
It remains only to estimate the Carleson norm of . Our first claim in this direction is
that if (Y, s) € 92 N Cyx(0,0) then
(5.13) d((Y,s),00) < C(n, M,e)d((y, s), p(F1)).
Indeed, if (7, $) € p(F1) be the point in p(F}) closest to (y,s) then,

d((Y,s),00) < d((y, s),p(F1)) + [¢¥(y, s) — ¢(7, 5)| < C(n, M, £)d((y, s), p(F1))
by the boundedness of ¢’s Lip(1,1/2) norm.

Define I'; to be the graph of ¥ over Qi, and, for r > 0, (X,t) € F, define £(X,t,r) = {i |
T;NC.(X, t) + (Z)} By equation (5 and standard covering theory there are constants k =
k(n,M,e), k = k(n, M, ) such that F C U; Crai(Zij,7i5) C Cp, (X, t) where (Z; 5, 7;5) € 0Q
and the Cig,/5(Z;j, 1) is dlSJOlnt from C’kd /5(Zig,Tig) for j # €. For any (Z,7) € I'; N
Cia;(Z; j,7;.7) and any n-plane P containing a line parallel to the t-axis we have

5.14 d((Z,7),P)? < C i d((Y,s), P)* + K2d? ) .
510 PP oW (w2 R

Define 4 as in equation (|1.3) but with respect to Q. For any (X,t) € Fy, equation (5.14)
gives:

1
(X, t,7r) < / d((Z,7), P)*do + / d((Z,7),P)*ds
( ) s ( Cr (X, H)NFy (&), ) ZZ Cka; (Zi,3,71,5)N0% )

€§ J

VX, t,r) + Cln, ke) > (d?)n Wg ZZ/ ((Z,7), P)*do.

€€ €€ j Apg, /a(Zz 3T g

Eq.(5.14)
<

As @); can be adjacent to at most ¢(n) many other Q; we can be sure that Ciq,/5(Z;;, 7i ;)
intersects at most ¢(n) other Ciq,/5(Zsj, 7). Additionally, the Cig,/5(Z;;,7:5) C Cj,. (X, 1)
for all 7, 7. Hence, we can control ¥ on F}:

(5.15) (X, t,r) < c(M,n,e) (Z(di/r)’”?’ + (X, t, l?:r)) , V(X,t) € Fi.

€€

Integrating equation ([5.15)) over F} and then in 7 from [0, R|, allows us to conclude

(5.16) o(Fy x [0,R]) < ||v||(kR)"** + /(x,t)e,g(m / Z ( ) drdzdt.

1€€(X t,r)

Note that 7 € £(X,¢,r) implies that Ql NC.(X,t) # 0= r>d((x,t),Q;) > d;. Therefore,

/ / > ( ) drdzdt < / > ldwdt < C(n)R™,
z,t)ep(F1) (zt)ep(Fr) ,

1€€(X,t,r) 1€£(X,t,2R)
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as Iy C Cg(0,0). Putting this together with equation ({5.16)) gives us
(5.17) (Fy x [0, R]) < C(|[vll,n,e)R™

If (z,t) € Q; (ie. (X,t) C Cr(0,0)NIQ\F) then approximation by affine functions and
a Taylor series expansion yields

(5.18) (X, t,r) < c(n, M, e)r*d;?

(see [HLNO3] pp 367, for more details). When r > 8d; we can lazily estimate (X, t,7)
F(X;, ti, kr) where (X;,t;) = (@, 1(x:,1;),t;) and (x4, t;) € p(Fy) such that d(p(F}), Q)

d((z;,t;),@Q;) (as in the definition of ). This is because C,(X,t) C C; (X;,t;) (where k
as above). Hence,

R R
/ (X, t, r)r_ldr < / (X5, ts, kr)r_ldr
8

di Sdi

(IL‘ t) S Qz Vr < 8d1,

[ eA

is

(519) e o ]
S / V(thi,sz)T’ldT—i-/ rt Z (d;/r)"t3dr, ¥(X,t) € T
8d; 8

di FEE(X,t,m)

Note that (X;,t;) € Fi, thus fo (Xi, to, K2y tdr < 20He 1|yl As before, j €
£(Xi, ti,r) = r >d;. So we can bound

/87’1 Z (d;/r)"F3dr < c(n) Z 1.

b jee(Xitir) JEE(Xi ti,2R)

If we combine these estimates and integrate over I'; we get

[ [ s aras < culen (s + [ 1€ € 2mias ).

Use equation ([5.18)) to bound the integral for small r and sum over all ;s to obtain:

(5.20) P((Cr(0,0\F) x [0,R)) SR+ > &(Ty) SR
jE€(0,0,2R)

Combine equations ([5.17) and ({ - ) to obtain
(CR(O,U) 0, R]) < C(n,e, [lv])R"*.

We now want to control the Carleson norm of €2 by that of the graph domain.

Lemma 5.3. Let Q be a parabolic uniformly rectifiable domain and let ¥ be a Lip(1,1/2)
function such that

(5.21) a(C1(0,0) N ON\IQ) < e,

where 0 is the domain above the graph of U over some n-plane P which contains a line
parallel to the t-axis. .
Then, if U is defined as in (|1.5]) but associated 02 we have

(5.22) v(C12(0,0) x [0,1/2]) < ¢(i7(C3/4(0,0) x [0,3/4]) + e¥/?),

where ¢ > 0 depends on n, ||v|| and the Ahlfors reqularity constant of 2.
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Proof. This proof follows closely the last several pages of [HLNO4]. For ease of notation
let P = {zn, = 0}, so that 9Q = {(y, ¥(y,s),s)}. Let  be the characteristic function of
A1(0,0)\092. The Hardy-Littlewood maximal function of x with respect to o is

N _o(Cy(Y,5) N0 N C1(0,0)\09)
Mo (Y, 5) = sup (00N C,(Y,s))

, (Y, s) € 002

The Hardy-Littlewood maximal theorem states

o({(Y,5) | Mo(R)(Y, 5) > vE}) < Cln >“’Z'fgl < C(n)VE.

As such, there exists a compact set £ C 9Q N A1(0,0), such that M, (x)(Y,s) < /2 for all
(Y,s) € E and
(5.23) a(A1(0,0\E) < e+ C(n)ye < C(n)y/e.

Let {Q;} be a Whitney decomposition of R"™\ E. That is to say,

(1) Qi := Q.,(P;,n;) is a parallelogram whose cross section at any time is a cube of side
length 2r; centered at P; and whose length (in the time direction) is 2r?, centered
around the time ;.

( ) QZHQJ_@ 17&]

(3) 1071d(Qs, E) < 1 < 1077d(Qy, E),

(4) For each i,{j | @; N Q, # 0} has cardinality at most c
)

(5) R™N\E =UQs.
For (Q,7) € Eand 0 < p < 1/2,let £(Q,7,p) = {i | Q; N A,(Q,T) # 0}. We claim

(5.24) @ < (H@ninr ¥ (%)

i€€(Q,7,p)

To wit, let P be a plane containing a line parallel to the ¢ axis such that (Q, 7,3p/2) is
achieved by P. By definition

3 3 3\ " N
swergn=(3) o A(Y. ), PYda(Y.5).
9ONCs,5(Q,7)

On the other hand

1@, 7, p) <p™"7° ( / d((Y,s), P)*do + / d((y, 8),P)2d0>
ENC,(Q,7) Ap(Q,m\E
<H(Q, T, p) +p"3Z/ Y, s), P)?do,

ict Q;NAL(

(5.25)

as do =do on E.
Note that the parabolic diameter of Q; is < ¢(n)r;. Hence if

§(Q,7,p) i={i €§(Q,7,p) |3(Y,5) € Qs st d((Y,5), P) <ri}
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then d((Y,s), P) < d(n)r; for all (Y,s) € Q, and all i € &(Q, 7, p). Therefore,

526 ot S [ ) PR <O Y (/)

1€£1(Q,7,p) i€£1(Q,7p)
If i € £Q,7,p)\&(Q, T, p) let (Y%, s¥) € Q; be such that d(Q,, E) = d((Y}*, s}), E) =: 6;.
By the triangle inequality, SUP(y,s)cq, d((Y,s), P) < d((Y;*, sF), P)+c(n)r; < d(n)d((Y;, sf), P)

(because i ¢ & (Q, 7, p)). This implies,
Lo ), PP (Y. s) < el (Y7 50 P
QiNAL(Q,7)

The distance between (Y;*, s¥) and E is &, as such, Cs, (Y, 5;) C Clos,0(Y*, st) for some
(171,51) € E C 99. Furthermore, recall §; ~ r;, hence, 6(Cg/g(ﬁ,§i) N 8@) > c(n)ortt >
dritl. Arguing as above, d((Y, s), P)+c(n)d; > d((Y;", s7), P) for any (Y, s) € Cios,0(Y;", 87).
Puttmg all of this together

d((Y,s), P)*do < c(n)r?t (Y, sb), P)?
/M(QT)«)) < 3 (), P)

< Z c(n) / d((Y, s), P)2d6 + 621 ) .
' (Q,7,p) Cs, /0(Yi,5:)NOQ

i€£(Q,7p)\&1
Observe that, if i € £(Q, T, p) then, §; < p and, therefore, UZQ(QW)\51 (@.mp) O /9(}7 i) C

€3p/2(€2,7). Furthermore for each i € £(Q, 1, p), #{j € £&(Q,T,p)\&(Q, T, p) | Cgi/9<Y, 5)N
Cs,9(Y},5;5)} < c¢(n). Plugging these estimates into the offset equation above yields

(5.27) p 3 Z /QmA o d((Y, s), P)Qda <c(n) | ¥(Q,T, gp) + Z (%)

i€€\&1 i€6\&1
Our claim, equation ({5.24)), follows from equations ((5.25)), (5.26)) and (5.27).

By definition, if i € £(Q,7,p) then p > d(Q;, (Q,7)). Integrate equation (5.24) in p from
0 to 1/2 and over (Q,7) € E N Cy/2(0,0) to obtain

V(BN Ciyal0,0)) x [0,1/2]) < C((E N Cyya(0,0)) x [0,3/4])

5.28
ENCy/2(0,0) 1€€(Q,7,1/2)

Here, and for the rest of the proof, C' will refer to a constant which may depend on the
dimension, ||v|| and the Ahlfors regularity constant of € but not on ¥ or ¢.
Evaluate the integral in p,

1/2 . n+3
n+3 , —1 1
ri/p)"Cp dp | do < C E / (_—) do.
/EﬂCl/Q(O,O) /dv (ri/p) . ENCy 2(0,0) d(Q;, (Q,7))

icg(@ur1/2) 7A@ (@) i€£(00,1)
For every A > ¢(n)r;, let

1/2
/ o | dolQu ).
d(Qm(QvT))

={(@Q,7) € E]d(Q;,(Q,7)) < A}
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Trivially By = {(Q,7) € E | r;/d(Q;,(Q,7)) > r;/A\}. By construction of the Whitney
decomposition, diam(Q;) < ¢(n)A, so Ahlfors regularity implies

O'(E,\) § C)\n+l.
Recall that r;/d(Q;, (Q, 7)) < r;/d; < 107°". Let v = r;/\ and evaluate,

107571,

/ s (W) i< [ eI e{(Qur) € B |n/d@, (@) 2 2 hib

1
S C(n)/ ,)/nJrQT?Jrl,yfnfld,Y S c<n)r?+l.
0

Now recall, that Q; € £(0,0,3/4) form a cover of Az/4(0,0)\E. In light of equation ({5.23)),
D ice03/m) i ' <e(n)o(A1(0,0)\E) < Cy/e. Which allows us to bound,

1/2
/ S [ eyt dp) do < 0vE
ENC12(00) \ jee(Q,r1/2) d(Q:,(Q:7))

Plugging the above inequality into equation (5.28)) proves

(5.29) v((ENChy2(0,0)) x [0,1/2]) < C(o((E N C374(0,0)) x [0,3/4]) + +/¢).
It remains to estimate v((Aq/2(0,0)\E) x [0,1/2]). By the Cauchy-Schwartz inequality

1/2
A0 NE) X 0.1/2) = [ @) (/ V(Q,T,p)p‘ldp) 10(Q,7)
1/2(0,0 0

9 1/2
1/2
S \/O-(Al/Q(OaO)\E) (/AI/Q(O,O) (/0 7(@777 p)p dp) dU(Q7T)) :

As above, let f(Q,T) fo Y(Q, T, p)p~tdp. We claim that f(Q,7) € BMO(01/2(0 0)).
Let C,(P,n) C Ci/2(0, O) with (P,n) € 0. Define k = k(p, P,n) f 1/2 Y(P,n,r)r tdr.

Additionally, let f1(Q,7) := [J¥(Q,7,r)r *dr and fo(Q,7) = f(Q,T)— fl(Q T) for (Q T) €
C,(P,n). By the triangle 1nequahty,

/ F(Qur) — kldo < / £1(Q.7)do + / Q. 7) — Kldo
Ap(Pym) Ap(Pm) Ap(Pm)

<o + / 12(Q.7) — Kldo.
Ap(Pym)

It (Q,7) € A,(Pn) then o((A(Q, )U Ar(Pm\(A(Q, 7) N AP ) < Cp™* (by
Ahlfors regularity). Therefore, |y(P,n,r) —v(Q,7,7r)| < C%5r. Hence,

dr
/CP(PT7 | f2(Q,7) — k|do(Q, T) /Cp o / V(B r) = 7(Q 7o) —do(Q, 7)

1/2 pn+1
Scpn+l / Tn+1 T_ldT S Cpn"rl'
P

(5.30)

(5.31)

Together with equation (5.31)), this proves || f(Q, 7)[lBmo(c, ,(0.0) < C-
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Let ky/p = fcl/z(o o f(Q,7)do (hence ki < ||v[|). By the definition of f(Q,7) € BMO,

£(Q.7) = kujolPdo <c(m)l| F(Q )l Emocey o0y =
(5 32) C1/2(0,0) /
L o H(@Pdo@.) Scm (@ 7sioc oo + 1411
1/2\Y;s

Combine equations ((5.30)) and (5.32]) to produce

(5.33) V({[090 Cuys(0,0)\E] x [0,1/2]}) < C=V/1
which, with ((5.29)), is the desired result. O

We are now ready to prove Proposition [b.I, and by extension, complete the proof of
Theorem [L.9l

Proof of Proposition [5.1 Fix an e > 0 and let r; | 0 and (Q;, ;) € 922N K for any compact
set K. For each i, apply Lemma inside of C,,(Q;, ;). This produces a sequence of
functions, {1;}, with bounded Lipschitz norms whose graphs are good approximations to
Cy,(Qi, ;) NO. We write, for ease of notation, P; = P((Q;, 7;),r;). As there is no harm in a
rotation (and we will be considering each i seperately) we may assume that P, = {x,, = 0}.
We can define ®;(x,t) := T—t%(mx +qi, A+ T) — (Qrﬂ Then, after a rotation which possibly

g k3
depends on i, Q; and ®; satisfy the requirements of Lemma [5.3] In particular, there exists
an ip(e) > 0 such that for i > 1,

(5.34)

AT" 29 14 X 07 7 2 3/4 d
V8@ Z+>1 0.7:/2) < Ky(n, HI/H,E)/ / o, (2,1, 7)dzdt " + Ka(n, |v])eV/>.
! 0 Cs3,4(0,0) r

(2

r

It is important to note that while both constants above can depend on the dimension, [|v/|
and the Ahlfors regularity of €2, only Ki(n,||v|,e) will depend on ¢ and both constants are
independent of 1.

Conclusion (4) of Lemma implies that f;(x,t) := 03/4 va,(x, t,7)r~1dr is uniformly
integrable on C3/4(0,0) N {x, = 0}. Furthermore the ®; are uniformly bounded in the
Lip(1,1/2) norm so by the Arzela-Ascoli theorem there is some @, such that &; = .. It
follows that f;(x,t) = feo(z,t) = 3/4

o Yoo (@, t,r)r " dr. Thus, the dominated convergence
theorem implies

(5.35)
Cr- iy Ti) X O, i 2
lim sup ACEC Zjl 0,7:/2) < Ki(n, ||y||,5)/ foolz, t)dzdt + Ky(n, ||v|)e2.
i—00 T C3,4(0,0)

On the other hand, condition (3) in Lemma and vanishing Reifenberg flatness tells us that
the graph of ®; in the cylinder C1(0,0) is contained in increasingly smaller neighborhoods
of P;. Hence, ®(x,t) = 0 inside of (1(0,0), and fo(z,t) = 0 in Cy/2(0,0). Plugging this
into equation yields the bound,

1
(5.36) lim sup —— (A, 2(Qi, 7i) X [0,7:/2]) < Ky (n, [|v[|)e'>.
1—>00 i
Since € is arbitrarily small the result follows. O
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6. INITIAL HOLDER REGULARITY

We turn our attention to proving Proposition and assume that log(h) (or log(k(Xo:t0)))
is Holder continuous. As before, €2 will be a §-Reifenberg flat parabolic regular domain. We
will state and prove all the results in the infinite pole setting, however, almost no modifica-
tions are needed for kernels with a finite pole.

This section is devoted to proving an initial Holder regularity result:

Proposition 6.1. Let Q C R" be a parabolic reqular domain with log(h) € C/2(R"+1)
for a € (0,1). There is a 8, > 0 such that if 6, > 6 > 0 and Q) is §-Reifenberg flat then Q is
a CHe(+0)/2(RPHY) domain.

We follow closely the structure and exposition of Appendix [A] occasionally dealing with
additional complications introduced by the Holder condition. We should also mention that
this section is strongly influenced by the work of Andersson and Weiss in [AW(09] and Alt
and Caffarelli in [AC81]. To begin, we introduce flatness conditions (these are in the vein of
Definitions and but adapted to the Hélder regularity setting).

First, “current flatness” (compare to Definition 7.1 in [AC8I1]).

Definition 6.2. For 0 < 0; < 1,k > 0 we say that w € HCF (01,02, k) in C,(X,t) in the
direction v € S"™1 if for (Y, s) € C,(X, 1)

o (X,t) € d{u>0}

e u((Y,s)) =0 whenever (Y — X)-v<—o1p

o u((Y,s)) > h(X,t) (Y —X)-v—oap) whenever (Y —X)-v—o9p > 0.

o |Vu(Y,s)| < h(X,t)(1+ k)

L OSC(Q77—)EAP(X¢)}L(Q, 7') < Iih(X, t).

In some situations we will not have a estimate on the growth of u in the positive side.
Thus “weak current flatness”:

—_——

Definition 6.3. For 0 < 0; < 1,k > 0 we say that w € HCF (01,02, k) in C,(X,t) in the
direction v € S"™ 1 if for (Y, s) € C,(X, 1)

o (X,t) € 0{u> 0}

e u((Y,s)) =0 whenever (Y — X)-v<—o1p

e u((Y,s)) > 0 whenever (Y — X)-v —o9p > 0.

o |Vu(Y,s)| < h(X,t)(1+ k)

® 0sc(Qmen,x)h(Q,7) < Kh(X,1).

Finally, in our proofs we will need to consider functions satisfying a “past flatness” con-
dition (first introduced for constant 4 in [AW09], Definition 4.1).

Definition 6.4. For 0 < 0; < 1,k > 0 we say that w € HPF (01,02, k) in C,(X,t) in the
direction v € S"71 if for (Y, s) € C,(X, 1)

o (X,t—p?) €00

e u((Y,s)) =0 whenever (Y — X)-v < —o1p

o u((Y,s)) > h(X,t—p*) (Y — X) - v — 09p) whenever (Y — X) v —ayp > 0.

d ‘VU(Y, 3)| < h(th - p2)(1 + K)

® 08¢ nea,(xnh(Q,7) < kh(X,t — p?).
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Proposition will be straightfoward once we prove three lemmas. The first two allow
us to conclude greater flatness on a particular side given flatness on the other (they are
analogues of Lemmas and in the Holder setting). We will postpone their proofs
until later subsections.

Lemma 6.5. Let0 < k < 0 < 0y where oy depends only on dimension. Ifu € ﬁ&?’(a, 1/2,k)

in Cy(Q, T) in the direction v, then there is a constant Cy > 0 (depending only on dimension)
such that w € HOF(Cyo,Cyo,k) in C,o(Q,T) in the direction v.

Lemma 6.6. Let 6 € (0,1) and assume that u € HCF(0,0,k) in C,(Q,T) in the direction
v. There exists a constant 0 < oy < 1/2 such that if 0 < o9 and k < op0? then u €
HCF(fo,00,k) in Cumnypo(Q,T) in the direction 7 where [ — v| < C(n)o. Here oo >
C(n),c(n) >0 are constcmts depending only on dimension.

The third lemma is an adaptation of Proposition[t.4/and tells us that |Vu(X, t)| is bounded
above by h(Q,T) as (X,t) gets close to (Q, 7).

Lemma 6.7. Let u, 2, h be as in Proposition[6.1. Then there exists a constant C > 0, which
is uniform in (Q,7) € 02 on compacta, such that for all r < 1/4,

sup  |Vu(X, 1) < h(Q,7) + Crmni¥/ted,
(th)EC’I‘(Q7T)

Proof. Fix an R >> 1 and (@, 7) € J§). Lemma says that there is a uniform constant
C > 0 such that, for any (X,t) € Q with [|[(X,t) — (Q,7)| < R/2,

X, t)—(Q, 71 3/4
(6.1) IVu(X,t)| < / h(P,n)d (Xt)( Pn) + C’H( ) 1(/22 il ‘
A2r(Q) R
Let ||(X,t) — (Q,7)|| < r and let kg € N be such that 27%~! < < 27%0_ The inequality
(6.2) 1= G9(Cys(Q, 7)) < C29M¥4 V) < ko — 2,

follows from applying Lemma [2.1to 1 — &%) (Cy-,(Q, 7)). We can write

[ WP OP ) < h@r) + Cllbllcons [ ar)dat
A2p(Q,T) Ay (Q,T)
(6.3)

ko—2
+C||h||@a,a/2 (/ Xt) + Z/ 2_jad@(X’t)) )
A2R(Q77—)\A1(Q:7—) Ay (QNA,_(j+1) (@)

We may bound

. .
W(Xﬂt) (AZR(Qa T)\A1<Q7 T)) S 1— W(X’t) (A1<Q7 T)) S Rr3/4
eq-(6:2)
BN (Agms (@ TNy 6+0(Q 7)) < 1= DXV (Mg (@) < ORI/,
Plug these estimates into equation ([7.4)) to obtain
loga(r=H]
(6.4) / h(P,)d ™D (Pn) < h(Q,7) + Cr® + Crr®* + Cr¥/t Y~ 99/47e),
A2r(Q,T) =0
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If & > 3/4 then we can let the sum above run to infinity and evaluate to get the desired
result. If o < 3/4 then the geometric sum above evaluates to ~ % < 4r*=3/4. Plug
this into estimate and we are done. Finally, if &« = 3/4 then we may apply Lemma
with e just slightly less than 1/4 to get a version of equation (6.2]) with a different exponent,

which will allow us to repeat the above argument without issue. U
These three results allow us to iteratively improve the flatness of the free boundary.

Corollary 6.8. For every 6 € (0,1) there is a 0, > 0 and a constant cg € (0,1), which
depends only on 0, and n, such that if u € ﬁ(a,l/lﬁ;) in Cp(Q,T) in direction v
then u € ;I\C(_E(QJ, 00,0%k) in Cep(Q, ) in direction U as long as 0 < 0pa, k < 0p a0
and osca,,00h < ks*h(0,0). Furthermore v satisfies [V — v| < Co where C' depends only
on dimension. Finally, there is constant C' > 1, which depends only on n, and a number

€ (0,1), which depends only on n,«, such that Cc) > 6 > ca/z.

Proof. We may assume that p = 1,(Q,7) = (0,0) and v = e,. By Lemma we know
that w € HCF(Cy0,C\0,k) in Cy/2(0,0) in direction e,. Let 6, € (0,1) be chosen later (to
depend on the dimension and «), and set 0,4 := 0y, /C1 where oy, is the constant given by
Lemma . Then if 0 < 0,4 and & < 0,402, Lemmaimplies u € HCF(Cy6,0,C1010,K)
in C,(0,0) in the direction vy where |1 —e,| < C(n)o.

We turn to improving the bound on Vu. Observe that U = max{|Vu(X,t)| — h(0,0),0}
is an adjoint-subcaloric function in C7(0,0). Let V' be the solution to the adjoint heat
equation such that V' = kh(0,0)x.,>—, on the adjoint parabolic boundary of C;(0,0). That
u € HCF(0,1/2,k) implies U < V on 0,C;(0,0). The maximum theorem and Harnack
inequality then imply U <V < (1 — ¢)xh(0,0) on all of C/2(0,0), where ¢ depends only on
dimension. Furthermore, by assumption,

08CA, (0.0)1 < K(¢61)*R(0,0).

Hence, if 6 = /I — ¢ and 6; = min{f/Cy, 07/*/¢} we have that u € HCOF (0,0, 640, 02k) in
Cz,(0,0) in direction v.

[terate this scheme m times to get that u € ﬁc\’]?(%”a, 050,05 k) in Cemgr (0,0) in the
direction v, where |e, —v;,| < Co 3777, 0] < C(n)o. Let m be large so that 67" < 6 < 611,
Then, since 6y, ¢, 0, are constants which depend only on the dimension, n, and «, we see that

(¢0,)™ = cy where ¢y depends on 6,n,a. By the definition of 6, there is some x > 2/a > 1
(but which depends only on n,«) such that ¢6; = 6. Then

(co)*? < (co)VX = (e00)% = 07 <9 < o' = Lgp = Lc/x,

6y ° Gy °
Letting C' = % and v = i implies that
(6.5) &P <9<Cd.
which are the desired bounds on ¢y. O

Proposition [6.1] then follows from a standard argument:
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Proof of Proposition [6.1. We want to apply Corollary [6.8]iteratively. But before we can start
the iteration, we must show that the hypothesis of that result are satisfied.

By Lemma and that fact that log(h) is Holder continuous, there exists a constant
C' > 0 for any compact set K such that V(Q,7) € 02N K and 1/4 > p > 0,

[Vu(X, )] <h(@Q,7) + Cp*/?
osca,,@nh SCh(Q,7)s%p%, Vs € (0,1].
Fix a compact set K and a oy < 0,,, (Where 0, , is as in Corollary . As () is vanishing
Reifenberg flat, there exists an R := R, x > 0 with the property that for all p < R and
(Q,7) € 90N K, there is a plane P (containing a line parallel to the time axis and going
through (@, 7)) such that

D[C,(Q,7) N P;C,(Q,7) NN < po.
Then fix a kg < amaag. Obviously, we can choose py small enough (and smaller than R,

above) such that h(Q,7) + Opg/2 < (14 ko)h(Q,7) and Ch(Q,T)ps < kKo. Furthermore,
this po can be choosen uniformly over all (Q),7) € K. These observations, combined with

equation ([6.6), means for 0 < p < pg, u € HCF (0,0, ko) in C,(Q, 7) for some direction v.

Then for any (P,n) € C,,(Q, 7) there is a vy(P, n) such that u € ?[51/7(0, 0, ko) in Cp (P, n)
in the direction vy(P,n). Let § € (0,1) and apply Corollary m times to get that u €
HCF(0™0,0m0,0°™ k) in Ceny,(P,n) in the direction vy, (P, 7). We should check that the
conditions of Corollary are fulfilled at every step. In particular, that for any m, we have
OSCA, . (PPt < 62" koh(P,n). Indeed,

6 PO

(6.6)

03¢, gy Pt < CH(P, 1) (sp0c')* < oh(P, )y < roh(P, )*™

The last inequality above follows from equation , and the penultimate one follows from
the definition of py.

Letting m — oo it is clear that 02 has a normal vector v(P,n) at every (P,n) € C,(Q,T)
and v, (P, n) —v(P,n)| < Cy0™o . Furthermore, if (P, ') € Aypem (P, n)\Apoc;nﬂ(P, n) then
lUm (P, 1) — vm(P',0)| < CO™o. Hence, |v(P,n) —v(P',n')| < CO™o. By equation (6.5) we
know that Cof™ < CO™ < Cc)™. Let 8 € (0,1) be such that S(m + 1) = ym. Hence,
lv(P,n) —v(P',n)| < C|(P,n)— (P, 1n)||” which is the desired result. O

6.1. Flatness of the zero side implies flatness of the positive side: Lemma [6.5]
Before we begin we need two technical lemmas. The first allows us to conclude regularity in
the time dimension given regularity in the spatial dimensions.

Lemma 6.9. If f satisfies the (adjoint)-heat equation in O and is zero outside O then
[fllcrarz@nsry < IV fllLe(o),
where 0 < ¢ < 0o depends only on the dimension.

Proof. 1t suffices to show that for any (X,t),(X,s) € O we have |f(X,t) — f(X,s)| <
C|s — t|'/? where C does not depend on X,t or s. Assume s >t and let r = /s — t. Before
our analysis we need a basic estimate:

][ fth' - ][ AfdX
B/((X.0)7) B/((X,0).7)
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as long as B'((X,t),r) ={(Y,t) | |Y — X| <r} CO.
There are two cases:
Case 1: {(Y,7)||Y — X| <r,t <7 <s}C O. By Lipschitz continuity,

‘f(X, o-F t)dy‘ < OV fllpor
"((X,t),r)

Note that by Fubini’s theorem and the mean value theorem there is a ¢ € [, s] such that

£ vy f gwsar|=|f o]
"((X,t),r) B'((X,s),7) {lY=X|<r} Jt

=(s —1) ][ (Y, f)dY’ )
B'((X.t),r)
We may combine the two equations above to conclude,
1060~ F059) SO Slier + 60| f, gy
B/((X,D),r)

ean (67) _
E O e+ =) = €19 o5

Case 2: {(Y,7) | |Y — X| <rt <71 <s} ¢ O. If neither B'((X,t),r) or B'((X,s),r) are
contained in O then |f(X,t) — f(X,s)| < |f(X, )]+ |f(X,s)] < ||V [f|L~r by the Lipschitz
continuity of u. Therefore, without loss of generality we may assume B'((X,t),r) C O .
Let t < t* < s be such that t* = inf,<, B'((X,a),r) ¢ O. Since B'((X,a),r) C O is an
open condition, we can argue as in Case 1 so that, |f(X,t) — f(X,t")] < C||V f||Le(o)(t* —
t)/r < C||V fllzee(0)v/s — t. On the other hand, as B'((X,t*),r) ¢ O we know |f(X,t*)] <
|V £l |s — t|*/2. Therefore, |f(X,t)| < C||Vf|r~|s — t|"/2. Arguing similarly at s we are
done. U

This second lemma allows us to bound from below the normal derivative of a solution at
a smooth point of 0f.

Lemma 6.10. Let (Q,7) € 0 be such that there exists a tangent ball (in the Euclidean
sense) B at (Q,7) contained in Q. Then

i u(X, 1)

imsup —————
Q3(X1)—(Q,7) d<<X7 t)a B)
Proof. Without loss of generality set (Q,7) = (0,0) and let (X, tx) € §2 be a sequence
that achieves the supremum, ¢. Let (Yj,s;) € B be such that d((Xg,tx), B) = [|[(Xk, tx) —

(Ye, si)|| =: 74 Define uy(X,¢) 1= “0XHritts) o 1y 6) | Y = (X — Y3)/rp, s =

Tk

(t — si) /13, st (X,t) € Q} and hg(X,t) == h(rp X + Yk, 72t + si). Then

(6.8) / un(Ap — Dyd)dX dt = / hédo.
Rn+1

9%

As k — oo we can guarentee that (ryX + Yy, 72t + sk) € C1/100(0,0). Apply Lemma
to conclude that, for (X,t) € C1(0,0),

> h(Q, 7).

1 B
|Vuk(X, t)l = |Vu('r’kX + Yk,Tit—l- Sk)| S Ch(0,0) + (m) .
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In particular, the uy are uniformly Lipschitz continuous. By Lemma [6.9] the u; are bounded
uniformly in CY/2. Therefore, perhaps passing to a subsequence, u; — uy uniformly on
compacta. In addition, as there exists a tangent ball at (0,0), Qx — {z, > 0} in the
Hausdorff distance norm (up to a rotation). We may assume, passing to a subsequence, that
Feth — 7, Btk — o with (Zo, o) € C1(0,0) N {x, > 0} and ug(Zo, to) = {. Furthermore,

2
Tk

by the definition of supremum, for any (Y, s) € {z,, > 0} we have
up(Y, s) = klim w(ryY + yp, ris + sx)/ Tk
—00

pardist((ryY + yi, 28 + si), B)

<1
(6.9) < Jim ¢ -
= lim fpardist((Y, s), Bx)
k—o0
:gym

where By, is defined like €, above.
Let ¢ € C5°(R™1) be positive, then

/ (2, (AG — Drd)dX dt > / (X, 1)(Ad — 9,8)dX dt
{z»>0}

{zn>0}

(6.10) = lim | up(X,t)(Ad— O,0)dXdt

k—o0 Qk

= lim hrodo.

Integrating by parts yields

¢ / ddrdt = / 0z, (Ad — D,0)dX dt
{en=0} {200}

eqn.
> lim hrodo
> lim ( inf  h(rgP + Yy, min + sk)) / odxdt
k—o0 \ (P,n)Esupp ¢ {zn=0}
Hence, ¢ > limy_o0 h(Yk, si) — Crg, by the Holder continuity of h. As (Yy, sx) — (@, 7) and
7, 4 0 the desired result follows. O

We will first show that for “past flatness”, flatness on the positive side gives flatness on
the zero side.

Lemma 6.11. [Compare with Lemma 5.2 in [AWQ9]] Let 0 < k < o/4 < oo where og
depends only on dimension. Then if u € HPF(o,1,K) in C,,(f(,f) in the direction v, there
is a constant C' such that w € HPF(Co,Co,3k) in C’p/g(f( + av,t) in the direction v for
some |a| < Cop.

Proof. Let (X,) = (0,0), p =1 and v = e,,. First we will construct a regular function which
touches 0f) at one point.
Define

16(|z 2 +[t+1)
77(1‘, t) = e 16(lz2+[t+1])—1
44



for 16(|x]*> + |t + 1]) < 1 and n(z,t) = 0 otherwise. Let D := {(z,z,,t) € C1(0,0) |
xn, > —o + sn(z,t)}. Now pick s to be the largest such constant that C1(0,0)NQ C D. As
(0,—1) € 9{u > 0}, there must be a touching point (Xo, tg) € 0DNINN{—-1 <t < —15/16}
and s < o.

Define the barrier function v as follows:

Av+dw=0in D,
(6.11) v =0in8,D N Cy(0,0)
=h(0,-1)(1 + o)(o + x,) in 9,D N 0C4(0,0).

Note that on d,D N C1(0) we have u = 0 because D contains the positivity set. Also, as
|IVu| < h(0,—1)(1+ k) < h(0,—1)(1 + o), it must be the case that u(X,t) < h(0,—1)(1 +
o) max{0,0 + z,,} for all (X,¢) € C1(0,0). As v > u on 9,D it follows that v > u on all of
D (by the maximum principle for subadjoint-caloric functions). We now want to estimate
the normal derivative of v at (Xo, ). To estimate from below, apply Lemma [6.10]

u(X, 1)
6.12 h(Xo,t lim su
( ) (Xo, o) < (Xt)%(Xfto pardist((X,t), B)

where v is the normal pointing out of D at (Xg,t) and B is the tangent ball at (X, o) to

D contained in D°.
To estimate from above, first consider F(X,t) := (1 + o)h(0,—1)(¢ + x,) —v. On 9,D,
)

(6.13) —(1+0)h(0,-1)0c <v—(140)h(0,-1)z, < (14 0)h(0,—1)0

thus (by the maximum principle) 0 < F(X,t) < 2(1 4+ 0)h(0,—1)o. As 0D is piecewise
smooth domain, standard parabolic regularity gives supp |[VF(X,t)| < K(1 + 0)h(0,—1)o.
Note, since s < o, that —o + sn(z,t) is a function whose Lip(1,1) norm is bounded by a
constant. Therefore K does not depend on o.

Hence,

< —0,v(Xo, to)

Vol — (1 + a)h(O —1) <[Vo — (1 +0)h(0, —1)en| < K(1+ 0)h(0,—1)o
14
(614) 8 (X0, to) < — 0,0(Z) < (1 + Ko)(1+ a)h(0, —1).

We want to show that u > v— K (14-0)h(0, —1)o, for some large constant K to be choosen
later, depending only on the dimension. Let Z := (Yp, so) where sq € (=3/4,1), |yo| < 1/2
and (Yp), = 3/4 and assume, in order to obtain a contradiction, that v < v — f((l +
0)h(0,—1)ox, at every point in {(Y,sg) | |[Y — Yp| < 1/8}. We construct a barrier function,
w = w;, defined by

Aw+ dw = 0in D N{t < so},
w =1z, on0,(DN{t <so})N{(Y,s0) | |Y —Yo| <1/8},
w=00n0,(DN{t <so})\{(Y.s0) | |Y —Yo| <1/8}.

By our initial assumption (and the definition of w), v — Ko(1 + o)h(0,—1)w > u on
Op(D N {t < sp}) and, therefore, v — Ko(1+4 o)h(0,—1)w > w on all of DN {t < s¢}. Since
to < —15/16 we know (X, %) € 9,(D N {t < so}). Furthermore, the Hopf lemma gives an

o > 0 (independent of Z) such that d,w(Xy,ty) < —a. With these facts in mind, apply
45



Lemma at (Xo, o) and recall estimate (6.14) to estimate,
. u(X,t)
h(Xo,t9) = limsup -
o.to) (X,t)=(Xo,to) pardist((X, t), B)

< — 0,v(Xo, to) + K(1 + 0)h(0, —1)c0,w(Xo, to)

<(1+ Ko)(1+0)h(0,-1) — Ka(l + 0)h(0, 1) < (1 — 20)h(0, 1)
if K > (K+3)/a. On the other hand, our assumed flatness tells us that h(Xg, tg)—h(0, —1) >
—rh(0,—1) > —oh(0, —1). Together with equation (6.15]) this implies —oh(0, —1) < —20h(0, —1),

which is absurd. B B
Hence, there exists a point, call it (Y, s¢), such that |Y — Yy| < 1/8 and

(6.15)

Y)n<l o

_ - —
(u—0v)(Y,s80) > —Ko(l4+0o)h(0,-1)(Y), > —K(14o0)h(0,—1)o.
Apply the parabolic Harnack inequality to obtain,

inf  (u—v)(X,50—1/32) >¢, sup (u—v)(X,s0) > —c,K(1+40)h(0,—1)o
{IX=Yo[<1/8} {|IX-Yo|<1/8}

B (X 50— 1/32) > (1 + 0)h(0, 1) (2 — o) — T(1 + 0)h(0, —1)o,

for all X such that |X — Y;| < 1/8 and C which depends only on the dimension. Ranging
over all s € (—3/4,1) and |yo| < 1/2 the above implies

w(X, 1) > (14 )0, —1)an — C(1 + 0)h(0, —1)o,

whenever (X, t) satisfies |z| < 1/2,|z, — 3/4] < 1/8,t € (=1/2,1/2). As |[Vu| < (1 +
o)h(0,—1) we can conclude, for any (X,t) such that |z| < 1/2,t € (—=1/2,1/2) and 3/4 >
r, > Co, that

(6.16) w(X,t) > u(x,3/4,t) — (1 4+ 0)h(0,-1)(3/4 — z,,) > (1 + 0)h(0,—1)(z,, — Co).

We now need to find an « such that (0,a, —1/4) € 0€2. By the initial assumed flatness,
and equation , a € R exists and —o < a < Co (here we pick o is small enough such
that CO’O < 1/4)

Furthermore, by the assumed flatness in C1(0, 0),

h(0, o, —1/4) — 1(0,0,—1) > —kh(0,0, —1)

(6.17) = 3h(0,cr, —1/4) > (1 — k)" (0, a, —1/4) > h(0,0, —1).

Hence,

eqn
0SCCy 5 (0,0,0)1 < 08Cey 0,00k < kh(0,0,—-1) < 2kh(0,c,—1/4).

In summary we know,
o (0,a,—1/4) € 09, |a] < Co
o1, —a<-3C0/2=2,<—0=uX,t)=0.
e When z,, — o > 2Co = xz, > Co hence equation (6.16]) implies u(X,¢) > ((1 +
o)h(0,-1))(x, — Co) > (14 2k)R(0,a, —1/4)(x,, — a — 2C0).
e As written above osce, ,(0,0,00 < 3kh(0,a, —1/4).
, eqn .
e Finally SUDE, 4 (0,0,0) |Vu| < SUPc, (0,0) |IVu| < (1+k)h(0,-1) < f_r—nh(O, a,—1/4) <
(14 3k)h(0,cr, —1/4).
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Therefore u € HPF(2C0,2C0,3k) in C4/5(0, o, 0) which is the desired result. O

Lemma [6.5]is the current version of the above and follows almost identically. Thus we will
omit the full proof in favor of briefly pointing out the ways in which the argument differs.

Lemma (Lemma . Let 0 < k < 0 < g9 where oy depends only on dimension. If

u € ﬁbf(a, 1/2, k) in C,(Q, T) in the direction v, then there is a constant Cy > 0 (depending
only on dimension) such that w € HCF(Ci0,Ci0,k) in Cyo(Q, ) in the direction v.

Proof of Lemmal[6.5. We begin in the same way; let (Q,7) = (0,0),p =1 and v = e,,. Then
we recall the smooth function

16(|x| *+t+1])
n(x7t) = e 16(lz2+[t+1])—1
for 16(|z|> + [t + 1]) < 1 and n(x,t) = 0 otherwise. Let D := {(z,z,,t) € C1(0,0) |
x, > —o + sn(z,t)}. Now pick s to be the largest such constant that C1(0,0) N Q C D.
Since |z,| > 1/2 implies that u(X,¢) > 0 there must be some touching point (Xy,ty) €
oD NI N{-1<t < —15/16}. Furthermore, we can assume that s < o+ 1/2 < 2.

The proof then proceeds as above until equation . In the setting of “past flatness”
we need to argue further; the boundary point is at the bottom of the cylinder, so after the
cylinder shrinks we need to search for a new boundary point. However, in current flatness
the boundary point is at the center of the cylinder so after equation we have completed
the proof of Lemma In particular, this explains why there is no increase from x to 3k
in the current setting. 0

6.2. Flatness on Both Sides Implies Greater Flatness on the Zero Side: Lemma
In this section we prove Lemmal[6.6] The outline of the argument is as follows: arguing
by contradiction, we obtain a sequence uy whose free boundaries, d{u; > 0}, approach the
graph of a function f. Then we prove that this function f is C'* which will lead to a
contradiction.

Throughout this subsection, {uy} is a sequence of adjoint caloric functions such that
O{uy > 0} is a parabolic regular domain and such that, for all ¢ € C®°(R"*1),

/ up(Ap — Opp)dXdt = / hipdo.
{ux>0} {uy,>0}

We will also assume the hy satisty || log(hg)||caesz < C||log(h)]|ceaesz and hg(0,0) = h(0,0).
u(rkX,rit)
Tk

While we present these arguments for general {u;} it suffices to think of u (X, t) :=
for some . | 0.

Lemma 6.12. [Compare with Lemma 6.1 in [AWQ9]/ Suppose that u, € HCF(oy, ok, )
in Cp, (0,0) in direction e,, with o | 0 and 7./of — 0. Define f; (z,t) = sup{d |
(prx, orprd, pit) € {ur = 0}} and f; (z,t) = inf{d | (prx, oxprd, pit) € {ux > 0}}. Then,
passing to subsequences, f;7, fir — f in L3$.(C1(0,0)) and f is continuous.

loc

Proof. By scaling each u; we may assume pp = 1. Then define
Dk = {(y7d7 t) € 01(0,0) ‘ (y,O'kd, t) € {uk > 0}}

Let
f(x,t) ;== liminf f, (y,s),

(y,8)—(z,t)
k—o0
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so that, for every (yo, o), there exists a (yx, tx) — (yo,to) such that f, (yx, tx) koo f (o, to).
Fix a (yo,to) and note, as f is lower semicontinuous, for every ¢ > 0, there exists a
0 > 0, kg € N such that

{(y,d,t) | |y —yo| <26, |t —to| < 46*,d < f(yo,t0) —e} N Dy, =0, Yk > ko.
Consequently
(6.18) T — f(yo,to) < —& = up(x, 04wy, s) =0, V(X s) € Cos(Yp, to).

Together with the definition of f, equation implies that there exist a; € R with
|| < 2e such that (yo,ox(f(yo,t0) + ax),to — 02) € d{u, > 0}. Furthermore, for any
(Y,s) € C1(0,0) by assumption h(0,0) — (Y, s) < 7,h(0,0) = h(0,0) < (1 + 37%) (Y, )
for k large enough. This observation, combined with equation allows us to conclude,
ug(-,0n+, ) € HPF (3015, 1,47) in Cs(yo, ox(f (4o, to) + au), to), for k large enough.

As 7 /o — 0 the conditions of Lemmal6.11hold for k large enough. Therefore, uy(-, oy, ") €
HPF(Coys,Coys,87) in Cspa(yo, orf (Yo, to) + au, to) where |&y| < Coge. Thus if 2, —
(0 f (Yo, to) + u) > Ceoy/2 then ug(z, o2y, t) > 0 for (Z,t) € Csya(Yo, o fy, (Yo, to) + s, to)-
In other words

(6.19) sup I (z,8) < fyo, to) + 3Ce.

(Z,5)€C5 12(y0,0k f (yo,to) +ék;to)

As fif 2 fr i

f(yo, to) :== limsup f(y,s),

(y,s)—=(yo,to)
k—o0

it follows (in light of equation (6.19)) that f = f. Consequently, f is continuous and
I, fv — [ locally uniformly on compacta. O

We now show that f is given by the boundary values of w, a solution to the adjoint heat
equation in {z,, > 0}.

Lemma 6.13. [Compare with Proposition 6.2 in [AW09]] Suppose that v, € HCF (o, o, Tk)
in C,,(0,0), with py > 0,0, | 0 and 7x/0? — 0. Further assume that, after relabeling, k is
the subsequence given by Lemma[6.19 Define

ug (o, prd; pit) — (1 4+ 7,)h(0,0)pyd
h(O, O)O’k '

Then, wy, is bounded on Cy1(0,0)N{x, > 0} (uniformly in k) and converges, in the C*'-norm,
on compact subsets of C1(0,0) N {x, > 0} to w. Furthermore, w is a solution to the adjoint-
heat equation and w(zx,d,t) is non-increasing in d when d > 0. Finally w(z,0,t) = —f(z,t)
and w is continuous in C1_s(0,0) N {z, > 0} for any § > 0.

wg(z,d, t) =

Proof. As before we rescale and set p,, = 1. Since |Vug| < h(0,0)(1 + 7%) and z,, < —0p, =
ur = 0 it follows that ug(X,t) < h(0,0)(1 + 7%)(z, + ox). Which implies wy(X,t) <
1 + 7%. On the other hand, when 0 < z,, < o0y we have ui(X,t) — (1 4+ 7%)h(0,0)x, >
—(1 + 7%)h(0,0)x,, > —(1 + 7%)h(0,0)0y, hence wy > —1 — 7. Finally, if x,, > o} we have
uR(X,t) — (14 7%)h(0,0)x, > (14 7%)h(0,0)(x, — ox) — (1 + 7%) (0, 0)x, = w > —(1+ 7).
Thus, for k large enough, |wy| <2 in ¢41(0,0) N {z, > 0}.
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By definition, wy, is a solution to the adjoint-heat equation in Cy(0,0) N {x, > ox}. So
for any K CC {z,, > 0} the {wy} are, for large enough k, a uniformly bounded sequence of
solutions to the adjoint-heat equation on K. As |wg| < 2, standard estimates for parabolic
equations tell us that {w;} is uniformly bounded in C?***!*®/2([K). Therefore, perhaps
passing to a subsequence, w, — w in C*!(K). Furthermore, w must also be a solution
to the adjoint heat equation in K and |w| < 1. A diagonalization argument allows us to
conclude that w is adjoint caloric on all of {z,, > 0}.

Compute that 9wy = (Opur, — (1 + 7%)h(0,0))/(h(0,0)0%) < 0, which implies d,w < 0 on
{z, > 0}. Assuch, w(zx,0,t) = limy g+ w(zx,d,t) exists. We will now show that this limit is
equal to — f(z,t) (which, recall, is a continuous function). If true, then regularity theory for

adjoint-caloric functions immediately implies that w is continuous in Cy_4(0,0) N {z, > 0}.

First we show that the limit is less that —f(x,¢). Let ¢ > 0 and pick 0 < o < 1/2 small
enough so that |w(z, a,t) —w(z,0,t)| < e. For k large enough we have o/oy, > f(z,t) +1 >
fr (x,t) therefore,

w(x,0,t) <w(z,a,t) + € = wi(z, ng, t)+ e+ ox(1)
Ok

(6.20) = (wy(z, ak%, 1) —wi(x, op fy (x,1), 1) + wi(z, o fr (2,1),1) + €+ 0x(1)
6nw§k§0 wi(z, o fi (x,1),t) + 0r(1) + .

By definition, wy(x, oy f,, (x,t),t) = —(1 + 7%) f,, (x,t) = —f(x,t) uniformly in C;_4(0,0).
In light of equation (6.20]), this observation implies w(z,0,t) < —f(z,t) + £. Since € > 0
was arbitrary we have w(z,0,t) < —f(x,t).

To show w(x,0,t) > —f(x,t) we first define, for S > 0,k € N,

Ok =g sup (f (2.t = S%07) = [ (4, 9)-
(Y,s)GCzsak (w01 fy (m,t7$20z),t7520g)
Observe that if k is large enough (depending on S, ¢) then (x t— S% ) € C1-5(0,0).
Then, by construction, Y(Y, s) € Cas,, (z, ox fr (x,t — S?0}), t — S?*0}),

Yn — Ok Sy, (z,t — S0 )< —S0161 = Yn < orfy, (y,5) = w(Y,s) = 0.

Bounding the oscillation of hy as in the proof of Lemma we have u, € HPF (6, 1,47) C
HPF (o), 1,47) in Csy, (7, 01 f5 (x,t—S%0%),t), where o), = max{1674, 51 }. Note, by Lemma
6.12, 7 — 0 and, therefore, 7, — 0.

Apply Lemma to conclude that
(6.21)

u, € HPF(Coy, Coy, 87y,) in Csy, jo(x, 0k fy (2,6 — S?07) + au, t) where |oy| < C'Soy0y..

Define Dy, = f; (z,t — S*07) + ag/or + S/2. Pick S > 0 large such that Dy > 1 and then,
for large enough k, we have Dy — ay./or, — f; (z,t — S?07) — CSG), > 0 and (x,0Dy,t) €
Csop (@, op fr (2,8 — S%07) + i, t). The flatness condition, (6.21]), gives

hi(x, onfy (z,t — S?07) + ap, t — S?07/4)(Soy — CSTRoy) /2

(1 — Tk) (0,0)Sak(l — Cﬁk)/Q
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Plugging this into the definition of wy,
wg(z, 01Dy, t) > (1 —13,)S(1 — CT) /2 — (1 + 7%) Dy
(6.23) =(1—m)S(1 = Co,)/2 — (1 + ) (fr, (2, t — S*07) + oy /or + S/2)
= —fi (z,t — S?07) + op(1) = — f(z,) + ok (1).

We would like to replace the left hand side of equation (6.23) with wg(x,«,t), where d
does not depend on k. We accomplish this by means of barriers; for £ > 0 define 2. to be
the unique solution to

Oz + Az. =0, in C1_4(0,0) N {x,, > 0}
(6.24) 2. = ge, on 0,(C1-5(0,0) N {z,, > 0}) N {z,, = 0}
z. = —2, on 0,(C1-5(0,0) N {z,, > 0}) N {z,, > 0},
where g. € C°(C1-5(0,0)) and —f(z,t) —2¢ < g.(z,t) < —f(x,t)—e. By standard parabolic
theory, for any € > 0 there exists an o > 0 (which depends on € > 0) such that |z,| < «
implies |z.(x, xy,t) — 2z:(2,0,t)| < /2. Pick k large enough so that o, < a. We know wy,
solves the adjoint heat equation on {x,, > 0.} and, by equations ((6.24)) and (6.23)), wy > z.

on 0,(C1-5(0,0) N {z,, > oy }). Therefore, wy > 2. on all of C1_5(0,0) N {z, > ox}.
Consequently,

wk(m,a,t) > ZS(IE,Oé,t) > ZE(xaoat) - 6/2 > —f([lf,t) — 3e.
As k — oo we know wy(z, a,t) = w(z, o, t) < w(z,0,t). This gives the desired result. [

The next step is to prove that the normal derivative of w on {z, = 0} is zero. This will
allow us to extend w smoothly over {z,, = 0} and obtain regularity for f.

Lemma 6.14. Suppose the assumptions of Lemma[6.19 are satisfied and that k is the sub-
sequence identified in that lemma. Further suppose that w is the limit function identified in
Lemma[6.18, Then d,w = 0, in the sense of distributions, on Cy/5(0,0) N {z, = 0}.

Proof. Rescale so p, = 1 and define g(z,t) = 5 — 8(|z|* + [¢]). For (z,0,t) € C1/2(0,0) we
observe f(x,0,t) <1< g(x,0,t). We shall work in the following set

Z = {(z,xn,t) | |2|, [t| < 1,2, € R}.

For any, ¢(z,t) define Z*(¢) to be the set of points in Z above the graph {(X,t) | z,, =
é(x,t)}, Z7(¢) as set of points below the graph and Z°($) as the graph itself. Finally, let
Y= {uk > O} N ZO(O'kg>
Recall, for any Borel set A, we define the “surface measure”, u(A) = [ H" H(AN{s =
t})dt. If k is sufficiently large, and potentially adding a small constant to g, u(Z°(org) N
There are three claims, which together prove the desired result.

Claim 1:

HO{ > 04N Z(010)) € e
50

( Opuy, — ldxdt + u(Ek)> + Co?
Xk



Proof of Claim 1: For any positive ¢ € C5°(C1(0,0)) we have

hk(Q>T)
d d
/B{WO} P < /a{woﬁ(l ) (0,0) (@)

1

(6.25) = =00 /{ - un(Ad — 80)dX dt

1

= — Vuy - Vo 4+ up0ypd X dt
(1 - Tk)hk(oa 0) Auk>0} ‘ (b ‘ t¢

(we can use integration by parts because, for almost every ¢, {u; > 0} N {s = t} is a set
of finite perimeter). Let ¢ — Xz-(s,9)Xc: (as functions of bounded variation) and, since
[t| > 3/4 or |x|*> > 3/4 implies u(x, org(x,t),t) = 0, equation (6.25) becomes

1 Vuyg - v+ opuy sgn(t)
dp |,
(0, 0)(1 = 70) \ Sz V14 0%(IVag (2, )P + 1)
where v(z,t) = (6, Vg(x,t),—1) points outward spatially in the normal direction.

We address the term with sgn(¢) first; the gradient bound on wuy tells us that |ug| <
Cor(1 4 73,)h(0,0) on Xy, so

(6.26) p(d{ux > 0} N Z(0x9)) < —

o oy sgn(t) 5
(6.27) dp| < Coy.
(1= 7)hi(0,0) Js, /1 + 02([Vag(z, )2 + 1) g

To bound the other term note that d = dxdt where the latter integration

V1+02(|Vag(z,t)[2+1)
takes place over Ey = {(z,t) | (z,0r9(x,t),t) € ¥t} C {x, = 0}. Then integrate by parts in
x to obtain
(6.28)

(O-kv.g(l‘7 t)a _1) ' vuk (fL‘, O-kg(xa t)7 t)dfbdt = / O'lek(fL‘, O-kg(xa t)a t)angdHn_th
OE),

—/ opug(z, org(z, 1), 1) Apg(x, ) + 02 0nus(z, opg(w, 1), 1)| Vgl dadt
Ey

Ey

- / Ot (2, ovg (. 1), ) — 1dwdt + L (Ey),
Ey

where 7 is the outward space normal on 0Fj. Since ux = 0 on 0% the first term zeroes out.
The careful reader may object that Ej may not be a set of finite perimeter and thus our

use of integration by parts is not justified. However, for any t;, we may use the coarea

formula with the L' function X {u(zepg(s.te)te)>01 and the smooth function oyg(—, o) to get

00 > / 01|V g(2,t0) X {u(r.ong(.to) to) >0y AT = / / X{u(arto)>0y dH" () dr.
o0 J {(zt0)|okg(a,to)=r}

Thus {(z,ty) | oxg(z,to) > r} N {(x,t) | u(z,org(z,t),to) > 0} is a set of finite perimeter
for almost every r. Equivalently, {(x, %) | ox(g(z,to) + ) > 0} N {(z,t) | u(x, ok (g(z, to) +
€),to) > 0} is a set of finite perimeter for almost every ¢ € R. Hence, there exists a ¢ > 0
aribtrarily small such that if we replace g by g + € then Ey N {t = t,} will be a set of finite

perimeter for almost every ty. Since we can perturb g slightly without changing the above
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arguments, we may safely assume that Fj, is a set of finite perimeter for almost every time
slice.

Observe that Ag is bounded above by a constant, |ug| < Ch(0,0)(1+7%)o) on Xy, |Opu| <
h(0,0)(1 + 7%) and finally u(Xg) > L"(Ex). Thus,

w(0H{ug >0} N Z" (oxg)) < ! ( Opuy, — ldzdt + u(Ek)) + Coj.

(1 = 7%)hx(0,0) \ /g,

As the difference between integrating over Ej, and integrating over Xy is a factor of y/1 + o7 ~
1+ o (for o} small) we can conclude

1
_ < . 2
W0t > 01 2 (o10) < oo [ Oy~ 1t + u(E0) +Cat

which is of course the claim.

Note, arguing as in equations (6.27)) and (6.28)),

t ¢ -
1 Va00.0,0.00800) (7,0, ) "5,
me 1+ [(0kVag(,1), 0, oxsgn(t))[?

(6.29)

which will be useful to us later.

Claim 2:
p(Xk) = Cooip < p(d{ur > 0} N Z™ (0kg)).

Proof of Claim 2: Let vy(x,t) the inward pointing measure theoretic space normal to
O{ur > 0} N {s =t} at the point z. Note that for almost every ¢ it is true that v exists
H"~! almost everywhere. Defining v, ,(X,t) = ———=———(—0416z, 1,0), we have

\/ 1425602 |2

Uk - Updp >

W(Ofur > 0} 1 2 (0r9)) = /

Uk Updp > /
0{ur>0}NZ~ (0kg) 0*{ur>0}NZ~ (o9)

/ Vi - Vg, gl T2 — / div vy, dX dt + / 1dy.
O*{ur>0}NZ~ (org) Z~ (org)N{ur>0} P

In the last equality above we use the fact that on Z%(oyg), s, agrees with upwards pointing
space normal.
—160y (n—1) 3073 (16%256)|x|?

3
V1425602 (22 /1425602 [z]2

{ug > 0} is of order oy, we get the desired result.

We compute |div v,, 4| = < Coy. Asthe “width” of Z~ (org)N

Claim 3:

/ 10,wi| "7 0.
Xk
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Proof of Claim 3: Recall that 0,ur < (1 + 73,)h(0,0), which implies, 9w, < 0. To show
the limit above is at least zero we compute

Opur, — 1 /L(Ek) (1 + Tk)ﬂ(2k>
s = [ L :
Xk K Sk Ukhk(07 O) : Ukhk(o’ 0) Tk
Claiml (1 — 7 ) pu(O{u, > 0y N Z (org)) (1 + ) p(Zk)
2 — — CO’k
(6.30) | ok o
Cla%m?(l — 7)) 11( ) B (L + 7)u(E) _ éUk
Ok Ok
4
> (o) + —%) = 0.
Ok

We can now combine these claims to reach the desired conclusion. We say that 0,w = 0,
in the sense of distributions on {xz,, = 0}, if, for any ¢ € C§°(C1/2(0,0)),

/ d,w¢ = 0.
{xn:O}

Claim 3 implies

(6.31) 0= lim/ COpwidp.
k—00 i
On the other hand equation (6.29) (and ¢ bounded) implies
(6.32) lim/ COpwrdy = lim/ Cus,, - (Vxwy, wy)dp,
k—00 T k—o0 N

where vy, is the unit normal to ¥ (thought of as a Lispchitz graph in (z,t)) pointing
upwards. Together, equations (6.31]), (6.32) and the divergence theorem in the domain
Z*(okg) N C1/2(0,0) have as a consequence

= lim divyx (((Vxwy, wy))dX dt

k=00 J 7+ (a1,9)

= lim VXC : vak + (@C)wk + C(Axwk + 8twk)dth

k=00 J 7+ (o1.9)

Awk-&-gtwk:O/ Vyw - Vx( + (8,OwdXdt
{zn>0}

integrati(g by parts / wHCd.CEdt _ / C(Axw + atw)dth.
{z,=0} {zn>0}

As w is adjoint caloric this implies that || (=0} O,w( = 0 which is the desired result. 0

From here it is easy to conclude regularity of f.

Corollary 6.15. Suppose the assumptions of Lemma[6.19 are satisfied and that k is the sub-
sequence identified in that lemma. Then f € C®(C2(0,0)) and in particular the C*t1+e
norm of f in C1,4(0,0) is bounded by an absolute constant.
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Proof. Extend w by reflection across {z,, = 0}. By Lemma this new w satisfies the
adjoint heat equation in all of Cj/2(0,0) (recall a continuous weak solution to the adjoint
heat equation in the cylinder is actually a classical solution to the adjoint heat equation).
Since ||w|| zoe (e, 14(00)) < 2, standard regularity theory yields the desired results about —f =
w|mn:0- |:|
We can use this regularity to prove Lemma [6.6]

Lemma (Lemma [6.6). Let 6 € (0,1) and assume that u € HCF(o,0,k) in C,(Q,T) in
the direction v. There exists a constant 0 < o9 < 1/2 such that if 0 < 0y and K < oyo>
then u € HCF(00,00,k) in Cenye(Q,T) in the direction U where |V — v| < C(n)o. Here
oo > C'(n),c(n) > 0 are constants depending only on dimension.

Proof of Lemma[6.6. Without loss of generality, let (Q,7) = (0,0) and we will assume that

the conclusions of the lemma do not hold. Choose a 6 € (0,1) and, by assumption, there
exists py, o J 0 and Ky /of — 0 such that u € HCF(oy, o, ki) in C,, (0,0) in the direction v

(which after a harmless rotation we can set to be e,,) but so that w is not in HC F(Ooy, Ooy,, ki)
in Ce(nyop, (0,0) in any direction v with |y, — v| < Coy and for any constant c(n). Let
up(X,t) = u(p%k’pit). It is clear that uy is adjoint caloric, that its zero set is a parabolic regular
domain and that it is associated to an hy which satisfies ||log(hi)||cri2 < C||log(h)|cra/2
and hy(0,0) = h(0,0).

By Lemma we know that there exists a continuous function f such that 0{u > 0} —
{(X,t) | , = f(x,t)} in the Hausdorff distance sense. Corollary implies that there is
a universal constant, call it K, such that
(6.33) fla,t) < £(0,0) + V. f(0,0) - 2 + K([t| + [2[*)
for (x,t) € C1/4(0,0). Since (0,0) € O{u > 0} for all k&, f(0,0) = 0. If 6 € (0,1), then there
exists a k large enough (depending on 6 and the dimension) such that

£ (@.8) < Vo f(0,0) - © + 62/4K, V(1) € Cayarc(0,0),

where f;' is as in Lemma m

Let
(_Ukvxf(oa O)? 1)

T T 1onVa (0,001

and compute
(6.34) T vy > 070, /4K = 1, > o3’ - Vo f(0,0) + 0?0y JAK > f7(2,1).
Therefore, if (X, t) € Cyjux)(0,0) and z-vy, > 6*0y, /4K, then uy(X, t) > 0. Arguing similarly

—_——

for f, we can see that w, € HCF(foy, 00y, ki) in Cpar(0,0) in the direction vy. It is easy
to see that |y, — e,| < Coy, and so we have the desired contradiction. O

7. HIGHER REGULARITY

We begin by recalling the partial hodograph transform (see [KS80], Chapter 7 for a short
introduction in the elliptic case). Here, and throughout the rest of the paper, we assume
that (0,0) € 02 and that, at (0,0), e, is the inward pointing normal to 92 N {t = 0}.
Before we can use the hodograph transform, we must prove that Vu extends smoothly to

the boundary.
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Lemma 7.1. Let s € (0,1) and 8Q be a C'+>U+9)/2 domain such that log(h) € C**/>(R™H1).
Then u € CHs1+9/2(Q).

Proof. We will show that u has the desired regularity in a neighborhood of (0,0). For any
R > 0 let Hg be as in Corollary B.5} Hgr(X,t) = ¢r(X,t)Vu(X,t) — wr(X,t). Therefore,
we may estimate:

IVu(X, 1) — h(0,0)en| =|Hp(X,t) — h(0,0)e,] + [wr(X, )]

(7.1) ]h(Q,T)ﬁ(Q, Tpr(Q,7) — h(0,0)e,|do™" 4 |wr(X,t)].

Since 0f2 is locally given by a CHS (14+5)/2 graph, for any 6 > 0 there exists an Ry > 0 such
that 02N C,.(Q, 7) is §-flat for any (Q, 7) € Cip0(0,0) and any r < Rs. In particular, we can
ensure that Lemma applies at all r < Rs/4 for a ¢ > 0 such that 1 — e > % Arguing
in the same way as in the proof of Lemma we can deduce that

ICX, [+

R1/2 :
Furthermore, we may deduce (in much the same manner as equation (6.2))), that if || (X, )] <
r and kg € N is such that 27%~1 <y < 27%0 then

(7.2) lwr(X,t)| < C

(7.3) 1 — %Y (Cy-5(0,0)) < 020F9)/2p049)/2 i < |y — 2,
In light of the estimates ([7.1)), (7.2)) and (7.3]), we may conclude

r(1+s)/2

|Vu(X,t) — h(0,0)e,| < C / (4r)dw'XY + C + COED(O0\CR(0,0))

A4(0,0) R/2
ko—2

(7.4)
LC / (X0 +Z/ 9778 J (1) ’
AR(O,O)\Al(OO A, (0,00\A,_(j4+1)(0,0)

where C' depends on the Holder norm of h, of n and on R. Also as above, kg is such that
2 ko=l < p < 27ko,
We may bound

eq.(7.3)
G (AR(0,00\A1(0,0)) <1 —BX(A(0,0)) < Crrt™9/?
@3
B @\AR(0,0)) < 1~ B0 (A5(0,0) S Cpr+2
eq.([@3) .
G Ay (Q, T\ A1 (0,0)) <1 —BFD(Ay;(0,0) < €200+,
Plug these estimates into equation ([7.4)) to obtain
[10g2 )

|VU(X, t) — h(O O)en’ <Cr —+ C’I“ (1+s)/2 + C’l“ (1+s)/ Z 2](1 5)/2)

(7.5)
[loga (r= )]y (1—s)/2 _
<Cr® (1 + 7“(175)/2<2 - ) 1) < Cyr®.

2(-9)/2 _ 1

Since r = ||(X,t)|| we have proven that Vu € C**/2(Q). O
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With this regularity in hand, we may define F' : Q@ — H* = {(z,z,,t) | , > 0} by
(x,xn,t) = (X,t) — (Y,t) = (z,u(x,t),t). In a neighborhood of 0 we know that w, # 0
and so DF is invertible on each time slice (since Vu € C(Q)). By the inverse function
theorem, there is some neighborhood, O, of (0,0) in © that is mapped diffeomorphically to
U, a neighborhood of (0,0) in the upper half plane. Furthermore, this map extends in a
C**/? fashion from O+ to U (by Proposition and Lemma . Let ¢ : U — R be given
by ¥(Y,t) = x,, where F(X,t) = (Y,t). Because F' is locally one-to-one, v is well defined.

If vg , denotes the spatial unit normal pointing into 2 at (@, 7) then u satisfies

w(X,t)+Au(X,t) = 0, (X,t) e QF
Uy, (Q,7) = h(Q,7), (Q,7) € I

After our change of variables these equations become

o 11 — G\ 12
(7.6) “m*&(w—z)ﬁ;(‘(m)ﬁi(w—z))

on U and

(7) U, 0, )y, 000, 0,8),8) = 4| 1+ S 02(3,0,1)

i=1
on the boundary.

Remark 7.2. The following are true of ¢:
o Let k > 1. If 0Q is a CF=*+9/2 graph and log(h) € CF- 181492 then y €
Ck+s,(k+s)/2 (ﬁ) )
o Let k > 0 be such that h € CF*t2(90) and |, —oy € CHHIFsEHTN2 for
0<s<a. Ifh(y,t) = h(y,¥(y,0,t),t), then h € CEro(kte)/2(fy,  — 0}).
o, >0inU.

Justification. Let us address the first claim. When k& > 2 we note that @(x, z,t) = u(x, ¥ (z,0,t)+
Zn,t) is the strong solution of an adjoint parabolic equation in the upper half space with zero
boundary values and coefficients in CF-1+#(+)/2=1 " Standard parabolic regularity theory
then gives the desired result. When k = 1, this is simply Lemma [7.1]

When k& = 0 the second claim follows from a difference quotient argument and the fact
that |v(x + y,t + s) — ¥(x,t)| < O(ly| + |s]/?). We k > 1 take a derivative and note
&»iz = 0;h + 0,h0;7p. As 1 has one more degree of differentiability than h it is clear that
O0n,h0;1) is just as regular as 9,h. We can argue similarly for higher spatial derivatives and
for difference quotients or derivatives in the time direction.

Our third claim follows from the assumption that e, is the inward pointing normal at

(0,0) and that 0,u(0,0) > 0 in O. O

To prove higher regularity we will use two weighted Schauder-type estimates due to Lieber-
man [L86] for parabolic equations in a half space. Before we state the theorems, let us
introduce weighted Holder spaces (the reader should be aware that our notation here is

non-standard).
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Definition 7.3. Let O C R™™! be a bounded open set. For a,b ¢ Z define

— +b
lllegers o) = 9P 8™ ullcnernio)

where O5 = {(X,t) € O | dist((X,t),00) > §}. It should be noted that C**/* = C»e/2,

For the sake of brevity, the following are simplified versions of |[L86], Theorems 6.1 and 6.2
(the original theorems deal with a more general class of domains, operators and boundary
values that we do not need here).

Theorem 7.4. Let v be a solution to the boundary value problem
w(X, 1) =Y piy(X, ) Dyo(X,t) = f(X,1), (X,t) €U
(7.8) ij
v(x,0,t) = g(x,0,t), (2,0,t) € U,
where P = (p;;). Leta > 2,b > 1 be non-integral real numbers such that p;; € Co=24/2=1(U), f €
Cy 2> MU) and g € CY2(T N {x, = 0}). Then, if v € C**(U) and v|our =0y = O,

there exists a constant C' > 0 (depending on the ellipticity, the Hélder norms of p;j, m and
the dimension) such that

[Wllcesrary < € (lghcss + lollse + [ fllgg-zerns )

Theorem 7.5. Let v be a solution to the boundary value problem

w(X, ) =Y py(X, ) Dyo(X,t) = f(X,1), (X,t) €U
(7.9) ij

m(z,0,t) - Vyv(x,0,t) = g(x,0,t), (2,0,t) € U,

where P = (p;;) is uniformly elliptic and m,(z,0,t) > ¢ > 0. Let a > 2,b > 1 be non-
integral real numbers with p;; € C*=292=HU), m(z,0,t) € C-HE-V/2(TU N {z, = 0}), f €
C;:i’aﬂ_l(U) and g € CO-10/12=12(Un{x, = 0}). Then, ifv € (CTZ/Q(U) and v|ou\ {z,—0y = 0,

there exists a constant C > 0 (depending on the ellipticity, the Hélder norms of p;j, m and
the dimension) such that

[ollcesroy < € (Igllermsano + [0l + 11l gg-sorsa )

With this theorem in hand we can use an iterative argument (modeled after one in [Je90] to
prove optimal Holder regularity. To reduce clutter we define, for f a function and ¢ € R"*!
with v, =0,

(7.10) 02f(X,1) = F(X, 1) +0) + f((X,t) = 0) = 2f(X,1).
It will also behoove us to define the parabolic length of a vector v = (v, vy, v;) by
(7.11) 17l = |(ve va)| + 0|2,

Recall that ,
o=f (X, t
e+ sup el
s xperntt 7S

(see, e.g. [St70], Chapter 5, Proposition 8).
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Proposition 7.6. Let Q C R™! be a parabolic reqular domain with log(h) € CFe(k+a)/2(Rrt1)
for k € N and « € (0,1). There is a 6, > 0 such that if 6, > § > 0 and 2 is §-Reifenberg
flat then ) is a CkHiFek+i+a)/2(RrHL) domain.

Proof. Let us first prove the theorem for & = 0. By Proposition [6.1] and Remark we
know that 1 € C'**(+9)/2([]). For any vector 7 € R™! with v, = 0 define w®(X,t) =
(X, t) 4+ 2ev) — ¥((X,t)). It is then easy to check that w®(X,t) satisfies the following
oblique derivative problem:

—0w* (X, t) = Y pi((X,t) + e¥)Dijuw (X, t) = f(X, 1), (X, ) €U
(7.12) ij
m(y,0,t) - Vw(y,0,t) = ¢°(y,0,t), (z,0,t) € U.

Where
wl(th)
P G
0 -1 . wn(th)
(P (X, 1)) = L0 : :
i(X0) wiX) (Vosmee )
Pn(Xit) T Yn(Xt) T Yn(X,t)
L9
mj (yv Oa t) = / %G(VX@D(?/’ 07 t) + S(VX¢((ya Oa t) + 527) - VX¢(ya 07 t)))dsa
0 j
V14 2

P 1) =D (X, 1) = i (X, 1) + £0)) Dith(X, 1),

]
9 (y,0,t) = h((y,0,t) + &¥) — h(y, 0,1).

It is a consequence of 1, > 0 (see Remark that (p;;) is uniformly elliptic and
my(y,0,t) > ¢ > 0 is uniformly in (y,¢). Furthermore, p;;(X + cv,t) and m(y + 0,0, t)
are C*%/2 Holder continuous, uniformly in ¢, 7.

To apply Theorem we need that we is in a weighted Holder space. Apply Theorem [7.4]
with a =2+ s,b =1+ s to ¢ in the space U N {x,, > ¢} and let § | 0 to obtain the a priori

estimate that ¢ € CZ1"™/*(U) (note that t|,,_s is uniformly in C*+*0+9/2 Ly Remark
. As such, w® € CQ_J{Z’;M/ ? uniformly in € > 0 for any 0 < 1 << s.
We will now compute the Holder norm of g° and the weighted Holder norm of f°. For any
(x7 07 t)? <y7 07 /r) G U7
2|[Pllcoesz(|z = yl* + |t = r[*%)e* ™ >
(7.13) min{2(|z — y|* + [t — 7|*)||h]|ce, 26%||h||ca } >
[h(2,0,t) = h((2,0,t) + £0) — h(y,0,7) + h((y,0,7) + £7)].

Thus ||A(=) — h(— + &7)

Cs»s/2 S Cga_s.
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For d > 0 we have that
|fa(x7 da t)_fa(y7 d7 T)| S ‘ng((x, d> t)_‘_EU)_pZJ (':Ea d? t)_plj((ya da 7“)‘1‘517)‘1‘]713(% dv T) | |ng¢($7 d7 t)l
+pi;((y, d,r) + €0) = pi;(y, d, 7)|| Diyo(x, d, t) — Dijah(y, d, 7).
Arguing as in equation ([7.13) we can bound the first term on the right hand side by

& Wl gzt gy (12 = yl? [t = TPVl cueroe™™

(Cs,s/2687 .

The second term is more straightforward and can be bounded by
IV llgorae®d "M [ garninse g (l2 = y|" + [t = r|"/?).
C717$ (U)
Therefore || f¢|| w2 < C(e°77 4 €°).
1-s
We may apply Theorem [7.5 to obtain
(7.14) Hw8|’(c27+171,1+n/2 S 0(53—77 + g’ + g*™s + 5)

(as ||w®||~ < Ce). The reader may be concerned that w® is not zero on the boundary of
U away from {z, = 0}. However, we can rectify this by multiplying with a cutoff function
and hiding the resulting error on the right hand side (see, e.g. the proof of Theorem 6.2 in
[ADN59)]).

We claim that if w® € C*{"™? then in fact We|(zp—0p € CH=UF9/2 for any 5 > 0. For

S
any ¢ = 1,...,n—1, the fundamental theorem of calculus gives (recall the notation in equation

[7.10) and (7.11))
(17l
(02D (2,0, )] < |62Dsw’ (x, |7l £)] + / (025, (7 )| dr
0

12113

7’1_(5_77)

(7.15) _ IR ) il
< Cllwlgzenrenr2 |7, 1511, + Cllwflzenrenr2 i

< Os,nHwEHCQjT;-M/?HEHZ'

Therefore, for e = 1,...,n — 1 we have
1025 Ditp(, 0, 1)| =| Dyw?((2,0,t)) — Diw®((,0,t) — £0)

< [ Dewf |l gesre||eellp

716 eqn (7.15) S
(7.16 BB 6 ol sl
—1—s
eqn (|7.14))
< Cp(e % e+ &) |et]5

If ||U]l, = 1 and points either completely in a spacial or the time direction then we can
conclude that ¢ € C**+A0+0/2(7 N {x,, = 0}), where 8 = min{a,2s — n}. As such, 99 is
a C'*2.(+8)/2 domain and, invoking Remark we can conclude that ¢ € C*+50+8/2(1)).
Repeat this argument until S = « to get optimal regularity.

When k = 1 (that is log(h) € C'*T(+%)/2) we want to show that ¢ € C**15/2 for some
s. Then we will invoke classical Schauder theory. We can argue almost exactly as above,
except that equation (7.13)) cannot detect regularity in log(h) above C“'/2. The argument

above tells us that ¢ € C**0+9)/2 for any s < 1, thus, h € C+o(+a)/2,
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Let E, 7 € R"*! be such that &,,v, = 0. Then, in the same vein as equation (7.13]), we can
estimate

717 [62h((, 0, ) + T) = 82h((2, 0, )| <[|hl|crrasare min{2(|E]|57, 37|, }
' 1S || = 1_ﬁ
<3| crraarar2 IElH 0]

Consequently, ||2(=) — h(— 4 0)||gosrz < C’||17||;71T°‘. We may then repeat the argument
above until we reach equation ([7.14]), which now reads

(7.18) stchjl’fi*"/Q < C(&sin + &%+ 61_1+La -+ 8).
Resume the argument until equation ([7.16)), which is now,
(7.19) |62:Ditp(2,0,8)] < Coy (577 + &% ' T 4 ) |l

If ||7]|, = 1 and points either completely in the spacial or time direction then we can conclude
that ¢ € C*+A0+8/2({x, = 0}) where 8 = min{2s—n, 145, 1+5— o). Pick 7, s such that
2s — 17 > 1 and we have that there is some v € (0,1) such that ¢ € C**1+/2({z, = 0}).

Remark [7.2] ensures that
(7.20) P € CHIH2(T),

for some v € (0,1).

Now that we have the a prior: estimate , we may apply Theorem to w®, the
solution of equation , but with a = 2+ 5,0 = 2+ . In this form, Theorem
comports with classical Schauder theory. An iterative argument one similar to the above,
but substantially simpler, yields optimal regularity. In fact, we can use the same iterative
argument to prove that 1 € CFro(:+)/2 given o) € Ch-1Fe(k=14a)/2 " Thys the full result
follows. U

We have almost completed a proof of Theorem we need only to discuss what happens
when log(h) is analytic. However, the anisotropic nature of the heat equation makes analyt-
icity the wrong notion of regularity to consider here. Instead we recall the second Gevrey
class:

Definition 7.7. We say that a function F(X,t) is analytic in X and of the second Gevrey
class in t if there are constants C, k such that

|DSOMF| < CrIATZ™(10] + 2m).
Let us recall Theorem [L11k

Theorem (Theorem [1.11). Let @ C R™™ be a parabolic regular domain with log(h) €
Chratkte)/2(R+1) for k> 0 and o € (0,1). There is a 6, > 0 such that if 5, > 6 > 0 and
Q is 5-Reifenberg flat then Q is o CFHIFa(+14a)/2(R+L) domain,

Furthermore, if log(h) is analytic in X and in the second Gevrey class in t then, under
the assumptions above, we can conclude that ) is the region above the graph of a function

which is analytic in the spatial variables and in the second Gevrey class in t. Similarly, if

log(h) € C* then 082 is locally the graph of a C* function.
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It is clear that Proposition implies the above theorem except for the statement when
log(h) analytic in X and second Gevrey class in ¢t. This follows from a theorem of Kinder-
lehrer and Nirenberg [KN78], Theorem 1, which we present (in a modified version, below).

Theorem 7.8. [Modified Theorem 1 in [KNT8|/ Let v € C*(U) be a solution to
—F(D*v, Dv,v, X,t) +v; =0 (X,t) €U
v, = DO, ..., On_1v,v, 2, 1), (2,0,t) € UN {x, = 0}

where (F,,,) is a positive definite form. Assume that F is analytic in D*v, Dv and ® is
analytic in Oyv and v. If F,® are analytic in X and in the second Gevrey class in t then v
1s analytic in X and in the second Gevrey class in t.

In [KNT7S], Theorem 1 is stated for Dirichlet boundary conditions. But the remarks after
the theorem (and, especially, equation 2.11 there) show that the result applies to Neumann
conditions also. Finally, it is easy to see that if log(h) is analytic in X and in the second
Gevrey class in ¢ then ¢ satisfies the hypothesis of Theorem ([7.8). This finishes the proof of
Theorem [L.11]

APPENDIX A. CLASSIFICATION OF “FLAT BLOwUPS”

A key piece of the blowup argument is a classification of “flat blowups”; Theorem [1.10]
The proof of this theorem follows from two lemmas which are modifications of results in
Andersson and Weiss [AW(9]. Before we begin, let us try to clarify the relationship between
this work and that of [AW09].

As was mentioned in the introduction, the results in [AWQ9] are for solutions in the sense
of domain variations to a problem arising in combustion. Although this is the natural class
of solutions to consider when studying their problem (see the introduction in [W03]), the
definition of these solutions is quite complex and it is unclear whether the parabolic Green
function at infinity satisfies it. For example, neither the integral bounds on the growth
of time and space derivatives (see the first condition in Definition 6.1 in [WO03]) nor the
monotonicity formula (see the second condition in Definition 6.1 in [W03]), clearly hold a
priori for functions u which satisfy the conditions of Theorem [1.10]

Upon careful examination of [AW09] we identified which properties of solutions in the
sense of domain variations were crucial to the proof. The first of these was the following
“representation” formula which holds in the sense of distributions for almost every time, %,
(see Theorem 11.1 in [WO03])

(Al) Au — 6’tu|t0 = %nillR(tO) -+ 20(t0, —)%nil Sk (to) + )\(t)|2z(t0).

Without going too deep into details, we should think of R(ty) C d{u > 0} as boundary points
which are best behaved. In particular, blowups at these points are plane solutions with slope
1. ¥, (to) points are also regular in the sense that the set is countable rectifiable and the
blowups are planes, but the slope of the blowup solution is 26(tg, —) < 1. X,(¢y) consists of
singular points at which blowups may not be planes. We observe that this situation is much
more complicated than the elliptic one in [AC81], but, as is pointed out in the introduction
[W03], this is an unavoidable characteristic of solutions to the combustion problem.
Lemma (which corresponds to Lemma 5.1 in [AWQ9] and is a parabolic version of

Lemma 4.10 in [AC81]) bounds from below the slope of blowup solutions at points which
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have an exterior tangent ball. For solutions in the sense of domain variation, points in X, (o)
complicate matters and thus more information than is given by is needed. Indeed, it is
mentioned in [AW09] that defining solutions merely as those which satisfy would not
be sufficient to implement their approach. However, in our setting, Lemma says that
k > 1 at almost every point on the free boundary which suffices to show that any blowup at
a regular point must have slope at least 1.

Another property of solutions in the sense of domain variations which is critical to [AW09]
is that [Vu(X,t)|? always approaches a value less than or equal to 1 as (X, t) approaches the
free boundary (Lemma 8.2 in [AW(9]). In our setting we know that |Vu| < 1 everywhere (by
Proposition and so we need not worry. That |Vu| < 1 (along with Lemma proven
in Section [f| above), implies that blowups of u are precompact in the Lip(1,1/2) norm-which
is another property of domain variations that is used in [AW09]. Finally, it is important to
the arguments in [AW09] that the set R(ty) is rectifiable (e.g. in order to apply integration
by parts). In the setting of Proposition , Ahlfors regularity lets us apply integration by
parts as well (albeit, we must be more careful. See, e.g., the proof of Lemma below).

By finding appropriate substitutes for the relevant properties of domain variations (as
described above) we were able to prove that the results of [AW09] apply mostly unchanged
to u, k, ) which satisfy the hypothesis of Proposition [1.10} However, we needed to make
an additional modification, as the conclusions of Proposition [1.10] are global whereas the
main theorem in [AW09] is a local regularity result (see Corollary 8.5 there). In particular,
Theorem 5.2 and Lemma 8.1 in [AW09] roughly state that if a solution is flat in a certain sense
in a cylinder, then it is even flatter in another sense in a smaller cylinder whose center has
been translated in some direction. This translation occurs because the considered cylinders
contain a free boundary point that is centered in the space variables but in the “past” in the
time coordinate. We want to improve flatness at larger and larger scales, so we cannot allow
our cylinders to move in this manner (otherwise our cylinder might drift off to infinity).

To overcome this issue, we introduce the concept of “current flatness” (see Definition
A.1). However, the parabolic equation is anisotropic, so centering our cylinder in time
means that we have to accept weaker results. This leads to the notion of “weak current
flatness” (Definition . Unfortunately, the qualitative nature of weak flatness is not
always sufficient so we still need to prove some results for “past flatness” (as introduced in
[AW09]). We also remark that this idea of “current flatness” could be used in the setting of
domain variations to analyze the global properties of those solutions.

Let us recall Theorem |1.10;

Theorem (Theorem . Let Qo be a d-Reifenberg flat parabolic reqular domain with
Green function at infinity us and associated parabolic Poisson kernel hoo (i.€. hoo = dz‘l’—ow).
Furthermore, assume that |Vus| < 1 in Qu and |he| > 1 for o-almost every point on 0.
There exists a 6, > 0 such that if 6,, > § > 0 we may conclude that, after a potential rotation

and translation, Q. = {(X,t) | z, > 0}.

We define three notions of “fatness” for solutions. The definition of “past flatness” is
taken from Andersson and Weiss [AW09] (who in turn adapted it from the corresponding
elliptic definitions in [AC81]). As mentioned above, we also introduce two types of “current
flatness”. The first type is quantitative and we call it “strong current flatness.”
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Definition A.1. For 0 < o; < 1/2 we say that U € CF(01,02) in C,(Q,T) in the direction
v e St f

o (Q,7) € {U >0}

e U((Y,s)) =0 whenever (Y —Q)-v < —o1p and (Y,s) € C,(Q, 7).

e U((Y,s)) > (Y —Q) - v—o9p whenever (Y —Q)-v—o09p >0 and (Y, s) € C,(Q,T).

The parabolic nature of our problem means that it behooves us to introduce a “past”
version of this flatness:

Definition A.2. For 0 < 0; < 1 we say that u € PF(01,03) in C,(X,t) in the direction
vesStiffor (Y,s) € Cp)(X,1)

o (X,t—p?) €0{U >0}

o U((Y,s)) =0 whenever (Y — X)-v < —o1p

e U((Y,s)) > (Y = X) -v— oyp whenever (Y — X)-v—oyp > 0.

Our final notion of flatness is qualitative and weaker than strong current flatness. We call
it “weak current flatness.”

Definition A.3. For 0 < 0; < 1/2 we say that U € 615(01, o2) in Cp(Q, T) in the direction
ve St f

e (Q,7)€{U >0}

e U((Y,s)) =0 whenever (Y — Q) -v < —o1p

o U((Y,s)) >0 whenever (Y — Q) - v > gap.

We may now state our two main lemmas, the first of which allows us to conclude flatness
on the positive side of d{u, > 0} given flatness on the zero side.

Lemma A.4. [“Current” version of Theorem 5.2 in [AW09]/ Let Q,un satisfy the as-

sumptions of Proposition . Furthermore, assume us € 6’\}/7’(0, 1/2) in C,(Q,T) in the
direction v. Then there is a constant K; > 0 (depending only on dimension) such that
Uoo € CF(Ky0, K 0) in Cy2(Q, 7) in the direction v.

The second lemma provides greater flatness on the zero-side under the assumption of
flatness on both sides.

Lemma A.5. [“Current” version of Lemma 8.1 in [AW09]/ Let uw, 2 satisfy the assump-
tions of Proposition and assume, for some o,p > 0 that u, € CF(0,0) in Cy(Q,T)
in the direction v. For 6 € (0,1), there exists a constant 1/2 > oy > 0 which depends only
on 0,n, such that if 0 < 0 < gy then u, € CF(00,00) in Ck,p,(0,0) in the direction D,
where v satisfies | — v| < Kzo. Here 0 < Ko, K3 < 00 are constants depending only on the
dimension.

Our proof that these two lemmas imply that ()., is a half-space is based on the analogous
result in the elliptic setting proven by Kenig and Toro in [KT04].

Proof of the Proposition [I.10 assuming the two lemmas. Pick 8’ € (0,1) small enough so
that max{¢', K?¢', K»,0'/4} < 1/2. Then let 8, < min{1/2,04/K;}. Here, and through
the rest of this proof, K1, K», K3 and oy are as in Lemmas [A.4] and [A.5]
Assume, without loss of generality, that (0,0) € 9€). For every p > 0, there is an n-
plane, V(p), containing a line parallel to the ¢-direction, such that %D[V(p) NC,(0,0),00N
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C,(0,0)] < 6. Let v, be the unit normal vector to V(p) correctly oriented so that if (X,t) €
C,(0,0) and (X, v,) < —dp then (X,t) € Q° (similarly, (X,t) € C,(0,0), (X, v,) > dp implies

(X,t) € Q). Translated into the language of weak current flatness, u., € CF(6,9) in C,(0,0)
in the direction v,.

Apply Lemma so that u., € CF (K6, K9) in C,/5(0,0) in the direction v,. Then
Lemma implies that u., € 67«“([(19'5, K10'6) in Cr,g,/2(0,0) in the direction y,(}) where
|y,§1)—u,,| < K1 K30. Returning to LemmalA 4lyields u., € CF(K70'6, K160'6) in Ci,g,/4(0,0)
in the direction yﬁ”. Note that 6,0, were chosen small enough to justify repeating this
procedure arbitrarily many times. After m iterations we have shown u., € CF(0™0,0™4)
in Cym,(0,0) in the direction 5™ where n = K,#'/4 < 1/2. Additionally, for m > 1,
e

)] < K30™¢. From now on we will abuse notation and refer to all constants
which only depend on the dimension by C'.
Define 7, := limy, 00 u,gm) and compute
1
(A.2) v, — M| < Co0™ T—5 < Coo™.
For any (P,§) € C,(0,0); there is some m such that (P,§) € Cym,(0,0) but (P,§) ¢

Cym+1,(0,0). As uy, € CF(6™0,0™0) in the direction Vém) we can conclude
(P,v(™y < —0™60™p = uso(P,€) =0

(A.3) m) .
<P,1/p ) > 070" p = use(P, ) > 0.

We may write (P,7,) = <P, V,(,m)> + <P, v, — u,ﬁm)> and estimate, using equation ({A.2)),
| <P, v, — y,()m)> | < C60™n™p. Then equation ((A.3)) implies,

<P7 vp) S —09m577mp = uoo<P7 5) = O

A4
(A4) (P,U,) > CO™N™p = use(P, &) > 0.

Hence,
1
——DI[A(p) N Cym ,(0,0),092 N Cym,(0,0)] < CO™,
n"p
where A(p) is the n-hyperplane containing (0, 0) that is perpendicular to 7,,.
If n™*t1p < s < n™p one computes

1 1 m
ED[A(p) N Cs(0,0), 002N Cs(0,0)] < ED[A(,O) N Cym,(0,0), Cym,(0,0) NOQY < C’(S%.
As 0,1 < 1 we can write § = for some 3 > 0 and the above becomes
B
(A5) %D[A(p) N C4(0,0),00 1 Cy(0,0)] < Cy (%) Vs < p.

Pick any p; — co. By compactness, A(p;) = A in the Hausdorft distance (though we
may need to pass to a subsequence that the limit plane may depend on the subsequence
chosen). Then for any s > 0, equation (A.5]) implies

1
~D[Aw N C4(0,0),00 1 C.(0,0)] = 0.
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We conclude that 09 = A, and that A is, in fact, independent of {p;}. After a rotation
and translation Q = {(X,t) | z,, > 0}. O

A.1. Flatness of the zero side implies flatness of the positive side: Lemma [A.4]
Before we begin we need two technical lemmas. The first allows us to conclude regularity
in the time direction given regularity in the spatial directions. We stated and proved this
Lemma in Section [6] so we will just state it again here.

Lemma. If f satisfies the (adjoint)-heat equation in O and is zero outside O then

[ fllcrrz@arry < eIV £l (o),
where 0 < ¢ < 0o depends only on the dimension.

This second lemma allows us to bound from below the normal derivative of a solution at
a smooth point of 0€),. For ease of notation we will drop the subscript co from ., 25 and
he. However, all these results are proven with the same assumptions as Theorem [1.10}

Lemma A.6. Let (Q,7) € 98 be such that there exists a tangent ball (in the Buclidean
sense) B at (Q,7) contained in Q. Then

imsup ———— > 1.
Q3(X,t)—(Q,7) d((X7 t)a B)

Proof. Without loss of generality set (Q,7) = (0,0) and let (X, tx) € Q be a sequence
that achieves the supremum, (. Let (Y}, s;) € B be such that d((Xy,t;), B) = ||(Xk, tx) —

(Yi, si)|| =: ri. Define uy(X,t) == U(T’“XJrY’“’T’%HS'“), QY ={Y,s) | Y = (X —-Y)/r,s =

Tk

(t —si) /12, st (X,t) € Q} and hy(X,t) == h(rp X + Yi, 72t + s;). Then

/ up(Ap — 9y)dX dt = / hyodo.
Rn+1 A%

By assumption, the u; have uniform Lipschitz bound 1. Thus Lemma implies that
the uy, are bounded uniformly in C*'/2. Therefore, perhaps passing to a subsequence, uj, —
up uniformly on compacta. In addition, as there exists a tangent ball at (0,0), Qp —
{z,, > 0} in the Hausdorff distance norm (up to a rotation). We may assume, passing
to a subsequence, that X"T—;Y" — Zy, t’“r_zs’“ — to with (Zy,to) € C1(0,0) N {z, > 0} and
uo(Zo, to) = £. Furthermore, by the definition of supremum, for any (Y,s) € {x, > 0} we
have

up(Y, s) = klggo u(reY + g, rzs + sk) /T

< fim (PRRASUOY + g, vis + si), B)
= lim fpardist((Y, s), Bg)

k—o00
=Lyn,

where By, is defined like €2, above.
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Let ¢ € Cg°(R™!) be positive, then

/ (a0 (AG — 0,0)dX dt > / uo(X, ) (Mg — ,0)dX dt
{xn>0}

{zn>0}

(A.7) = lim [ up(X,0)(Ad— Op)dXdt

k—o0 Qk

= lim hrodo.

Integrating by parts yields
f/ pdzdt = / lx, (AP — Oyp)d X dt
{zn=0} {zn>0}

eqn.
> lim hrpdo
k—o0 oy,
hp>1
> lim odzdt
k—o0 {xn:()}
Hence, ¢ > 1, the desired result. O

We will first show that for “past flatness”, flatness on the positive side gives flatness on
the zero side.

Lemma A.7. [Compare with Lemma 5.2 in [AW09]/ Let 0 < o < o where oy depends only

on dimension. Then if u € PF(0,1) in C,(X,1) in the direction v, there is a constant C
such that u € PF(Co,Co) in C,js(X + av,t) in the direction v for some |a| < Cop.

Proof. Let (X,%) = (0,0),p = 1 and v = e,,. First we will construct a regular function which

touches 0f) at one point.
Define

16(|a| 2 +[t+1))
77(% t) — e 16(|z2+[t+r1))—1

for 16(|x]* + |t + 1]) < 1 and n(z,t) = 0 otherwise. Let D := {(z,z,,t) € C1(0,0) |
xn, > —o + sn(x,t)}. Now pick s to be the largest such constant that C(0,0) N Q2 C D. As
(0, —1) € 0{u > 0}, there must be a touching point (Xo,ty) € 0DNINN{—-1 <t < —15/16}
and s < o.

Define the barrier function v as follows:
Av+ 0w =0in D,
(A.8) v=0in 9,D N Cy(0,0)
v=(0+z,)in d,DNIC(0,0).
Note that on d,D N C1(0) we have u = 0 because D contains the positivity set. Also, as
|Vu| <1, it must be the case that w(X,t) < max{0,0 + z,} for all (X,t) € C1(0,0). Since,
v > u on 0,D it follows that v > u on all of D (by the maximum principle for subadjoint-

caloric functions). We now want to estimate the normal derivative of v at (Xo,tp). To
estimate from below, apply Lemma

. u(X,t)
A9 1 < limsup -
(A.9) (X.t)—(Xo,to) Pardist((X, 1), B)
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where v is the normal pointing out of D at (Xj,t) and B is the tangent ball at (X, ty) to
D contained in D¢.
To estimate from above, first consider F\(X,t) := (0 + z,,) —v. On 9,D,

—o0o<zx,—v<o0o

thus (by the maximum principle) 0 < F(X,t) < 20. As 0D is piecewise smooth domain,
standard parabolic regularity gives sup, |[VF(X,t)] < Ko. Note, since s < o, that —o +
sn(z,t) is a function whose Lip(1, 1) norm is bounded by a constant. Therefore, K does not
depend on o.

Hence,

Vo] =1 <|Vv —e,| < Ko

A.10
(4.10) By < 90(2) <1+ Ko

We want to show that u > v — K oz, for some large constant, K, to be choosen later
depending only on the dimension. Let Z := (Yp, so), where so € (=3/4,1), |yo| < 1/2 and
(Yo)n = 3/4, and assume, in order to obtain a contradiction, that u < v — Kox,, at every
point in {(Y,so) | |[Y — Yo| < 1/8}. We construct a barrier function, w = wy, defined by

Aw + w =0in DN {t < so},
w =z, on O,(D{t < so}) N{(Y,s0) | Y — Yo| < 1/8},
w=0o0nd,(DN{t<so})\{(Y,s0) | |[Y —Yo| < 1/8}.

By our initial assumption (and the definition of w), u < v — Koz, on 8,(D N {t < so})

and, therefore, u < v — Kow, on all of DN {t < so}. Since tp < —15/16 we know (X, ?o) €

Op(D NA{t < so}). Furthermore, the Hopf lemma gives an o > 0 (independent of Z) such
that 0,w(Xo,t9) < —a. With these facts in mind, apply Lemma at (Xo,t0) and recall

equation (A.10)) to estimate,

1 I u(X,t)
= limsup ,
(X,t)—(Xo.to) Pardist((X, 1), B)

< — 8,,11()(0, t()) + Raayw(X(h to)
<(1+ Ko) — Kao.

(A.11)

Setting K > K/« yields the desired C(Eltradiction. B
Hence, there exists a point, call it (Y, s¢), such that |Y — Y| < 1/8 and

(u—2v)(Y,s0) > —-Ko(Y), > —Ko.
Apply the parabolic Harnack inequality to obtain,

inf u—v)(X,s9—1/32) > ¢, su uw—v)(X,s Z—Cnf(a
{|X*Y0|<1/8}( J(X, 50 —1/32) {|X_YO‘21/8}( )(X, s0)

v2ye w(X,s0—1/32) >z, — 0 — c, Ko,
for all X such that |X — Yy| < 1/8. Ranging over all 5o € (—3/4,1) and |yo| < 1/2, the
above implies
u(X,t) >z, — Co,
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whenever (X, t) satisfies |z| < 1/2, |z, —3/4| < 1/8,t € (—1/2,1/2) and for some constant
C > 0 which depends only on the dimension. As |Vu| < 1 we can conclude, for any (X, )
such that |z| < 1/2,t € (=1/2,1/2) and 3/4 > z,, > Co, that

(A.12) w(X,t) > u(z,3/4,t) — (3/4 — x,) > (v, — Co).

We now need to find an « such that (0,a, —1/4) € 9. By the initial assumed flatness,
and equation (A.12), a € R exists and —o < a < Co (here we pick oq is small enough such
that CO’O < ]./4)

In summary we have shown that,

o (0,a,—1/4) € 09, |a] < Co
o1, —a<—-3C0/2=x,<—0=u(X,t)=0.
e When z,, —a > 2Co = z,, > Co, hence equation (A.12))) implies u(X,t) > (z, —
Co) > (v, —a—2Co).
Therefore u € PF(2C0,2C0o) in Cy/2(0, a, 0) which is the desired result. O

Lemma is the current version of the above and follows almost identically. Thus we will
omut the full proof in favor of briefly pointing out the ways in which the argument differs.

Lemma (Lemmal|A.4). Let Q, uy satisfy the assumptions of Proposition|1.10, Furthermore,

assume Uo, € CF(0,1/2) in C,(Q,T) in the direction v. Then there is a constant K; > 0
(depending only on dimension) such that u., € CF(Kq0, K 0) in C,/2(Q,T) in the direction
v.

Proof of Lemma[A.J. We begin in the same way; let (Q,7) = (0,0),p =1 and v = e,,. Then
we recall the smooth function
16(||? +[t4-1])

77(337 t) = e 16(lz[2+[t+1])—1
for 16(|z|> + [t + 1]) < 1 and n(x,t) = 0 otherwise. Let D := {(z,z,,t) € C1(0,0) |
x, > —o + sn(z,t)}. Now pick s to be the largest such constant that C1(0,0) N Q C D.
Since |z,| > 1/2 implies that u(X,¢) > 0 there must be some touching point (Xy,ty) €
oD NI N{-1<t < —15/16}. Furthermore, we can assume that s < o+ 1/2 < 2.

The proof then proceeds as above until equation . In the setting of “past flatness”
we need to argue further; the boundary point is at the bottom of the cylinder, so after the
cylinder shrinks we need to search for a new boundary point. However, in current flatness the
boundary point is at the center of the cylinder, so after equation (6.16)) we have completed

the proof of Lemma [A.4] O

A.2. Flatness on Both Sides Implies Greater Flatness on the Zero Side: Lemma
[A.5] In this section we prove Lemma[A.5 The outline of the argument is as follows: arguing
by contradiction, we obtain a sequence wuy whose free boundaries d{uy > 0} approaches the
graph of a function f. Then we prove that this function f is C'* and this smoothness leads
to a contradiction.

Throughout this subsection, {uy} is a sequence of adjoint caloric functions such that
O{uy > 0} is a parabolic regular domain and such that, for all ¢ € C°(R"*),

/ uk(Ap — Opp)dXdt = / hypdo.
{ur>0} o d{uy>0}



We will also assume the hy, > 1 at g-a.e. point on d{uy > 0} and |Vug| < 1. While we
u(rkX,rit
Tk

present these arguments for general {u;} it suffices to think of ug(X,t) := ) for some

rk¢0

Lemma A.8. [Compare with Lemma 6.1 in [AWQ9]] Suppose that u, € CF(og,0k) in
C,.(0,0), in direction e,, with o, | 0. Define f;7 (z,t) = sup{d | (pxx, orprd, pit) € {u, =
0}} and f; (x,t) = inf{d | (prx,orprd, pit) € {ur, > 0}}. Then, passing to subsequences,
o f = f in L2 (C1(0,0)) and f is continuous.

loc

Proof. By scaling each u; we may assume pr = 1. Then define
Dk = {(y7d7 t) € 01(070) | (yaakd7 t) € {uk > 0}}

Let
f(x,t) == liminf f_ (y,s),

(y,5)—(z,t)
k—00

so that, for every (yo,to), there exists a (y,tx) — (yo,to) such that f, (yk,tx) koo f(vo, to).
Fix a (yo,to) and note, as f is lower semicontinuous, for every ¢ > 0, there exists a
0 > 0, ko € N such that

{(y,d,t) [ |y — yol <20, |t —to] < 46%,d < f(yo,to) — €} N Dy =0, Vk > ko.
Consequently
(A.13) Ty — f(yo, to) < —& = up(x, 002y, 8) =0, V(X,s) € Cos(Yo, to).
Together with the definition of f, equation (A.13)) implies that there exist o € R with
|| < 2 such that (yo, ok (f (Yo, to) + ar),to — 6*) € O{ug > 0}. This observation, combined
with equation (A.13) allows us to conclude, u (-, ox-,-) € PF(3015%,1) in Cs(yo, or(f (Yo, to) +
ag), to), for k large enough.

As 7 /0% — 0 the conditions of Lemma hold for k large enough. Thus, u(-, 0%, ) €
PF(Coys, Cors) in Csya(yo, ok f (Yo, to) +aw, to) where |ay| < Cope. Thusif 2z, — (0w f (4o, to)+
ay,) > Ceoy/2 then ug(z, o3zn,t) > 0 for (Z,t) € Csa(yr, o fr (Y, tr) + o, ty + 62). In other
words

(A.14) sup I (z,8) < fyo, to) + 3Ce.
(Z,5)€C5 12(y0,0k f (yo,to)+ax;to)

As fif > f,if

f(yo, to) == limsup [ (y,s),

(y,8)=(yo,to)

k—o00
it follows (in light of equation (A.14) that f = f. Consequently, f is continuous and
[, fi = f locally uniformly on compacta. O

We now show that f is given by the boundary values of w, a solution to the adjoint heat
equation in {z, > 0}.

Lemma A.9. [Compare with Proposition 6.2 in [AW09]/ Suppose that ux, € CF(og,0x) in
C,.(0,0), in direction e, with py, > 0,04 | 0. Further assume that, after relabeling, k is the
subsequence given by Lemma[A.8 Define

(% ’

wg(z,d,t) =
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Then, wy, is bounded on Cy(0,0)N{x, > 0} (uniformly in k) and converges, in the C*'-norm,
on compact subsets of C1(0,0) N {x, > 0} to w. Furthermore, w is a solution to the adjoint-
heat equation and w(zx,d,t) is non-increasing in d when d > 0. Finally w(z,0,t) = —f(z,t)
and w is continuous in C1_s(0,0) N {z, > 0} for any § > 0.

Proof. As before we rescale and set p, = 1. Since |Vug| < 1 and z, < —0p = ux = 0 it
follows that u,(X,t) < (z, +0x). Which implies wy(X,t) < 1+ 7. On the other hand when
0 <z, < ok we have ug(X,t) — x, > —x, > —0) which means wy > —1. Finally, if z,, > oy
we have ug(X,t) — z, > (z, — o) — r, = wy, > —1. Thus, |wi| < 1in C1(0,0) N {x, > 0}.

By definition, wy is a solution to the adjoint-heat equation in C1(0,0) N {z, > o}. So
for any K CC {x, > 0} the {wy} are, for large enough k, a uniformly bounded sequence of
solutions to the adjoint-heat equation on K. As |wg| < 1, standard estimates for parabolic
equations tell us that {wj} is uniformly bounded in C2**!*®/2(K). Therefore, perhaps
passing to a subsequence, w;, — w in C*!(K). Furthermore, w is also be a solution to the
adjoint heat equation in K and |w| < 1. A diagonalization argument allows us to conclude
that w is adjoint caloric on all of {x, > 0}.

Compute that 0wy = (Opur —1)/(0x) < 0, which implies, d,w < 0 on {z, > 0}. As such,
w(z,0,t) = limy o+ w(x,d,t) exists. We will now show that this limit is equal to —f(z, ).
If true, then regularity theory for adjoint-caloric functions implies that w is continuous is
01_5 N {l’n > 0}

First we show that the limit is less than — f(z,¢). Let € > 0 and pick 0 < a < 1/2 small
enough so that |w(z, a,t) —w(z,0,t)| < e. For k large enough we have o/oy, > f(z,t) +1 >
fr (x,t), therefore,

w(x,0,t) <w(z,a,t) 4= wk(q:,akg,t) + e+ o(1)
Ok

(A.15) = (wk(x,ak%,t) - wk(x,akfk_(x,t),t)) + wy(z, o fr (2,1),t) + €+ 0k (1)

ankg()
< wilz, onfy (2,t),1) +o(1) +e.

By definition, wy(x, oy f,, (z,t),t) = —f; (z,t) = —f(x,t) uniformly in C;_4(0,0). In light
of equation ([A.15]), this observation implies w(x,0,t) < —f(x,t)+¢e. Since € > 0 is arbitrary,
we have w(z,0,t) < —f(z,1).

To show w(x,0,t) > —f(x,t) we first define, for § > 0,k € N,

. 1 _ _
9= sup (fy (.t = S%0%) = fr (4, 5)).
(Y.5)€Cas50, (z,0k f;, (z,t—5202)t—5202)
Observe that if k is large enough (depending on S,4d), then (z,t — S?¢2) € C;_5(0,0). By
construction, V(Y, s) € Cogo, (z, 0 fr (x,t — S?07),t — S%0}),

Yn — Onfr (2,1 — S%07) < —S015% = Yo < onfr (y,8) = up(Y, s) = 0.

In other words, uy € PF(6%,1) in Cso,(z,01f) (x,t — S*07),t). Note, by Lemma ,
Apply Lemma [A.7] to conclude that

(A16> Up € PF(C&k,C6k) in Csak/2<$,0kfk_(l',t — 520']3) + Oék,t) where ‘Oék’ < CSo,0y.
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Define Dy, = f, (z,t — S?07) + o /oy, + S/2. Pick S > 0 large such that Dy, > 1 and then,
for large enough k, we have Dy — oy /oy — fr (z,t — S?0}) — CSG > 0 and (x, 04Dy, t) €
Csop 2@, opfry (2,6 — S%07) + i, t). As such, the flatness condition, (A.16)), gives

ug(x, ox Dy, t) > (O’ka — o fy (z,t — S%02) — ay — CS&kak/2)+

(A.17) Sak
2

Plugging this into the definition of wy,

(1 — Cak)

wk(x,aka,t) Z (1 - C&k) - Dk

(A.18) —2(1—C&y) — (f,;(a,- t— S202) + ap /o + 5/2)
=— f; (=, or) + or(1) = — f(x,t) + ox(1).

We would like to replace the left hand side of equation (A.18) with wy(z,a,t) where «
does not depend on k. We accomplish this by means of barriers; for ¢ > 0 define z. to be
the unique solution to

Oz + Az, =0, in C1_4(0,0) N {z, > 0}
(A.19) 2 = g, on 0,(C1-5(0,0) N {z,, > 0}) N {z,, = 0}
z. = —2, on 0,(C1-5(0,0) N {z,, > 0}) N {z,, > 0},

where g. € C°(C1-5(0,0)) and — f(z,t) —2¢ < g.(z,t) < —f(x,t)—e. By standard parabolic
theory for any € > 0 there exists an o > 0 (which depends on £ > 0) such that |z,| < «
implies |z.(x, x,,t) — 2z:(2,0,t)| < /2. Pick k large enough so that o, < a. We know wy,
solves the adjoint heat equation on {x, > o} and, by equations (A.19) - and - Wy > 2
on 0,(C1-5(0,0) N {z,, > oy }). Therefore, wy > 2. on all of C1_5(0,0) N {z, > ox}.

Consequently,

wlmwlto

wp(r, . t) 2 ze(2, 0, t) > 2(2,0,8) —e/2 2 — f(2,t) — 3e.
As k — oo we know wy(x, o, t) = w(z,a,t) < w(x,0,t). This gives the desired result. [

The next step is to prove that the normal derivative of w on {z, = 0} is zero. This will
allow us to extend w smoothly over {z,, = 0} and obtain regularity for f.

Lemma A.10. Suppose the assumptions of Lemma[A.§ are satisfied and that k is the sub-
sequence identified in that lemma. Further suppose that w is the limit function identified in
Lemmal[A.9 Then O,w =0, in the sense of distributions, on {x, = 0} N Cy/5(0,0).

Proof. Rescale so p, = 1 and define g(z,t) = 5 — 8(|z|* + [t|). For (z,0,t) € C1/2(0,0) we
observe f(z,0,t) <1< g(x,0,t). We shall work in the following set

Z=A{(x,z,, t) | |z],|t] < 1,2, € R}.

For any ¢(z,t), define Z*(¢) to be the set of points in Z above the graph {(X,t) | =, =
é(x,t)}, Z7(¢) as set of points below the graph and Z°(¢) as the graph itself. Finally, let
Y 1= {Uk > O} N ZO(ng).
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Recall, for any Borel set A, we define the “surface measure”, u(A) = [ H" H(AN{s =

t})dt. If k is sufficiently large, and potentially adding a small constant to g, u(Z°(org) N
There are three claims, which together prove the desired result.

Claim 1:

p({ur >0} N Z7(0x9)) < [ Owux — 1dadt + p(Xy) + Coy
Xk

Proof of Claim 1: For any positive ¢ € C5°(C1(0,0)) we have

[ o< [ sau= [ w(de-ogaxa
O{u>0} O{up>0} {up>0}

(A.20)
{uk>0}

(we can use integration by parts because, for almost every ¢, {u; > 0} N {s = t} is a set

of finite perimeter). Let ¢ — Xz-(s,9)Xc: (as functions of bounded variation) and, since

[t| > 3/4 or |z|*> > 3/4 implies u(x, org(x,t),t) = 0, equation (6.25) becomes
Vuyg - v+ opuy sgn(t)

me V14 0 ([Veg(a, )2 + 1)

where v(x,t) = (0, Vg(x,t),—1) points outward spatially in the normal direction.

We address the term with sgn(t) first; the gradient bound on uy tells us that |uy| < Coy,
on Xy, SO

(A21)  p(@{u > 0} N Z (o1g)) < —

9

t
(A.22) o i sgn(t) du| < Co?.
e V1407 ([Vag(@, )] +1)
To bound the other term, note that d = dxdt where the latter integration

V1+02(|Vag(z,t)[2+1)
takes place over Ey = {(z,t) | (z,0r9(x,t),t) € X} C {x, = 0}. Then integrate by parts in
x to obtain
(A.23)

(Jng(x, t)a _1) ' vuk(m7 ng(xa t)7 t)dIdt = / OrUp (ZE, O-kg(xa t)a t)angdHn_th

Ey, OE)

—/ opug(z, opg(2, 1), 1) Ag(x, t) + 02 0nur(x, org(w, t), )| Vg|* dudt
Ey

— / Onur(z, org(x,t),t) — 1dzdt + L7 (Ey),
Ey

where 7 is the outward space normal on 0Ey. Since ug(z,org(x,t),t) = 0 for (z,t) € 0E
the first term zeroes out.

The careful reader may object that Ey may not be a set of finite perimeter and thus our
use of integration by parts is not justified. However, for any ¢y, we may use the coarea
formula with the L' function X (u(zopg(z.te)t0)>01 and the smooth function oyg(—, o) to get

o0 > /O'k’vg<x7tO)|X{u(m,akg(:c,to),to)>0}dx = / / X{u(a:,r,to)>0}d?'[n72(.I)dr.
72_00 {(I,to)‘ﬂ'kg(Iﬂfo):T}



Thus {(x,t0) | oxg(z,to) > r} N {(x,t) | u(z, org(z,t),to) > 0} is a set of finite perimeter
for almost every r. Equivalently, {(x, ) | ox(g(z,to) +¢) > 0} N {(2,t) | u(x, ox(g(z, to) +
g),to) > 0} is a set of finite perimeter for almost every ¢ € R. Hence, there exists a ¢ > 0
aribtrarily small such that if we replace g by g + ¢ then Ey, N {t = to} will be a set of finite
perimeter for almost every ¢y. Since we can perturb g slightly without changing the above
arguments, we may safely assume that Fj is a set of finite perimeter for almost every time
slice.

Observe that Ag is bounded above by a constant, |ux| < Coy on X, |0,uk| < 1 and finally
w(Xg) > L™(Ey). Hence,

p(0{ur, >0}y N Z (org)) < / Onuy — ldxdt + p(Xy) + Corj.

Ey

Note integrating over FJ, is the same as integrating over 3, modulo a factor of /1 + |03V, g|? ~
1+ o2, As |0,uy, — 1] is bounded we may rewrite the above as

u(a{uk > 0} N Z*(ng)) S / 8nuk — 1du + ,U(Zk) + CO’%,

Xk

which is the desired inequality.
Before moving on to Claim 2, observe that arguing as in equations (A.22) and (A.23)),

x 7t ] t o0
(0xVg(x,1),0,048gn(t)) (Vg 0, w)dps b 0,
X \/1 + H(O-kvxg(x7 t)a 07 O-kSgn@))HQ

which will be useful to us later.

(A.24)

Claim 2:
1(Er) — Cooip < p(0{ur, > 0} N Z™ (org)).

Proof of Claim 2: Let vy(x,t) the inward pointing measure theoretic space normal to
O{up > 0} N {s =t} at the point z. For almost every ¢t it is true that v} exists H"~! almost

everywhere. Defining v, ,(X,t) = \/%2(—0;616% 1,0), we have
1425602 |2

Vg - Vpdp >

(@ > 0} N 2™ (04g)) = /

Vg - Vpdpn > /
H{up>0}NZ~ (ok9) O*{ur>0}NZ~ (0k9)

/ Vi - Vg, gl 2 — / div Vg, dX dt + / 1dy.
O*{ur>0}NZ~ (org) Z~ (org)N{ur>0} Sk

—160%(n—1) 303 (16%256)|x|2

3
V142560222 | /1425602 [2]2

Z~(og) N {ug > 0} is of order oy, the claim follows.

< (Coy. Since the “width” of

We compute |div v,,,| =

Claim 3:

/ 10,wi| "5 0.
Xk
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Proof of Claim 3: We first notice that 0,u, < 1 and, therefore, d,w; < 0. To show the
limit above is at least zero we compute

Lup — 1
anwdeZ/ auk—du
Sk Sk Ok
(A.25) Ot p(O{ur > 0} N 2" (0k9)) _ p(E) _
Ok Ok
Claim2 14( Y]
S p(Er)  p(Ex) _Cop s 0.

O (%

We can now combine these claims to reach the desired conclusion. We say that 0,w = 0,
in the sense of distributions on {z, = 0}, if, for any ¢ € C§°(C1,2(0,0)),

/ d,w( = 0.
{20}

By claim 3
(A.26) 0= lim / COpwy.
k—o0 T
On the other hand equation (A.24)) (and ¢ bounded) implies
(A.27) lim (O,wy = lim Cus,, - (Vwg, wy),
k—o00 Sk k—o0 b

where vy, is the unit normal to ¥ (thought of as a Lispchitz graph in (z,t)) pointing
upwards. Together, equations (A.26]), (A.27) and the divergence theorem in the domain
Z*(okg) N C1/2(0,0) have as a consequence

0 = lim divyx  (((Vxwy, wy))dX dt

k=00 J 7+ (o1,9)

= lim Vx(-Vxw,+ (8t§)wk + C(Axwk + 8twk)dth

k=00 J Z+(ox)

Awﬁﬂzf/ Vxw - Vx¢ + (0,0 wpdX dt
{zn>0}

integration by Parts/ wy(drdt — / ((Axw + Ow).
{x,=0} {zn>0}

As w is a solution to the adjoint heat equation this implies that [ (=0} O,w( = 0 which is
the desired result. 0

From here it is easy to conclude regularity of f.

Corollary A.11. Suppose the assumptions of Lemmal[A.§ are satisfied and that k is the sub-
sequence identified in that lemma. Then f € C™(C/2(0,0)) and in particular the C*to1+e
norm of f in Cy4 is bounded by an absolute constant.

Proof. Extend w by reflection across {z,, = 0}. By Lemma this new w satisfies the
adjoint heat equation in all of C/2(0,0) (recall a continuous weak solution to the adjoint

heat equation in the cylinder is actually a classical solution to the adjoint heat equation).
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Since ||w||z=(cy,,00) < 2, standard regularity theory yields the desired results about —f =
w‘xnzo. OJ

We can use this regularity to prove Lemma [A.5]

Proof of Lemma[A.5 Without loss of generality let (Q,7) = (0,0) and we will assume that
the conclusions of the lemma do not hold. Choose a 6 € (0,1) and, by assumption, there

exists py and oy | 0 such that u € CF(oy,01) in C,,(0,0) in the direction v, (which after a

harmless rotation we can set to be e,) but so that u is not in CF(foy, 0oy) in Cenya,, (0, 0)
u 2 .

in any direction v with |y, — v| < Coy, and for any constant c¢(n). Let uj = %. It is

clear that uy is adjoint caloric, that its zero set is a parabolic regular domain, that |Vug| <1
and hy > 1.

By Lemma we know that there exists a continuous function f such that 0{uy > 0} —
{(X,t) | xz, = f(x,t)} in the Hausdorff distance sense. Corollary implies that there is
a universal constant, call it K, such that
(A.28) f(z,t) < £(0,0) + V,£(0,0) - = + K(|t| + |z]?)
for (x,t) € C1,4(0,0). Since (0,0) € O{uy > 0} for all k, f(0,0) = 0. If § € (0,1), then there
exists a k large enough (depending on 6 and the dimension) such that

f;(l‘,t) < fo(0,0) T+ 92/4[(7 V(:L‘,t) € 09/(4K)(070)>
where f;" is as in Lemma [A.8] Let

vy = (=01 V. £(0,0),1)
V1401V, f(0,0)

and compute
(A.29) z v > 020, /4K = 1, > opa’ - Vo f(0,0) + o JAK > fiF (2,).
Therefore, if (X,t) € Cpur)(0,0) and z-vy > 620 /4K, then uy(X,t) > 0. Arguing similarly

—

for f,~ we can see that u, € CF (0o, 00;) in Cyrax(0,0) in the direction 1. It is easy to see
that |v — e,| < Coy and so we have the desired contradiction. O

APPENDIX B. NON-TANGENTIAL LIMIT OF F(Q,T): PROOF OF LEMMA (3.6

If 00 is smooth and F(Q,7) is the non-tangential limit of Vu(Q,7) then F(Q,7) =
h(Q,7)n(Q, 7). In this section we prove this is true when 02 is a parabolic chord arc
domain; this is Lemma [3.6 Easy modifications of our arguments will give the finite pole
result, Lemma [3.10l Before we begin, we establish two geometric facts about parabolic
regular domains which will be useful. The first is on the existence of “tangent planes”
almost everywhere.

Lemma B.1. Let Q be a parabolic reqular domain. For o-a.e. (Q,T) € 02 there exists a
n-plane P = P(Q,T) such that P contains a line parallel to the t axis and such that for any
e > 0 there exists a r. > 0 where

O<r<r.=|(nQ,71),7Z—-Q)| <re, Y(Z,t) € 02N C.(Q,T).
75



Proof. For (Q,7) € 99, r > 0 define

d((Z P
Yoo (@, T,7) = inf sup d(Z.n). P)
P (Zm)eC, (Q,r)ndn r
where the infinum is taken over all n-planes through (@, 7) with a line parallel to the t-axis.
Let P(Q,,7) be a plane which achieves the minimum. For (Q,7) € 99, r > 0 we have

Yoo (@, T,7)" T < 16™(Q, 7, 2r)
(see [HLNO3|, equation (2.2)).
Parabolic uniform rectifiability demands that w be integrable at zero for o-a.e.

(Q, 7). Thus it is clear that v (Q,T,7) 0 for o-ae. (Q,7). Let r; | 0 and P; =
P(Q,,r;), which approximate 02 near (@), 7) increasingly well. Passing to a subsequence,
compactness implies P; — Py (Q, 7). Our lemma is proven if P, (Q,7) does not depend on
the sequence (or subsequence) chosen.

If K is any compact set then for L'-a.e. ¢, 90N K N{s = t} is a set of locally finite
perimeter. The theory of sets of locally finite perimeter (see e.g. [EG92]) says that for H"!-
a.e. point on this time slice there exists a unique measure theoretic space-normal. Therefore,
for o-a.e. (Q,7) € 02 there is a measure theoretic space normal n := n((Q, 7)) (this vector
is normal to the time slice as opposed to the whole surface). Let (@, 7) be a point both with
a measure theoretic normal and such that 7,,(Q, 7,7) — 0. We claim Py (Q,7) = 2(Q, )+,

and thus is independent of the sequence r; | 0.

d((Zn),P(Q,7,r5)) d((Z,7),P(Q,,r;))

As sup ZmeC (@mmoe — 5 7 0 it follows that sup, Zr)eC, (Qnnae 5 7
0. Since a point-wise tangent plane must also be a measure theoretic tangent plane, P; —
o1
n. 0

A consequence of the above lemma is a characterization of the infinitesimal behavior of o.

Corollary B.2. Let Q be a parabolic chord reqular domain. For o-a.e. (Q,7) € 02 and any
e >0, we can choose an R = R(e,Q,7) > 0 such that for r < R,

(A (Q, 7))

Tn—i—l -1

<E.

Proof. Let Q.- = {(P,n) | (Q +rP,r*n+7) € Q}. Lemma tells us that, for any
compact set K containing 0, after a rotation which depends on (Q, 7), we have KN, (g ) —
KN{(X,?) | x, > 0} in the Hausdorff distance sense. In particular xq, ., = Xr = X{z.>0}
in L _. This convergence immediately gives, using the divergence theorem (on each time
slice), that n,o, = ﬁTU|QQT7(QﬂT> converges weakly to e,0|(z,>0y (here 7, is the measure
theoretic space normal to 0, (o).

n(Q,7) € L (do), therefore, o-a.e. (Q,7) € 90 is a Lebesgue point for 7(Q, 7). Assume

loc

that (@, 7) is a Lesbesgue point and that the tangent plane at (Q,7) is {z,, = 0}. Then,

lim ndo = e, < lim nydo, = e,
™0 JA(Q7) ™0 S €1(0,00009, (.1
Weak convergence implies (recall that o(C1(0,0) N {x, =0}) =1)
lim inf L <1 < limsup L )
rl0 O'r(Cl(O, 0) N GQT,(Q,T)) rl0 0r<01 (07 0) N aQT,(Q,T))
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As C1(0,0) is a set of continuity for o|(,—0y We can conclude that lim, o o,(C1(0,0) N
0. g,n) = 0(C1(0,0)N{x, = 0}) = 1. Remembering o,.(C1(0,0)NL.(,r)) = T,}Ha A(Q, 1))
(see [EG92], Chapter 5.7, pp. 202-204 for more details) the result follows.

Our proof of Lemma is in two steps; first, we show that F/(Q, 7) points in the direction
of the measure theoretic space normal 7n(Q,7). Here we follow very closely the proof of
Lemma 3.2 in [KT06].

Lemma B.3. For og-a.e. (Q,7) € 9 we have F(Q,7) = (F(Q,7),7(Q, 7)) 7(Q, T).

Proof. Let (Q, ) € 02 be a point of density for F' and M, (h), be such that there is a tangent
plane at (Q,7) (in the sense of Lemma [B.1]), satisfy F(Q,7), M1(h)(Q,T) < oo and be such
that Vu converges non-tangentially to F' at (Q, ).

In order to discuss the above conditions in a quantative fashion we introduce, for €, > 0:

0=(r) i= : o({(P,¢) € Cor(Q, ) NN [F(P, () = F(Q,7)[ > €})

(B.1) §(r) = =0 ({(P.0) € Cor(Q,7) MO | My()(P.C) = 204 (R)(Q, 7))

rn—i—l

(1) 1= —70((P.0) € Coy(Q,7) N0\ E ().

To define E(n), first, for any € > 0 and A > 0, let
H(\e) = {(P,¢) € 00 | [F(P,¢) = Vu(X,t)| <e, V(X,t) € [1(P. ()}

By Corollary [3.5] for each ¢ > 0 and c-a.e. (P,() € 99 there is some X such that (P,() €
H(\,€). Arguing as in the proof of Egoroff’s theorem (see, e.g., Theorem 3, Chapter 1.2 in
[EG92)), for any n > 0 we can find a A(e,n) such that c(OQ\H (\(g,n),€)) <n. Let g, = 27"
and 7, = 27" to obtain A, := A(e,,n,) as above. Then define E(n) = (1,50 H (A, &n).
Note, that o(O\U,-, E(n)) = 0, as such, for g-a.e. (Q,7) € 0 there is some 1 > 0
such that (Q,7) is a density point for E(n). At those points (for the relevant ) we have
oy (r) — 0.

(@, 7) is a point of density for M (h), F', hence §'(r), 6.(r) — 0 for any ¢ > 0. Additionally,
0 has a tangent plane at (@, 7), so there exists an n-plane V' (containing a line parallel to
the t-axis), a function ¢(r) and R,n > 0 such that

ligl @ =0
(B.2) sup d((P,¢),V N Co(Q, 1)) <l(r)

(P{)eC2r(Q,7)NON
0 (Co(P,Q)) 2 208:(r) +8'(r) + 0 ()", ¥(P.C) € 00N Coy(Q, 7).

For ease of notation, assume that (Q,7) = (0,0) and V (the tangent plane at (Q, 7)) is
{z, = 0}. Let D(r) := {(z,2,,7) | |2| < r,z, = 3Col(r)} where Cy is a large constant
satisfying the following constraint:

If (Y,0) € D(r) and (P, () € C5-(0,0) are such that ||(y,0,0) — (p,0,¢)|| < 2¢(r) then

D(r) N Cyy(Y,0) € TP, C).
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We make the following claim, whose proof, for the sake of continuity, will be delayed until
later.

Claim 1: Under the assumptions above, if r > 0 is small enough, (Y,0) € D(r), we have:
(B.3) [u(Y,0)] < CM;(R)(0,0)¢(r)

The general strategy is to take two points (Y1,0), (Y2,0) € D(r) and estimate (F(0,0), Yy — Y1)
in terms of u(Y3,0) — u(Y1,0). Define R(Y1,Ys) = u(Y2,0) — u(Y1,0) — (F(0,0),Ys — Y7).
Equations and imply that, for » > 0 small, we have |u(Y7,0)[, |u(Ys,0)] <
CM,(h)(0,0)(r) < Cer. Therefore, in order to show that (£(0,0),Ys —Y]) is small, it
suffices to show that R(Y7,Y5s) is small.

Write u(Y2,0) — u(Y1,0) = [ (Vu(Y; +0(Yz — Y1),0), Y — Y3) df which implies

1
(B.4) ROGYD)| < Y2 = il [ [Val¥i +6(Y2 = Y1), 0) = F(0,0)/ds
0

If we define I(r) = %fD(T) fo@y |R(Y1,Y2)|dY1dY>, then Fubini’s theorem and equation
(B.4) yields

(B.5) I <c, ]i | [Vu(X,0) ~ F0,0)ax

(for more details see [KT03], Appendix A.2). We now arrive at our second claim:
Claim 2: For (Y,0) € D(r) we have |Vu(Y,0) — F(0,0)] < 2e.
Claim 2 immediately implies that I(r) < Ce, which, as |u| < Cer on D(r), gives

(B.6) ][ ][ L(F(0,0),Ys — Vi) [dY1dY, < rI(r) + 2Cer < Cer.
D(r) J D(r)

Pick any direction e L e, such that e € R" (i.e. has no time component) and let M :=

| (F(0,0),¢€)|. Now consider the cone of directions T' in S"~2 (i.e. perpendicular to both the
time direction and e, ) such that | (F(0,0),€) | > M/2for é € I". Note that H"2(I')/H"2(S"2) =
¢, a constant depending only on dimension. Thus from equation we obtain

Cor>F f (F(0.0,Y: - ¥y avidy; >
D(r) J D(r)

c(n) r/2 P -
— ][ / / (F(0,0), p8) p"=dS"*dp > CMr
r D(r)n{(Y,)|ly|<r/2} JoO gerl
which of course implies that M < Ce. In other words (F'(0,0),z') < Cel2/| for any 2/ € R"™1,
which is the desired result.

Proof of Claim 1. We have (Y,0) € D(r) and want to show that [u(Y,0)| < CM;(h)(0,0)¢(r).
As 09 is well approximated by {x,, = 0} in C5,(0,0), there must be a (P, 0) € 9Q2NCs,/2(0,0)
such that p =y, and, hence, |p,| < {(r). Let C(Y) := Cy,)(P,0). Note that equation (B.2)
implies o(C(Y')) > 28’ (r)r™*1. Given the definition of §’(r) we can conclude the existence of
(P,¢) € C(Y) N aN such that M;(h)(P,C) < 2M;(h)(0,0). Furthermore (P, () € Ca,(0,0)
and [(5,0,C) — (4,0, 0)| < 20(r).
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By the condition on Cj and the aperture of the cone we can conclude that (Y,0) €
I’COZ (P,¢). Then, arguing as in Lemma (i.e. using Lemma , the backwards Harnack

inequality for the Green’s function, ||(Y,0) — (P,¢)|| ~ Col(r), Lemma and that w is
doubling) we can conclude

u((Y,0)) < Cu(Agy,(P, Q) <

C o(Conn(P.E)) < Cl(r >f  W(Z.t)do(Z.1) < CL(r) My (1) (P,C).
6(7’) cl('r)(P C)
As My (h)(P,{) < 2M;(h)(0,0) we are done. O

Proof of Claim 2. We want to show that for (Y,0) € D(r) we have |Vu(Y,0)— F(0,0)| < 2e.
Arguing exactly like in Claim 1 produces a (P,0) € 02 and then C(Y). This time we use
equation (B.2) to give the bound o(C(Y')) > 2(6"(r) +d:(r))r nt1 We can then conclude that

there exists a (P~ Q € C(Y) N 0f2 such that (P,{) € E(n,R) and |F(P,¢) — F(0,0)] < e.
Recall that (P,{) € E(n) = (P,¢) € H(\,,27™) for all n. So pick n large enough

that 27" < ¢ and then r small enough so that Col(r) < Thus |Vu(Y,0) — F(0,0)] <
Vu(Y,0) = F(P,0)| + [F(P,¢) — F(0,0)] < 2. .
We now want to show that |F(Q,7)| = h(Q,7) do-almost everywhere. Here, again, we

follow closely the approach of Kenig and Toro ([KT06], Lemma 3.4) who prove the analogous
elliptic result. One difference here is that the time and space directions scale differently. To
deal with this difficulty, we introduce a technical lemma.

Lemma B.4. Let 1 <p < oo and g € L} (do). Then
A .

U(A((Q7 7-)7 T, S)) A(Q,T),r,s)NON
for o-a.e. (Q,7) € 0. (Here, and from now on, C((Q,7),r,s) = {(X,t) | |X — Q] <
rlt =7l <2} and A((Q. 7)1, 8) = C((Q.7), 7, 5) N O
Proof. Follows from the work of Zygmund, [Z34], and the fact that (02, 0) is a space of
homogenous type. O

Proof of Lemma[3.0. We will prove the theorem for all (Q,7) € 9Q for which Proposition
holds, such that there is a tangent plane to d€2 at (@, 7) and such that

i T18,(Q.7)

gdo "8 9(Q,7)

10 rntl =1
lim hdo = h(Q, )
840 J o((Q,r),r,5)NoQ
lim Fdo =F(Q,1)
(B.7) "0 Jen@mnon
lim M (h)do = My (h)(Q,T)

0 J e (Q,r)nan
lim Vu(X,t)=F(Q,T)

(X.0)=(Q,7)
(X,)el(@,7)

M (h)((Q,7)), F(Q,T), h(Q,T) < o0
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That this is o-a.e. point follows from Proposition [B.3] Lemmas and and
F.h,M;(h) € L} .(do).

loc

0N {s =t} is a set of locally finite perimeter for almost every ¢, hence, for any ¢ €
Cgo(RnJrl)7

(B.8) ohdo = / W(Ap — ¢)dXdt = — / Vo - Vu -+ uppdXdt.
15)9) Q Q

Let p1,p2 > 0 and set ¢(X,t) = C(|X — Q|/p1)E(|t — 7|/p3). We calculate that Vo (X, t) =

&t =71/3)C(1X = Ql/p) g and also thatz=C(1X — Q|/p) = = B4 (X = Ql/p).
Together this implies
X-Q d

(B.9) = Vo(X,t) =&(]t - T’/P%)led—pl (X = Ql/p1).

Similarly 9,¢(X, ) = C(IX = QI/p1)& (|t — 71/p3) = and L& ([t —7|/p3) = =257/ (|t -
7|/p3), therefore,

— _ o, d o 2
(B.10) = 90X, = (X = QUpr) g = -t =7/ ).

Plugging equations (B.9), (B.10) into equation (B.8) and letting &, ¢ approximate y[o,1 we
obtain
X-Q

X -QP

d
/ hdo = p1— <Vu(X, t)
9ONC(Q.).p1.02) dpy Jonc((@r)om )

d u(X,t)

P2——
dpz Janc(@r) o 2t = T)
Differentiating under the integral and then integrating p;, p2 from 0 to p > 0 yields

porp
/ / / hdodp,dps =
Jo Jo oNC((Q,7),p1,02) .

> dXdt+

dXdt.

)
(B.11) , X_0 ,
/ / <vu, >dthdp2+ / / udX dtdp, .
J0 JanC(Q,7).p,p2) |X - Q| o J0 JanC(@,r).p1.p) B
(1) (111)

For any € > 0 we will prove that there is a § > 0 such that if p < § we have
()] < g™t

-5

(I0)  (F(Q.7), A(Qu 7)) -] < 2™,

which implies the desired result. Note that throughout the proof the constants may seem a
little odd due to our initial normalization of Hausdorff measure.

hQ,7)p"| < ept?

Analysis of (IIT): u is continuous in ©Q, hence for any & > 0 there is a § = §(¢’)
0 such that if 6 > p then (X,t) € C,(Q,7) = u(X,t) < €. It follows that, |(III)|
Cce’ fop prp?dp, = ep™t3, choosing &' small enough.
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Analysis of (I): (Q, ) is a point of density for h, so for any ¢’ > 0 there exists a § > 0
such that if p < § then

nMQ, / / ((Q:7), p1, p2) dpldpz|<€/ / ((Q.7), p1, p2))dprdps.

Switching the order of integration, [/ [ o(A((Q,7), p1,p2))dpidps = pr(Q Hlp =X -
Q|)(p — +/|t — 7|)do. Consider the change of coordinates X = pY + Q and t = sp? + 7. As
0 has a tangent plane, V, at (Q,7) the set {(Y,s) | (X,t) € C,(Q, ) N OQ} converges (in
the Hausdorff distance sense) to C1(0,0) N V. Therefore,

1 pL0 . 1
P /AP(QJ)(IO — X =QN(p— VIt —7|)do = / (1 —Jy])(1 — /3)dyds = e

lyl<1,|s|<1 n

Which, together with the above arguments, yields the desired inequality.
Analysis of (IT): Writing Vu(X,t) = (Vu(X,t) — F(Q, 7)) + F(Q, T) we obtain

X-Q
II / /S;OC ((Q,1),p,p2) <VU(X t) (Q ) ’X Q|>dthdp2

J

v~

(E)

P . X — Q
+F(Q,7)| /0 /Q o <n(Q,T), X0l > dXdtdps.

In the second term above, divide the domain of integration into points within &’p of the
tangent plane V' at (@, 7) and those distance more than ¢’p away. By the Ahlfors regularity
of 99, the former integral will have size < Ce&’p™*3. The latter (without integrating in p,) is

X-qQ
Q, T
N ]
Again we change variables so that X = pY + Q and ¢t = sp® + 7, and recall that, under this

change of variables, our domain €2 converges to a half space. Arguing as in our analysis of
(I), a simple computation (see equation 3.72 in [KT06]) yields

_ 2 .n
<ﬁ(Q,7), =@ >dxdt _ar
(@—Q.A(Q.7))>e'p} |z — Q| n

/ < > dXdt.
QNC((Q,7),pp2) { (X 1) (X =Q,2(Q,7)) 2" p}

/I n 2

< Ce'p"p3.

/S)OC((Q,T) ,p,pg)ﬂ{(aﬁ,t)

Integration in ps gives
|(ID) — [F(@, )\ —p" T < " £ |(E)].

The desired result then follows if we can show |(E)| < €p™*3. To accomplish this we argue
exactly as in proof of Lemma 3.4, [KT06] but include the arguments here for completeness.
We first make the simple estimate

X —
(B)| < p /mc 3 )<Vu(X,t)—F(Q,7),ﬁ>dth |

If (X,t) € Cpo(Q, T)U{(X, 1) | (X — Q,n(Q,T)) > 4e'p} then §(X, t) > 2¢'p for small enough
p (because we have a tangent plane at (Q,7)). On the other hand we have &'|[(X,t) —
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(Q,7)]| < 2¢'p < 6(X,t) which implies that (X, ¢) is in some fixed non-tangential region of
(@Q.7)
By the definition of non-tangential convergence (which says we have convergence for all

cones of all apertures), for any n > 0 if we make p > 0 even smaller we have |Vu(X,t) —
F(Q, )| <n. Therefore,

(E) < O™ + p / V(X 1) + |F(Q.7)dXdt.
Co(Q,m)NQN{(X 1) | (X -Q,n(Q,7))|<4e’p}

Standard parabolic regularity results imply that |Vu(X,t)] < Cx Xg As the closest

point to (X,t) on 09 is in Cy,(Q, 7) we may apply Lemma [2.1| and then Lemma [2.2f to get
IVu(X,t)| < C% Continue arguing as in Lemma [3.2[to conclude

(X, 1) € C,(Q,7)NQN {F <8(X,t) < %} = |Vu(X,1)| < C2/2M, (R)(Q, 7).

and recall |F(Q,7)| < oo to obtain,

0

Let g > 1 be such that 210“ <4 < 22

) / V(X 8)] + |F(Q.7)|dXdt
Co(Q,m)NQN{(X 1) | (X -Q,n(Q,7))|<4e'p}

< O pts —I—pZ/ \Vu(X,t)|dXdt

i=ig (Qm)NeN{ 55T <8(X 1)< £}

< C¢ n+3+OpM1( )@, )ZQz‘/2|Cp<Q, )QQH{F < 0(X,t) < §}|

=10

A covering argument (using the Ahlfors regularity of 0(2) yields

0 i(n+1) p n+2 pn+2
LA < =l < — < .
Co@ N NRN {5 <00 < gH <20 (Z) T < cf

As Yo Zio 2 2-/2 < C'\/e' the desired result follows. O

APPENDIX C. CALORIC MEASURE AT oo

We recall the existence and uniquness of the Green function and caloric measure with
pole at infinity (done by Nystrom [NOGD] ). We also establish some estimates in the spirit
of Section 2

Lemma C.1. [Lemma 14 in [NO6b]/ Let Q C R™ be an unbounded §-Reifenberg flat do-
main, with 6 > 0 small enough (depending only on dimension), and (Q,7) € 0. There
exists a unique function u such that,

uw(X,t) >0, (X,t) € Q
u(X,t) =0, (X,t) € R"T\Q
(C-1) Au(X, 1)+ up(X, 1) = 0, (X, 1) € 0
u(A7 (@, 7)) =

Furthermore u satisfies a backwards Harnack inequality at any scale with constant ¢ depending
only on dimension and § > 0 (see Lemma[2.6).
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Proof. Without loss of generality let (Q,7) = (0,0) and for ease of notation write A =
A7(0,0). Any u which satisfies equation also satisfies a backwards Harnack inequality
at any scale with constant ¢ depending only on dimension and § > 0 (see the proof of Lemma
3.11 in [HLNO4]). The proof then follows as in [NO6b], Lemma 14. O

Corollary C.2. [Lemma 15 in [NOGD]/ Let Q,u be as in Lemma[C.1. There exists a unique
Radon measure w, supported on 0S) satisfying

(C.2) / pdw = / u(Ap — 0yp), Y € CX(R™).

o9 Q
Proof. Uniqueness is immediate from equation (C.2); for any (Q,7) € 9Q and r > 0 let ¢
approximate X¢, (g, (X, ). Existence follows as in Lemma 15 in [NOGb]. O

Lemma C.3. [Lemmafor the caloric measure at infinity] Let u,Q, w, be as in Corollary
(C.2. There is a universal constant ¢ > 0 such that for all (Q, ) € 9, r > 0 we have

W(A%’(Q? 7—)) < CW(AT’(Q7 7-))
Proof. Follows as in Lemma 15 in [NOGD]. O

Corollary C.4. [Lemmafor caloric measure and Green’s function at infinity] Let u, 2, w
be as in C’orollary. There is a universal constant ¢ > 0 such that for all (Q,7) € 9Q,r > 0

we have
(C.3) cru(AH(Q, 7)) < w(A2(Q, 7)) < eru(A;(Q, 7))

Proof. The inequality on the right hand side follows from equation ; let xc, (@) (X, t) <
o(X,t) < xXovon (X, t) and [Agl, [0p| < C/r?. Inequality then follows from Lemma

The left hand side is more involved: as in the proof of Lemmas and we can write
u as the uniform limit of u;s (multiples of Green’s functions with finite poles) and w as the
weak limit of w;s (multiplies of caloric measures with finite poles) which satisfy Lemma
at (@, 7) for larger and larger scales. Taking limits gives that

cIMu(AT(Q, 7)) < w(A2(Q. 7))
That w is doubling implies the desired result. 0

Proposition C.5. [see Theorem 1 in [HLNO4|/ Let Q be a parabolic reqular domain with
Reifenberg constant § > 0. There is some 6 = 6(M, ||v||4) > 0 such that if 6 < & then
w € A®(do). That is to say, there exists a p > 1 and a constant ¢ = ¢(n,p) > 0 such that
w satisfies a reverse Harnack inequality with exponent p and constant ¢ at any (Q,7) € OS2
and at any scale r > 0.

Proof Sketch. The proof follows exactly as in [HLN04], with Lemma [C.3] Corollary
and the fact that the Green function at infinity satisfies the strong Harnack inequality
substituting for the corresponding facts for the Green function with a finite pole. U

APPENDIX D. BOUNDARY BEHAVIOUR OF CALORIC FUNCTIONS IN PARABOLIC
REIFENBERG FLAT DOMAINS

In this appendix we prove some basic facts about the boundary behviour of caloric func-

tions in parabolic Reifenberg flat domains, culminating in an analogue of Fatou’s theorem
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(Lemma and a representation formula for adjoint caloric functions with integrable non-
tangential maximal functions (Proposition. Often the theorems and proofs mirror those
in the elliptic setting; in these cases we follow closely the presentation of Jerison and Kenig
([JK82]) and Hunt and Wheeden (JHW68] and [HW70]).

In the elliptic setting, the standard arguments rely heavily on the fact that harmonic
measure (on, e.g. NTA domains) is doubling. Unfortunately, we do not know if caloric
measure is doubling for parabolic NTA domains. However, in Reifenberg flat domains,
Lemma tells us that caloric measure is doubling in a certain sense. Using this, and
other estimates in Section [2, we can follow Hunt and Wheeden’s argument to show that
the Martin boundary of a Reifenberg flat domain is equal to its topological boundary. The
theory of Martin Boundaries (see Martin’s original paper [M41] or Part 1 Chapter 19 in
Doob [Do84]) then allows us to conclude the following representation formula for bounded
caloric functions.

Lemma D.1. Let Q be a parabolic 6-Reifenberg flat domain with 6 > 0 small enough.
Then for any (Xo,to) € Q the adjoint-Martin boundary of Q0 relative to (Xo,to) is all of
0N A{t > to}. Furthermore, for any bounded solution to the adjoint-heat equation, u, and
any s > to there exists a g(P,n) € L*(0Q) such that

(D.1) u(Y,s) =/ g(P,n) KO (P, Y, s)dw ™0 (P, p).
o

Here KXot0)(P Y, s) = %(R n) which exists for all s >ty and wXo)_g.e. (Pn) €
0) by the Harnack inequality.
Finally, if u(Y, s) = [, 9(P,n)KX00)(P Y, s)do™0) (P, n), then u has non-tangential

limit g(Q,7) for dXo) _almost every (Q, ) € 0.

Proof. Recall that the Martin boundary 9 of Q with respect to (Xo,to) is the largest

subset of 9 such that the Martin kernel V(X0%0)(X ¢ Y, s) := % has a continuous

extension VX0t ¢ C(OMQN{(X,t) € Q |t > to} x {(V,s) € Q | s > t5}). Martin’s
representation theorem (see the theorem on page 371 of [Do84]) states that for any bounded
solution to the adjoint-heat equation, w, there exists a measure, p,, such that u(Y,s) =
Jonrg, VXoto)(Q, 7)Y, 8)dp, (Q, 7) where 9MQ is the Martin boundary of €.

That VX00)(Q, 7,Y, s) exists for all 7,5 >ty (and is, in fact, Holder continuous in (Q, 7)
for 7 > s) follows from Lemmas [2.8 and . When s > 7 it is clear that VXo0)(Q 7)Y, 5) =
0. So indeed the Martin boundary is equal to the whole boundary (after time ¢y).

We will now prove, for a bounded solution u to the adjoint-heat equation, p, << @
on any compact K CC {t > to}. To prove this, first assume that u is positive (if not, add a
constant to u to make it positive). Let (Q,7) € 99 be such that 7 > ty,. Then there exists
an A > 100 and an ro > 0 such that for all r < ry we have (Xo,ty) € T4 ,.(Q, 7). Applying
Lemmas andﬁ and observing that lim x ) (@mea, (@) w(X’t)(Ar/Q(Q, 7)) = 1 we can
conclude that there is some constant v > 0 such that

Xo,to)

@(Xo,t0)<AT(Q’ T))V(XO’tO) (Q/a 7_/7 A;(Q7 7—)) 2 s

for all (Q',7") € A, 4(Q, 7).
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It follows that,

N’u(AT/ZL(Q?T)) <C M“(Ar/‘l(Q’T))
00 (A, 14(Q, 7)) T @X0N(AL(Q, 7))

(D2 <oyt [ VR AL Q)@ )
Ar/4(Q7T)
<Oy (47 (@.7)) < Oyl

Therefore, there is a g,(P,n) = S5

— _ OHu
de(Xo-to)

such that (by Martin’s representation theorem)
(D.3) (Y, s) = / Gu(P. ) V1) (P, Y, 8)dey K010 (P, ).
o0

Assume that VXo0)(Q, 7)Y, s) = KXot (Q,7,Y,s). Then equation is equation
(D.1). The existence of a non-tangential limit follows from a standard argument (see e.g.
[TW68]) which requires three estimates. First, that w(0*) is doubling, which we know is true
after some scale for any point (@, 7) with 7 > to. Second we need, for (Qq, o) € 92, > 0,

lim sup K Xorto) Q,7,X,t)=0.
(X;6)=(Qo,t0) (Q,r)2Ar(Qo,to) ( )

This follows from Harnack chain estimates and Lemma (see the proof of Lemma 4.15 in
[JK82] for more details). Finally, for some a > 0, which depends on the flatness of €, we
want

C27%
< Y
= OR(8,75(Q,7)

for all (P,n) € Apy-i(Q,T)\Apgo-i-1(Q,7) and for values of R small. This follows from
Lemmas [2.1] and Lemmas (see [JK82], Lemma 4.14 for more details).

So it suffices to show that V(Xo0)(Q 7,Y,s) = KXo (Q 7,Y,s). Fix r > 0, (Q,7) €
OS2 and consider the adjoint-caloric function U(Y,s) = &Y (A,(Q,7)). By the Martin
representation theorem and equation there is a function g = gg -, such that

K00 (P, Ap(Q, 7))

(D.4) U(Y.s) = [V (P, Yos)g(Padit et

We are going to show that g(P,n) = xa,-)- If true then, by the definition of caloric
measure, we conclude

/ 1/ (Xosto) (P, n,Y, S)d@(Xoﬂfo) — Q(Y’S)(AT(Q, 7—)) — / }((Xoﬂto)(P7 n,Y, S)dw(Xoﬂto)’
Ar(Q:7) Ar(Q7)
for all surface balls. It would follow that V = K.

For a closed E C 09, following the notation of [M41] Section 3, let Ug be the unique
adjoint-caloric function in OS2 given as the limit inferior of super adjoint-caloric functions
which agree with U on open sets, O, containing E and which are adjoint-caloric on Q\O with
zero boundary values on 9Q\O. In a d-Reifenberg flat domain (where the Martin boundary

agrees with and has the same topology as the topological boundary) and if E = A,(P,n),
for some (P,n) € 9Q and p > 0, it is easy to compute that Ug(Y,s) = &) (E). By the
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uniqueness of distributions (Theorem III on page 160 in [M41]) it must be the case that
Up(Yo) = [ VOO (P, Y. s)g(Pdat o),
B

where g is as in equation (D.4)). If (Y,s) = (Xo, %) and £ = A,(Fy,1m0) C A-(Q, 7) then the
above equation becomes

QA (Po, o)) = 0EC(A, (Po, o)) = / g(P,m)dit*o).
Ap(Po,mo)
Letting (Fy,10) and p > 0 vary it is clear that g(P,n) = xa,(0,-) and we are done. O

Our approach differs most substantially from the elliptic theory in the construction of
sawtooth domains. In particular, Jones’ argument using “pipes” ([Jo82], see also Lemma
6.3 in [JK82]) does not obviously extend to the parabolic setting. The crucial difference is
that parabolic Harnack chains move forward through time, whereas elliptic Harnack chains
are directionless. The best result in the parabolic context is the work of Brown [B89], who
constructed sawtooth domains inside of Lip(1,1/2)-graph domains. Our argument below,
which is in the same spirit as Brown’s, works for -Reifenberg flat domains. Before the proof
we make the following observation.

Remark D.2. Let Q be a §-Reifenberg flat domain and let (X,t) € Q. If (P,n) € 092 such
that

1(P,n) = (X, )| = da(X, 1) := o (@, 7) = (X, )]

then n =t. That is, every “closest” point to (X,t) has time coordinate t.

Justification. By Reifenberg flatness, for any (P,n) € 0f2 the point (P, t) is within distance
S|t — n|Y/? of 9. Then dq(X,t) < |P — X| + 6]t — 0|2 < ||(P,n) — (X, 1)]|. O

We are now ready to construct sawtooth domains. Recall, for « > 0 and F C 0f2 closed,

we define S, (F) = {(X,t) € 0Q | I(Q,7) € F, s.t. (X,t) € ['o(Q,7)}.

Lemma D.3. Let Q be a (6'°)-Reifenberg flat parabolic NTA domain and F C 902N C4(0,0)
be a closed set. There is a universal constant ¢ € (0,1) such that if ¢ > § > 0 then S, (F)
is a parabolic §-Reifenberg flat domain for almost every a > ap(d) > 0. Furthermore, if

(X,t) € So(F) then, on F, d}g(t}) << o << d)g(% Here djg(g) is the adjoint-caloric

measure of Sy (F') with a pole at (X,1).

Proof. To prove that S, (F) is §-Reifenberg flat first consider (Q,7) € F C 05,(F) and
p > 0. Let V be an n-plane through (@, 7) containing a vector in the time direction such
that D[0Q N Co,(Q,7),V N Cuy(Q, 7)) < 26%p. If (X,t) € 0S,(F) N C,(Q,7) then (for
a>1) (Pt) € Cyy(Q,7) N O where (P,t) € 0N satisfies 0o (X, t) = dist((P,t), (X,t)). We
can compute that

dist((X.1), V) < Ga(X, ) + dist((P,1), V) < < P

10
o +4p5° < pd/11
for 6 <1/2 and 1+ a > 20/6.
One might object that the above is a one sided estimate, and that Reifenberg flatness
requires a two sided estimate. However, Saard’s theorem tells us that, for almost every «,

S,(F) is a closed set such that R"™\S,(F) is disjoint union of two open sets. Since this
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argument rules out the presence of “holes” in S, (F'), our one sided estimates are enough to
conclude Reifenberg flatness. Hence, D[C,(Q, T) N0S.(F),C,(Q,7)NV] < pd/11 for almost
every a > ? -1

We need to also show that 05,(F) is flat at points not in F. Let (Q,7) € 0S,(F)\F
and R := dq(Q, 7). Our proof of has four cases, depending on the scale, p, for which we are
trying to show 05, (F) is flat.
Case 1: p > %. Observe that C,(Q,7) C Ci1,(P,n) for some (P,n) € F. The
computation above then implies that D[C,(Q,7)N0S.(F), C,(Q, T)N{L+(Q,7)—(P,n)}] <
pd where L = L(P,n, 11p), is the plane through (P, n) which best approximates Ci1,(P, 1) N
o9N.

Case 2: %R < p< (1453)1%‘ We should note that this case may be vacuous for certain
values of a (i.e, if 1+ a < %). Without loss of generality let (Q,7) = (Q,0) and let
(0,0) € 9 be a point in I closest to (Q,0) (which is at time zero by Remark [D.2)). If
L(0,0,4p) is the plane which best approximates 052 at (0,0) for scale 4p, we will prove that
D[C,(Q,0)NOS.(F),C,(Q,0) N {L(0,0,4p) + Q}] < dp.

We may assume L(0,0,4p) = {x, = 0}. Note that dr(—) is a 1-Lipschitz function. Thus,
if (Zl,tl), (Zg,tg) € Cp((Q,O)) N 0Sa(F) then |5Q(Z1,t1) — 5Q(Z2,t2)| < ﬁ_—pa < % We may

conclude that (Y, s) < 2R for all (Y,s) € C,(Q,0) N Sy (F) and, therefore, if (P, s) € 09
is a point in 0N closest to (Y, s) then (P, s) € Cy,(0,0). By Reifenberg flatness,

30

2p4
yn| = 4p0"°] < ||yn| — |pal| < 6a(Y,s) < 2R < —= = lwl <

On the other hand g, < |Q| = R < %. Therefore, |y, — gu| < |ya| + |ga] < 22 + 2 < po,
the desired result.

Case 3: 6°R < p < 2R. Let (X,t) be the point in 05,(F) NC,(Q, ) which is furthest from
90 and set 5o (X,t) = R. We may assume that (X,t) = (0, R,0) and (0,0) is a point in 9
which minimizes the distance to (X,t). We will show that D[C,(Q,7) N 0S.(F),C,(Q,T)N
{x, = R}] < pd/2, which of course implies that D[C,(Q,7) N 9Sa(F),CH(Q,7) N {z, =
an}] < 0p.

{lirst fve prove that L(0,0,4p), the plane which best approximates 02 at (0,0) for scale
4p, is close to {z, = 0}. If 0 is the minor angle between the two planes then the law of
cosines (and the fact that do((0, R,0)) = R) produces

(R —4p6'°)? < L? + R* — 2LRsin(9) = 2LRsin(0) < L* + 8pR5"°
for any L < 2p. If L = 6*R then

~ _ R - N 8 2
254 R? sin(f) < 6°R* + 8pR™ =2 254 R? sin(6) < 352R .

For small enough §, we conclude 6 < 6%

Therefore, for any (Y,s) € C,(Q,7) N Sy(F) the distance between (Y, s) and L(0,0,4p)
is < y, + 20*p. On the other hand, Q is (§'%)-Reifenberg flat so that means dq(Y,s) <
Yn + 20%p + 469 <y, + 36%p. Recall, from above, that dp(—) is a 1-Lipschitz function.

Therefore, if (Z1,t1), (Z2,t2) € C,((Q, 7)) N 0S4 (F) then |00(Z1,t1) — 0a(Za, t2)| < 11—”& < ‘15—8
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if we pick 1+a > 20/4. An immediate consequence of this observation is that R < 2R (and
thus 0*R < 2p above). This also implies that do(Y,s) > R — ‘15—8. Therefore,

op

Sp
R——<yn+3(54p:>R < Uns

10
which is one half of the desired result.
On the other hand, it might be that there is a (Y, s) € C,(Q,7) N 9S,(F) such that y, >

R+ pd/2. Arguing similarly to above we can see that L(0, 0, AR + 4p) satisfies D[C4(0,0) N
L(0,0,4R+4p), C1(0,0)N{z, = 0}] < 26*. But if (P, s) is the point on I closest to (Y, s) it
must be the case that (P, s) € 002N Cyp,,,(0,0). Therefore, p, < 404 (R+p) + 46" (R+p) <
504(R + p) < 66%p. Of course this implies that ||(Y, s) — (P, s)|| > R+ pd/2 — 66%p > R for
 small enough. This is a contradiction as no point in C,(Q,7) N 9S,(F') can be a distance
greater than R from 9.

Case 4: p < 0?R. Again let (X, 1) be the point in 9S,(F) N Cy(Q, ) which is furthest from
99. Let 6o(X,t) = R and without loss of generality, (X,t) = (0, R 0) and (0, 0) is the point
in Q2 closest to (X, t). We will show that D[C,(Q, )N DS (F),C,(Q,7)N{x, = R}] < pd/2,
which of course implies that D[C,(Q,T) N dSa(F ) c,(Q,7)N {{xn =0} +qn}] < dp.
Assume, in order to obtain a contradiction, that there is a(Y,s) € Cp)(Q, 7)NOS,(F) such
that 1, < R — pd/2 (we will do the case when y,, > R+ pd/2 shortly). Examine the triangle
made by (Y, s), (0, R,0) and the origin. The condition on 7, implies that the cosine of the
angle between the segments (0, R,0)(Y, s) and (0, R, 0)(0,0) times the length of the segment
between (Y, s) and (0, R,0) must be at least pd/2. Consequently, by the law of cosines

(D.5) Y|? < 4p* + R? — Rpo.
When 1+ a > 30/ and 6 < 1/10 it is easy to see that

. 9 . 2
(25— 2Py > (ks 2R
1+« 10 5
(D.6) et
> R? - ‘; (5 — 208) = R? + 46%pR — 6pRR
Equations and (D.5)) give |Y| < (}?—261%— lip ) Hence, Reifenberg flatness implies
(Y, 5) < ||[(Y,5) = (0,8)[| + 0a(0,s) < (R —26"p — 22) + 26" < R — %2, which, as we

saw in Case 2, is a contradiction.

Finally, it might be that there is a (Y, s) € C,(Q, 7)N9S,(F) such that y, > R+pd/2. Let
(P, s) be the point in A9 closest to (Y;s) and note that (Y;s) € Cy5(0,0). Let L(0,0,5R)
be the plane that best approximates 02 at (0,0) for scale 5R. If 6 is the angle between this
plane and {z, = 0} then do((0, R,0)) = R implies that

R < Rsin(m/2 — 0) + 56" R = (1 - 50'%) < cos(0) = 6 < &*.
Therefore, p, < 3R6* + 5R50 <~4R54. Thus, if 3 is the angle between the segment from
Y to P and the segment from (0, R) to Y it must be that § < 5 — /4 4 106*. The law of
cosines (on the triangle with vertices (0, R, 0), (P,0), (Y,0)) gives

(D.7)  |(0,R) — P> < 4p* + R? — 4pRsin(8/4 — 106") < 4p* + R? + 40pR6"* — 6pR /2.
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Note that
(D.8) 8p + 80R% 48R < OR

because p < 62R by assumption and we can let § < 1 /100. With this in mind we can
estimate

4p® + R? + 40pR6* — 6pR/2 < (R — 26%°p)% + (46™°pR + 40pR6* + 4p* — 6pR/2)

(D.9) cq.
B3R 95%p)2 1 (o2)(6R) - 3pR/2 = (R — 25 )2

Combine equation with equation (D.7) to conclude that |(0, R) — P| < (R —26'%p).
On the other hand, by Reifenberg flatness, (P,0) is distance < 2§"p from a point on 0.
Hence, by the triangle inequality, do((0, R,0)) < R a contradiction.

Finally, we need to show the mutual absolute continuity of the two adjoint-caloric mea-
sures. In this we follow very closely the proof of Lemma 6.3 in [JK82]. The maximum

principle implies that A(X‘() t‘))) << @&ot) for any (Xo,ty) € Su(F). Now take any E C F

such that A(X?Ft‘)))(E) = 0. First we claim that there is a constant 1 > C' > 0 (de-
pending on a,n, () such that @) (OQ\F) > C for all (Y,s) € 0S.(F)\F. Indeed, let
(Q,s) € 0 be a point in I closest to (Y, s). Then there is a constant C(«,n) > 0 such
that 0% (Cos(v,s)(Q, 5)) > C(a, n), (see equation 3.9 in [HLN04]). As Cosy,s)(Q,s)NF =0
(by the triangle inequality) the claim follows.

Armed with our claim we recall that a lower function ®(X,t), for a set £ C 01, is
a subsolution to the adjoint heat equation in € such that limsup y g rean P(X,1) <
x£(Q, 7). Potential theory tells us that ©*)(E) = supg ®(Y,s) where the supremum is
taken over all lower functions for E in Q. By our claim, ®(X,t) < o(E) <1 - C for
(X,t) € 0S,(F)\F for any lower function, ®, of E in Q. In particular, ®(X,¢) — 1+ Cis a
lower function for £ inside of S, (F). Therefore,

sup (X, 1) — 1+ C < @f ) (E) = 0= ®(X,t) < 1—C, ¥(X,t) € Su(F).
®

This in turn implies that w(Ys)(E) < 1—C for every (Y,s) € S,(F). By Lemma [D.1} the
non-tangential limit of &*)(E) must be equal to 1 for d&Xot)-almost every point in E.
Therefore, @X0%)(F) = 0 and we have shown mutual absolute continuity. O

From here, a representation theorem for solutions to the adjoint heat equation with inte-
grable non-tangential maximal function follows just as in the elliptic case. For details, see
the proof of Lemma A.3.2 in [KT03].

Lemma D.4. [Compare with Lemma A.3.2 in [KT03]] Let 2,6 be as in Lemma [D.d above,
and let u be a solution to the adjoint heat equation on ). Assume also that for some a > 0
and all (X,t) € Q, N*(u) € LY(do™"). Then there is some g € L*(d™*?) such that
u(X.t) = [ gPade (P,
o9
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