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ABSTRACT. In [DT] and | ], the authors studied almost minimizers for functionals of
the type first studied by Alt and Caffarelli in [AC] and Alt, Caffarelli and Friedman in
[ ]. In this paper we study the regularity of almost minimizers to energy functionals
with variable coeflicients (as opposed to [DT], | ], [AC] and [ ] which deal only with
the “Laplacian” setting). We prove Lipschitz regularity up to, and across, the free boundary,
fully generalizing the results of [DT] to the variable coefficient setting.

RESUME. Dans [DT] et | ], les auteurs ont étudié les fonctions presque minimales pour
des fonctionnelles comme celles d’Alt et Caffarelli [AC], et d’Alt, Caffarelli et Friedman
[ ]. Dans ce papier on étudie la régularité des fonctions presque minimales pour des
fonctionnelles d’énergie & coefficients variables (contrairement a [DT], | ], [AC] et | ]
qui se placent dans le cadre du Laplacian). On prouve que ces fonctions sont Lipschitziennes
juqu’a la frontiere, et & travers, généralisant ainsi les résultats de [DT] au cas de coefficients
variables.

1. INTRODUCTION

In [DT] and | ], the authors studied almost-minimizers for functionals of the type first
studied by Alt and Caffarelli in [AC] and Alt, Caffarelli and Friedman in | ]. Almost-
minimization is the natural property to consider once the presence of noise or lower order
terms in a problem is taken into account. In this paper we study the regularity of almost
minimizers to energy functionals with variable coefficients (as opposed to [D'T], | ], [AC]
and | ] which deal only with the “Laplacian” setting).

The point of the present generalization is to allow anisotropic energies that depend mildly
on the point of the domain, so that in particular our classes of minimizers should be essen-
tially invariant by C'** diffeomorphisms.

The variable coefficient problem has been studied before: Caffarelli, in [(], proved regular-
ity for solutions to a more general free boundary problem. De Queiroz and Tavares, in [dc'T],
provided the first results for almost minimizers with variable coefficients: the authors proved

Date: September 11, 2019.
2010 Mathematics Subject Classification. Primary 35R35.
Key words and phrases. almost-minimizer, free boundary problem, Alt-Caffarelli functional, Alt-

Calffarelli-Friedman.

GD was partially supported by the ANR, programme blanc GEOMETRYA, ANR-12-BS01-0014, the
European H2020 Grant GHATA 777822, and the Simons Collaborations in MPS Grant 601941, GD. ME was
partially supported by an NSF postdoctoral fellowship, NSF DMS 1703306 and by David Jerison’s grant NSF
DMS 1500771. TT was partially supported by a Guggenheim fellowship, NSF grant DMS-1664867, by the
Craig McKibben & Sarah Merner Professorship in Mathematics, and by the Simons Foundation Fellowship
614610.

1



2 GUY DAVID, MAX ENGELSTEIN, MARIANA SMIT VEGA GARCIA, AND TATIANA TORO

regularity away from the free boundary for almost minimizers to the same functionals we
consider here (they consider a slightly broader class of functionals, of which our functionals
are a limiting case).

Our work differs from that of [deT] in two ways: first, our definition of almost-minimizing
is, a priori, broader than that considered in [dc'[], [D'T] or | | (for more discussion see
Section 2.2 below). Second, and more significantly, we prove Lipschitz regularity up to,
and across, the free boundary, in contrast to [deT], thus we fully generalize the results of
[DT] to the variable coefficient setting. In a forthcoming paper where we address the free
boundary regularity for (k, «)-almost minimizers in the variable coefficient setting, we tackle
the important issues of compactness for sequences of almost minimizers and nondegeneracy
properties of almost minimizers near the free boundary.

Besides including the notion of almost-minimizers from [deT], [DT] or | ], our definition
of almost minimizers also connects to the work of [(GZ]. There, the authors extend the
notion of w-minimizers introduced by Anzellotti in [A], to the framework of multiple-valued

functions in the sense of Almgren, and prove Holder regularity of Dirichlet multiple-valued
(¢, a)-almost minimizers.

Almost-minimizers to functionals of Alt-Caffarelli or Alt-Caffarelli-Friedman type with
variable coefficients arise naturally in measure-penalized minimization problems for Dirichlet
eigenvalues of elliptic operators (e.g. the Laplace-Beltrami operator on a manifold; see [I.5]
for a treatment of the analogous measure-constrained problem). We also want to draw
attention to the interesting paper | |, which proves (using an epiperimetric inequality) free
boundary regularity for almost-minimizers of the functionals considered here, in dimension
n = 2. Throughout that paper they need to assume a priori Lipschitz regularity on the
minimizer. Our paper shows (as alluded to in their paper) that this assumption is redundant.
Note that while the class of almost-minimizers considered in | | may seem broader than
the one considered here, the two are actually equivalent (see Remark 2.2 below).

The structure of the paper is as follows. In Section 2 we introduce our notion of (k, a)-
almost-minimizer, recalling the one used in [DT], | ] and [deT]. In Section 2.1 we address
basic facts regarding the change of coordinates that will be used throughout the paper; in
Section 2.2 we address the connection between the “multiplicative” almost-minimizers used
in [D'1] and [de'l] and the “additive” almost-minimizers used here. In Section 3 we prove
the continuity of almost-minimizers; in Section 4 we prove the C*? regularity of almost
minimizers in {# > 0} and {u < 0}. In Section 5 we prove the bulk of the technical results
needed to obtain local Lipschitz regularity for both the one phase and two-phase problems.
In Section 6 we prove the local Lipschitz continuity of almost minimizers of the one-phase
problem. In Section 7 we establish an analogue of the Alt-Caffarelli-Friedman monotonicity
formula for variable coefficient almost-minimizers. Finally, in Section 8 we prove the local
Lipschitz continuity for two-phase almost minimizers.
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2. PRELIMINARIES

We consider a bounded domain 2 C R", n > 2, and study the regularity of the free
boundary of almost minimizers of the functional

(2.1) J(u) = /Q (A(2)Vu(z), Vu(z)) + ¢F (€)X fus0y () + ¢ (2) X fu<o} (1),

where ¢, ,q_ € L>()) are bounded real valued functions and A € C%*(£2; R"*") is a Holder
continuous function with values in symmetric, uniformly positive definite matrices. Let
0 < XA < A < oo be such that A|E? < A(z)€ - € < A|€]? for all z € Q.

We will also consider the situation where © > 0 and ¢_ = 0, and

(2.2) T (u) = / (AVu, Vi) + ¢ (2)X puso).

where ¢, and A are as above.

We do not need any boundedness or regularity assumption on €2, because our results will
be local and so we do not need to define a trace on 9f2. Also, ¢_ is not needed when we
consider J*, and then we may assume that it is identically zero.

Definition 2.1 (Definition 1 of almost minimizers, with balls). Set
(2.3)
Kioo(Q) = {u € L1,.(Q); Vu € L*(B(z,r)) for every ball B(x,r) such that B(z,r) C Q},

(2.4) K

loc

(Q) ={u € Kioc(Q2) ;u(z) > 0 almost everywhere on Q} ,

and let constants k € (0,400) and « € (0, 1] be given.

We say that u is a (k,a)-almost minimizer for J3 in Q if u € K,'_(Q) and
25) T (W) < Th o (0) + 2

for every ball B(x,r) such that B(x,r) C Q and every v € L*(B(z,r)) such that Vv €
L*(B(z,r)) and v =u on OB(x,r), where

(2.6) T5 o (0) = / ERCACEY-ST
B(xz,r

Similarly, we say that u is a (k, @)-almost minimizer for Jg in Q if u € Ko.(Q) and
(27) JB’%,«(U) S JB%,«(U) + K}’f’n_‘—a
for every ball B(x,r) such that B(x,r) C Q and every v € L*(B(z,r)) such that Vv €
L*(B(z,r)) and v=u on dB(x,r), where
(2.8) Jpar(V) = / - (AVv, Vo) + ¢% Xqus0y + €2 Xqo<oy-
B(xz,r

When we say v = u on dB(z,r), we really mean that their traces coincide. Equivalently
we could extend v by setting v = u on Q \ B(z,r) and require that v € Kj.(£2). This is
discussed in detail in [DT].



4 GUY DAVID, MAX ENGELSTEIN, MARIANA SMIT VEGA GARCIA, AND TATIANA TORO

We note that this definition differs from the one found in [DT] (or [deT]), even when A is
the identity matrix; we will address this in more detail in Section 2.2. For now, let us only
comment that the definition given by (2.7) is more general than that of [DT].

When working with variable coefficients, it is also convenient to work with a definition of
almost minimizers that considers ellipsoids instead of balls. For this effect, we define

Tu(y) = A7)y —2)+, Ty = AP@)y—2)+x,  Eulr,r)=T,"(Blz,r)).

T x

Definition 2.2 (Definition 2 of almost minimizers, with ellipsoids). Let

(2.9) Kioo(Q, E) = {u € L, () ; Vu € L*(E,(z,1)) for E,(z,7) C Q}

and

(2.10) K (L F) = {u € Kioc(Q, E) ;u(x) > 0 almost everywhere on Q} .
We say that u is a (k,a)-almost minimizer for J5 in Q if u € K\ (Q, E) and

(2.11) Th (W) < T, (0) + e

for every ellipsoid E,(x,r) such that E,(z,7) C Q and every v € L*(E,(x,7)) such that
Vv € L*(E,(x,r)) and v =u on OE.(x,r), where

(212) JE,:C,T (U) = / <AVU, VU) + q-2‘,- X{v>0}-
Ey(z,r)

Similarly, we say that u is a (k,@)-almost minimizer for Jg in Q if u € Koc(Q, E) and
(2.13) Jpar(u) < Jgar(v) + ket

for every ellipsoid E,(z,r) such that E,(x,7) C Q and every v € LY(E,(x,r)) such that
Vv € L*(E (x,7)) and v =u on OE.(x,r), where

(2-14) JE,:L",T(U) = / ( <AV’U, VU> + Qi X{v>0} T qz X{v<0}-
Ey(z,r)

Notice that when A = I (the identity matrix), both definitions coincide. Moreover, for a
general matrix A, if u is a (k, «)-almost minimizer for J in ) according to Definition 2.1,
then it satisfies (2.11) in Definition 2.2 (with constant A™"**)/2x and exponent a) whenever
x and 7 are such that B(z, AY?r) C Q.

Similarly, if u is a (k, a)-almost minimizer for Jg in {2 according to Definition 2.2, then it
satisfies (2.5) in Definition 2.1 (with constant A=("+®1/2x and exponent o) whenever z and
r are such that B(x, AY2)\"1/2r) C Q.

Given that we are mostly interested in the regularity of almost-minimizeres away from
0f) these definitions are essentially equivalent. Bearing this in mind, we will work with al-
most minimizers according to Definition 2.2, recalling that such functions satisfy (2.5) when
B(x, AY2X"12r) C Q. We will most often not write “(, a)-almost minimizer”, but only
“almost minimizer”, and we will drop the subscripts B and F from the energy functional.

Notation: Throughout the paper we will write B(z,r) = {y € R* : |y —z| < r} and
OB(xz,r) ={y € R" : |y—z|=r}. We will consider A € C%(Q2; R"*") a Holder continuous
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function with values in symmetric, uniformly positive definite matrices, and 0 < A < A < 00
such that A\[£]? < A(x)€- & < A|EJ? for all z € Q. Additionally, g+ € L>®(2) will be bounded
real valued functions. We will also frequently refer to

(2.15) Ti(y) = A2 (@)(y—2)+a, T;'(y) = A (2)(y—a)+a, BEo(z,r) =T, (B(z,r)).

x x

Moreover, we will write

(216) woly) = (T, (1), (@)=(y) = a=(T7'(y), Auly) = A7 (2) AT, () A ().
Notice that T, (z) = x and A, (z) = I.

2.1. Coordinate changes. Compared to [D1] and | ], our proofs will use two new
ingredients: the good invariance properties of our notion with respect to bijective affine
transformations, and the fact that the slow variations of A allow freezing coefficient approx-
imation. We take care of the first part in this subsection.

Many of our proofs will use the affine mapping 7). to transform our almost minimizer u
into another one w,, which corresponds to a new matrix function A, (y) that coincides with
the identity at x. In this subsection we check that our notion of almost minimizer behaves
well under bijective affine transformations. Our second definition, with ellipsoids, is more
adapted to this.

Lemma 2.1. Let u be a (k,a)-almost minimizer for Jg (or J&) in Q CR™. Let T : R" —
R™ be an injective affine mapping,and denote by S the linear map tangent to T. Also let
0 <a<b<+4oo be such that alé| < |S¢| < |bE| for € € R™. Then define functions ur, qr 4+,
qr— on Qp =T(2) by

(2.17) ur(y) = w(T™H(y)) and qro(y) = q=(T~'(y)) fory € Qr,
and a matriz-valued function Ar by
(2.18) Ar(y) = SA(T'y)St fory € Qr,

where S* is the transposed matrixz of S.
Then ur is a (i, a)-almost minimizer of Jgr (or Ji ) in Qp, according to Definition 2.2,
where Jps (or Jj 1) is defined in terms of Ar and the qr, i.e.,

(2.19)  Jgs(v) = / (Ar(y)Voly), Vo)) + 45+ (V) X0y (1) + a7 (¥) X w0y () dy,
and k = k| det T'.

Remark 2.1. Lemma 2.1 says that under an affine change of variables, almost minimizers are
transformed to almost minimizers for a modified functional. Its proof will also show why our
second definition of almost minimizers is natural. But it will be applied almost exclusively
in the following circumstances: we pick z €€ €, and we take S = A~Y2(x). In this case,
T(y) =z + S(y — ), we recognize the affine mapping 7, from (2.15), and then ur = u, and
Ar(y) = A.(y) (from (2.16)). The advantage is that Ar(xg) = I and we can use simpler
competitors.
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Proof. We do the proof for J*; the argument for J would be the same. Let u, T, and ur be
as in the statement, then let Ep = E,(x,r) and vy € L'(Er) define a competitor for ur as
in Definition 2.2; thus Er C Qp, Vur € L?(Er), and vy = ur on 0Epr. We want to use vy
to define a competitor v for u, and naturally we take v(y) = vr(T(y)) for y € E = T~'(E7).

Notice that T_l(ET) C Q because Er C Qp = T(). Moreover, (2.15) and (2.18) say that
Ep — z is the image of B(0,r) by the linear mapping A1T/2 = SAY2(2'), where 2’ = T~!(x).
Then T~'(Er) — 2’ is the image of B(0,7) by S~1SAY%(2') = AY%(2'). In other words,
E = T7Y(Er) is the ellipsoid associated to ' and our initial function A, as in (2.15), and
we can apply Definition 2.2 to v. It is clear that v = u on OF, and Vv € L?*(E) because
the differential is Dv(z) = Dv(T(z))S (and you transpose to get the gradients). Now we
compute, setting y = T'(z) and eventually changing variables,

RROE /E (AVY, Vo) + ¢% xgusopdz = /E (A(=)S'Vo(y), S'Vu(y)) + ¢ x>0} (2)dz
_ /E (Ar(y)Vo(y), Vo(y)) + & Xpursop(y)d=

(220)  =[det(T)| | (Ar(y)Vo(y), Vo)) + @& Xqur>0p (v)dy,

Er
which is the analogue (call it Jg, (vr)) of Jg . for vp on Er. We have a similar formula
for Jy . .(u), and since Jg ., (u) < Jg ., (v) + " by (2.13), we get that Jj (ur) <

Ji, (vr) + | det(T')|r™ . Lemma 2.1 follows. O

In the analysis below we are working entirely locally within €2 and are unconcerned with
the precise dependence of our regularity on k and a. Therefore, we will sometimes make the
a priori assumption (justified by the analysis above) that for a given point zy € Q we have
A(zo) = I. When it is necessary to compare different points in €2, we will explicitly use the
rescaled functions defined above.

Whenever we write C', we mean a constant (which might change from line to line) that
depends on n, A, A, ||¢+||z~, @ and on upper bounds for ||A||co., and &.

2.2. “Additive” Almost-Minimizers. Let us now address the differences between our def-
inition of almost minimizers, with (2.7) or (2.13), and the definition of an almost-minimizer
in [DT]. Recall that when A = I, being an almost minimizer for Jg is equivalent to being
an almost minimizer for Jg, and that in [DT] (with A = I) u was an almost-minimizer for
Jg if, instead of satisfying (2.13) for all admissible v, it satisfied

(2.21) Jgzr(u) < (14 kr%)Jg .. (v),

(and similarly for J}). Here we consider variable A and stick to Jg (but Jz would work the
same way). Let almost minimizers in the sense of (2.13) be additive almost minimizers,
whereas almost-minimizers in the sense of (2.21) are multiplicative almost-minimizers.
Our goal is to prove results for additive minimizers, first showing that multiplicative almost
minimizers are also additive almost minimizers. To obtain this result we first need to show
that multiplicative almost minimizers, in the variable coefficient setting, obey a certain decay
property. This will be done in the next Lemma. With this result in hand, we will then show
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that every multiplicative almost minimizer is actually an additive almost minimizer, therefore
reducing our analysis to the case of additive minimizers.

Lemma 2.2. Let u be a multiplicative almost minimizer for Jg in Q. Then there exists a
constant C' > 0 such that if x € Q and r > 0 are such that E,(x,r) C §, then for0 < s <,

1/2 1/2
(2.22) (][ ]Vu]2> <C (][ \Vu|2) + Clog(r/s).
Eyx(z,s) Ex(z,r)

Proof. Our assumption that E(x,r) C Q allows us to define u, as in (2.16), and will allow
us to use the almost minimality of u below. Denote by (u,)* the function in L'(B(z,s))
with V(u,)* € L*(B(z,s)) and the same trace as u, on 0B(z,s) = T,(OF,(z, s)), and which
minimizes the Dirichlet energy on B(z, s). The existence and uniqueness of such a function
follow from the fact that we start from the trace of u, in the Sobolev space H'/2(0B(x, s)),
which itself has an extension to B(x,s) with one derivative in L? (in fact, u, itself), and
from the convexity of the Dirichlet energy. When u|sg, (,5) and (uz)|op(z,s) are regular, u} is
the harmonic extension of (ug)|sp(s,s)- The minimality of u¥ implies that for any ¢ € R,

Vi(ug)? < V((ug)s Uy — (uz)?))[2
/B(m)| (u)?) </ IV ()’ + iz — (12)2))]

B(z,s)
Expanding near ¢ = 0 we obtain fB(m S)(Vugﬁ — V(ug)¥, V(ug)t) =0, hence

229 [omP = [ (Vv
B(x,s) B(z,s)

Since (uy): o T, € L?(E,(x,s)) and its trace is equal to u on dE,(z,s), (2.16), the almost
minimality of u and the same computation as in (2.20) (in fact, we are in the situation of
Remark 2.1) yield

detA1/2(x) /( )(AxVux, Vu,) + (qx)ix{upo} + (qx)ax{uw@}
B(zx,s

= / <Avu7 vu> + q%rX{u>0} + q%X{u<0}
Ex(x,s)
< (1+ks%) / ( )(AV((UI)Z 0 T2), V((us)s © To)) + @4 X{(un)30T>0) T 42 X{((ue)3oT2)<0)
Ey(x,s

=(1+ ’{Sa)detAl/Q(x) /B( )(Axv(um):a v(ux>:> + (Qx)?l-X{(um)§>0} + (Qx)Q—X{(uz)§<0}-

Consequently,

B(x,s
< (1+ ks®) /B( )(Amv(ua:):,V(Ux)D + (¢2) X ()01 + (€2)> X{(un):<0}

(2.24) < Cs" 4 (1 + ksY) /B( )(AxV(ux)Z» V(uz);)
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where C' depends on the ||¢+||« and an upper bound for ks*. Observe that for z € B(z, s),
1= As(y)] = |As(2) = Auy)] = [AT2@)[A(T, () — AT () A7 ()

(2.25) <A Mz —y|*|A]|ce < CATTASY = Os®

by (2.16) (twice). Then by (2.23), (2.24), (2.25) (twice),

[ wueviP= [ vab- [ e
B(z,s) B(z,s) B(z,s)
g/ <(I—AI)VUI,V%>+/ <AxVumVux>—/ |V ()]
B(z,s) B(z,s)

B(z,s)

<O / Vol — / IV ()] + / (A, Vi, Vi)
B(z,s) B(z,s) B(z,s)

SC’SO‘/ |Vu$|2—/ |V(ux):|2+08”+(1+fiso‘)/ (A, V()" V(1))
B(z,s) B(z,s) B(z,s)

gcsa/ \Vux\2—/ |V(ux)§\2—|—03"+(1+/@3°‘)(1—0—8°‘)/ V()2
B(z,s) B(z,s)

B(x,s)

< Cs"‘/ \Vu,|* + Cs™ + Csa/ |V (u,)|? < 03“/ Vg |* + Cs"
B(z,s) B(z,s)

B(z,s)
(2.26)

where we finished with the minimality of (u,)?.
Applying (2.26) to r yields

(2.27) / |V, — V(ug)5? < C’r’a/ |Vug|* + Cr.
B(z,r) B(z,r)
We may now follow the computations in [D'T], to which we refer for additional detail. Set
1/2
(2.28) w(ty, x,s) = <][ |Vux|2) :
B(z,s)

Since (u,) is energy minimizer, it is harmonic in B(x, ), therefore |V (u,)*|* is subharmonic.
We obtain

(2.29) VA A(CRHEE L (UR
B(z,s) B(z,r)
By the triangle inequality in L?, (2.27), (2.28) and (2.29), we obtain, as in [DT],
n/2 n/2
(2.30) w(ug, x,s) < (1 +C <E> 7“0‘/2) w(tg, T, 1)+ C <t> :
s s

Setting r; = 277r, for j > 0, (2.30) gives

(2.31) w(tg, x,7j41) < (14 02”/27“?/2)(,0(%, x, ;) + 02?2,
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and an iteration yields

J Jj+1 J
i, 2,7541) < wlug,w,r) [+ 0222+ (Hu + 02”/2rz/2>> "

1=0 =1 \k=l
(2.32) < w(tg, z,7)P + CP2"?j < Cw(ug, x,7) + C9,

where P = []72,(1+C2"/ 27“?/ %) and we used the fact that P is bounded, depending only on
an upper bound for 7. As in [D'T], this implies that if E,(z,r) C €, then for 0 < s <7,
(2.33) W(ty, 2, 5) < Cw(uy, z,7) + Clog(r/s).

1/2 1/2
Since w(ug, x,r) < C <wa(:v " |Vu|2> and (fEx(m 9 |Vu|2> < cw(ug, x, ), we obtain, for
0<s<r

1/2 1/2
(2.34) (7[ |Vu|2) <C (7[ |Vu|2) + Clog(r/s).
E.(z,s) Ex(z,r)

Lemma 2.3. Let u be a multiplicative almost-minimizer of Jg in Q with constant k and
exponent «, and let 2 CC § be an open subset of 2 whose closure is a compact subset of
Q. Then u is an additive almost minimizer of Jg in Q, with exponent a/2 and a constant K

O

that depends on the constants for J, u and Q.

Proof. Let €, u, (2, be as in the statement, and choose 7o = A~2dist (@,89)/2, so small
that E,(z,2ry) C Q for z € Q. We deduce from Lemma 2.2, applied with r = rg, that

(2.35) f Vul? < C + C|log(s/ro) for 0 < s < 1,
Ex(x,s)

where C' depends on Q and u through a bound for fE; (@.70) |Vu|?, but not on = € Q.

Now let x € ,7 > 0 be such that E,(x,r) C Q) and let v be an admissible function, with
v =wu on 0E,(z,r); we know that

JE,x,r(u) < (1 + /‘fra)JE,x,r('U)
and so we just need to show that k1% Jg . (v) < Kr"t*/2. But by (2.14) and (2.35)
(2.36)  Jpar(u) < A/ [Vol? + Cr™{lg+]lse + CT"|g-loo < Cr™ + Cr"|log(r/1o)|”
Ey(x,r)

and the result follows easily; we could even have taken any given exponent a < «. U

For the remainder of the paper we will work solely with additive almost-minimizers and
refer to them simply as almost-minimizers.

Remark 2.2. In | | they consider the seemingly broader class of almost-minimizers defined
by the inequality
Jer(u) < (14 C1r®)dpr(v) + Cor®t™.
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In fact this definition is equivalent to our “additive” almost-minimizers. To see this, first note
that Lemmas 2.2 and 2.3 hold with the same proofs if “multiplicative” almost-minimizers
are replaced by almost-minimizers of | |-type”. The only change is the presence of the
(lower order) term Cor®*™ in (2.26) and (2.36).

3. CONTINUITY OF ALMOST-MINIMIZERS

Given the equivalence between almost minimizers of Jg and Jg, we will omit the subscript.
In this section we prove the continuity of almost minimizers for J and J*. Our arguments
will follow very closely those of Theorem 2.1 in [DT]. Despite this, we will prove Theorem 3.1
in complete detail, in order to highlight the differences in the variable coefficient setting.

Furthermore, to ease notation we will refer only to J in this section, with the understanding
that ¢_ might be identically zero and the functions we consider might be a prior: non-
negative.

Theorem 3.1. Almost minimizers of J are continuous in §2. Moreover, if u is an almost
minimizer for J and B(xg,2rg) C € then there exists a constant C' > 0 such that for
x,y € B(xo, o)

(3.1) ulo) = )] < Clo— ol (1+10g (2) )

Proof. Let u be an almost minimizer of J in €2, and let z € Q and 0 < r < 1 be such
that E,(z,7) C Q. Define u, as in (2.16), and then for 0 < s < r, let u} be the function
in L'(B(x,s)) such that Vu? € L?(B(z,s)), with the same trace as u, on 9B(z,r) =
T.(OE,(z,r)), and which minimizes the Dirichlet energy on B(x, s). This is the same function
as in the first lines of the proof of Lemma 2.2, the justification of existence and uniqueness
is the same, and (2.23) holds because u} minimizes the Dirichlet energy.

Let us assume for the moment that A(x) = I; this will simplify the computation, in
particular because E,(x,r) = B(x,r) and u, = u, and then we will use Lemma 2.1 to reduce
to that case. Since A € CO*(Q; R"™*™), (2.23) yields

/ |Vu — Vui|* = / (Vul? — |[Vul[?
B(z,s) B(z,s)

— /B (m’s)<(A(93) — A(y))Vu, Vu) + /

B(z,s)

(3.2) SC’SO‘/ |Vu|2—/ |vu;|2+/ (AVu, Vu),
B(z,s) B(z,s) B(z,s)

(A(y)Vu, V) — / Vs ?

B(z,s)
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where we used (2.25) to control |A(z) — A(y)|. Since u is an almost minimizer and ¢ € L™,

/ <AVU, VU> = Jx,s(u) - / q?s—X{u>0} + qu{u<O} < Jx,s(u) < J:L‘,s(u:) + /€8n+a
B(z,s)

B(z,s)

< / (AVUE, Vul) + ks"t + Cs"”
B(z,s)

=[P [ (A - A@)Tu Vi) + s O
B(z,s) B(x,s)
(3.3) < (1+Cs°‘)/ IVl P+ ks™ 4 O,
B(z,s)

by (2.25) again. Hence by (3.2) and since [ o [Vui|> < [ o [Vus|* by definition of ug,

/ Vu — Vui? < C’so‘/ [Vul? + C’sa/ IVui)? + kst + Os™
B(z,s) B(z,s) B(z,s)

(3.4) < Csa/ Vul? + Cs™.
B(z,s)
In particular, when applied to s = r,
(3.5) / |Vu — Vui|* < Cr"‘/ |Vul? + Cr™.
B(z,r) B(z,r)

For s > 0 such that B(z,s) C (2, define

(3.6) wlu, 7, 8) = (]i - yw?) "

If no function is specified, we write w(z,s), meaning w(u,z,s). Since w} minimizes the
Dirichlet integral in B(x,7), it is harmonic in that ball. Then |Vu}|? is subharmonic and for
s<r,

1/2 1/2
(3.7) (f rw:ﬁ) < (][ |Vu:t|2) .
B(z,s) B(z,r)

Combining (3.5), (3.6) and (3.7) as in (2.10) in [D'T], we obtain, for some C' > 0,
< - /2 z
(3.8) w(u, x,s) < (1—|—C’<8> r )w(u,x,r)+0(s) :

Setting r; = 277r for j > 0, (3.8) implies
w(t, z,7j41) < (1 + 02”/27"?/2) w(u,z, ;) + C2"2.

Iterating this as in (2.10) of [DT] we obtain
(3.9) w(u,z,rj41) < Pw(u,z,r)+ CPj < Cw(u,z,r) + Cj,

where P = [2,(1+ C2" 27“?/ ?) can be bounded depending on an upper bound for .
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As in (2.11) in [D'T], this implies that if B(z,7) C Q and A(x) = I, then for 0 < s < 7,
(3.10) w(u,z,s) < Cw(u,z,r)+ Clog(r/s),

where C' also depends on an upper bound for r.

Now we use this to control the variations of u near x let u; = fB(I vy U The Poincaré
inequality and (3.9) yield

1/2
(3.11) (][( | lu — uj|2> < Crjw(u,z,7;) < Crjw(u, z,r) + Cjr;.
B(z,r;

If, in addition to the assumptions above, x is a Lebesgue point of u, then u(z) = llim u; and
—00

we obtain, as in (2.13) from [DT],

(3.12) lu(z) — uj| < Crj(w(u,z,r) + 7+ 1).

We may now return to the general case when E,(z,r) C Q but maybe A(x) # I. In
this case, Lemma 2.1 and Remark 2.1 say that u, is an almost minimizer in the domain
Q, = T,(Q), with the functional J, associated to A, defined by (2.16), the same exponent
a and K = det A(x)_l/ 2. This is good, because we can apply the argument above to u, in
B(z,r) = T,(E.(x,r)). Since u(x) = u,(z) by (2.15), we get that

(3.13) (@) = ta 5] = [ua(2) = ue ;| < Crj(w(ug, z,7) +j + 1),
where u;, = fB(M,) u,, provided that z is a Lebesgue point for u, (or, equivalently for ).
]

For the continuity of u, we intend to apply this to Lebesgue points x,y for u, choose a
correct j, and compare u;, to u;,. This last will be possible if E,(x,r;) = T, (B(z,r;))
and E,(y,r;) = T, *(B(y,r;)) have a large intersection, so we need to pay attention to the
size of balls.

Let 29 € Q and ro > 0 such that B(z¢,2r,) C Q be given, and then let 2,y € B(zq,7) be
given. Set 7 = A~'/2ry; this way we are sure that E,(z,7) = 17, (B(z,r)) € B(z,AY?r) C

B(xo,2r0) (see (2.15)), and since u,(y) = u(T; " (u)) by (2.16),

1/2 1/2
WUy, T, 1) 1= (][ |Vuz|2> = (][ (A(x)Vu, Vu))
B(z,r) Ey(x,r)
1/2 1/2
(3.14) <C (][ |Vu|2> <C (][ \Vu|2) :
B(x,A/2r) B(z,2r0)

and we have a similar estimate for w(u,,y, ). Next assume that [z—y| < A2y = AV2ZA~1/2p,
If this does not happen, we need to take intermediate points and apply the estimates below
to a string of such points. Next let j be the largest integer such that |z —y| < )\1/27“j; we just
made sure that j > 0. Now E,(z,r;) = T, Y(B(z,7;)) contains B(z, \?r;) and similarly
E,(y,r;) contains B(y, \'/?r;). Thus both sets contain the ball B,, centered at (z + y)/2
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and with radius AV/?r;/2, because |z —y| < AY2r;. Set m = £, u; then

el < f -l SCF e = O fu -l
B Ex(.l’,’l‘j) B(Ivrj)

(3.15) < Crjw(ug, x,r) + Cjr; < C (][

B(z,2rg)

1/2
|Vu|2) r; + Cjr;

because B C E,(x,r;), by the change of variable suggested by (2.15) and (2.16), then by the
Poincaré estimate (3.11) and (3.14).
We have a similar estimate for |m — u;,|, we compare them, and then use (3.13) to obtain

u(z) — u(y)| < Cr; { (£ . |Vu12)1/2 +j}
310 =Gl { (frow 7)1 (525 }

for Lebesgue points z,y € B(zg, 7o) such that |z — y| < AY2A~1/2ry, and where C depends
on £, ||ge||re@), @, n, an upper bound on r and the C** norm of A. We change u on a
negligeable set, if needed, and get a continous function that satisfies (3.1). U

Here is a simple consequence of Theorem 3.1.

Corollary 3.1. If u is an almost minimizer for J, then for each compact K C §2, there
exists a constant C'x > 0 such that for z,y € K,
1
log D .
|z =yl

4. ALMOST MINIMIZERS ARE C'# IN {u > 0} AND IN {u < 0}

(3.17) fu(e) = uly)] < Culr —y (1 n

We first prove Lipschitz bounds away from the free boundary. Note that since w is positive,
{u > 0} and {u < 0} are open sets.

Theorem 4.1. Let u be an almost minimizer for J (or J*) in Q. Then u is locally Lipschitz
in {u >0} and in {u < 0}.

Proof. We show the result for almost minimizers of J in {u > 0}, but the proof applies to
the other cases.First let * € {u > 0} be such that A(z) = I and take r > 0 such that
B(x,2AY2\71/2r) € {u > 0}. We start as in the proof of Lemma 2.2. Denote with u* the
function with the same trace as w on dB(x,r) and which minimizes the Dirichlet energy
under this constraint. Since u is an almost minimizer we have

(4.1) Jpar(u) < Jpar(uy) + wrte.

Since u > 0 in B(x,r), by the maximum principle we have u* > 0 in B(z,r). Therefore (4.1)
gives

/ ({(AVu, Vu) +¢7) < / ({(AVuy, Vuy) +¢3) + e,
B(z,r) B(z,r)
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which implies that

/ (AVu,Vu) < / (AVur, Vuy) + krte.
B(z,r)

B(z,r)

Hence, since A(z) = I and then by (2.25),
[oavar= [ e - aw)Te i+ [ 4amve e
B(z,r) B(z,r) B(z,r)

(4.2) < C’To‘/ |Vul? + / (AVur, Vur) + krte.
B(z,r) B(z,r)

Asin (2.23), [0, VUi = [p (Ve Viy), hence (4.2) yields

/ Vu — Vui|* = / |Vul? — / |Vur|?
B(z,r) B(z,r) B(z,r)

< Cro‘/ |Vul® + / (AVul, Vul) + ke — / V|
B(z,r) B(z,r) B(z,r)

= C’TO‘/ |Vul? + / (A= DVul, Vul) + ket
B(z,r) B(z,r)

< C’r"‘/ |Vul? + C’r‘l/ |Vur|? + k"t
B(z,r) B(z,r)

(4.3) < Cfra/ |Vul® + kr e,
B(z,r)

by the minimizing property of w.
Defining w(u,z,s) for 0 < s < r as in (3.6), the triangle inequality, subharmonicity of
|Vui|* and (4.3) yield as for (3.8), but with a smaller error term

(4.4) wlu,x,s) < <1 +C (g) : ro‘/Q) w(u,z,r)+C (g)S ro/2,

Set 7; = 279y for j > 0 and apply (4.4) repeatedly. This time the error term yields a
converging series, and we obtain as in (3.6) of [D],

J J+1 J
(4.5) w(u,z,rj11) <w(u,z,r) H <1 + 02"/27“?‘/2) +C2m? Z (H (1 + C’Q"/gr,‘:ﬁ)) 7“?,/12

1=0 =1 \k=l
Since [],2, (1 + 02”/27”?/2) < C, where C depends on an upper bound for r, (4.5) yields

j+1
(4.6) w(u, z,r541) < Cw(u, x,r) + C2"? Zrlo‘_/f < Cw(u,z,r) + Cro/?,
I=1

Consequently, applying this for j such that r;41 < s <7},

(4.7) w(u, z,s) < Cw(u,z,7) + Cre/? for 0 < s <r.
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Recall that all of this holds if B(x,2AY2A~Y2r)  {u > 0} and A(z) = I. Now assume
that z € €2, but maybe A(x) # I. By Lemma 2.1 and Remark 2.1, u, is an almost minimizer
in the domain Q, = 7,(Q), with the functional J, associated to A, defined by (2.16), the
same exponent a and the constant & = det A(z)~'/2 < Ck. The proof above yields

(4.8) w(ty, z,5) < Cw(ug, z,7) + Cre/? for 0 <s <,

as soon as B(z, 20\ *r) C {u, > 0}, where the constants A, and A, are slightly
different, because they correspond to A,. Let us not compute and say that this happens for
r < 2c(A, A)dist (z,00Q).

If in addition z is a Lebesgue point for |Vu|? (recall that this happens for almost every
r € Q, because |Vul? € L}, .(2)), then

\Vul?(z) = lir%][ Vul? < Climsup][ |Vug|? = Climsup w(ug, x,7)?
s Ey(z,r) B(z,r)

s—0 s—0

(4.9) < C(w(ug,z,7) + 7‘“/2)2 < Cf |Vul* 4+ Cr®
Ey(z,r)
because Vu and Vu, are related by (2.16), and by (4.8).
We should perhaps note that the Lebesgue points (with the strong definition where we av-
erage |u(x)—u(y)| on small balls) are the same for the balle and the ellipsoids F,(z, ), which
have bounded eccentricities. Now (4.9) means that locally, the gradient of u is bounded, and

hence u is Lipschitz in small balls. Theorem 4.1, and the uniform estimates that go with it
(choose 1 = ¢(A, A)dist (x,00) and use (4.9)), follow. O

We shall now improve Theorem 4.1 and prove that u is C'# away from the free boundary.
Before we wanted bounds on averages of |Vu|?, and now we want to be more precise and
control the variations of Vu. Our main tool will be a (more careful) comparison with the
harmonic approximation (u,):.

Theorem 4.2. Let u be an almost minimizer for J in ) and set =
class CYP locally in {u > 0} and in {u < 0}.

o .
tora- Lhen w is of

Proof. As before we consider almost minimizers for J and the open set {u > 0} C €, but
the proof works in the other cases.

Let z € Q be given, assume first that A(z) = I (we will reduce to that case later), and let
7 be such that B(x,r) C {u >0} C Q. Then let u* denote as before the Dirichlet minimizer
with the same trace on dB(z, ) as u. Since u is Lipschitz continuous, « is also the harmonic
extension of u|gp(zr). Set

(4.10) v(u,x,r) = ][ Vuy;
B(z,r)

we want to estimate fB(m ) |Vu —v(u, z,r)[*, with a small number 7 € (0,1/2) that will be

chosen later, depending on r. But we first estimate Vu! —v(u, z, 7). Since u is the harmonic
extension of u|sp(z,r), the mean value theorem yields v(u,z,r) = Vui(z). As in 3.20 from
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[DT], we deduce that for y € B(z,r),

Vuy(y) —vlu,2,7)] = [Vuy(y) = V(o) < 7 osup [V
B(z,tr)

1/2
<or(f vl <or(f var)
B(z,r) B(z,r)

1/2
(4.11) <Crt (][ |Vu|2) =: Crw(u,z,r),
B(z,r)
where the last part uses the Dirichlet minimality of u*. Then by (4.3),

/ IVu —v(u,z,7)]* < 2/ ]VU—V(U:)]2+2/ (Vul — v(u,x,r)?
B(z,Tr) B(z,7r)

B(z,rr)

< 2/ |Vu — V(ul)|? + O 2r"w(u, z,7)?
B(z,r)

< OTQ/ IVul? + Cr™™® + C" 2 r"w(u, 2, 7)>.
B(z,r)

(4.12) < O 4+ 7" Prw(u, z,r)* + Cr"te
or, dividing by (7r)™",

(4.13) ][ |Vu —v(u,z,7))* < Clr™r* + 721 + w(u, z,7)%.
B(z,rr)

We want to optimize in (4.13) and take 7 = r#+2, and since we required 7 < 1/2 for the
computations above, we add the assumption that

(4.14) rat? < 1/2
Set p = r = et = rnﬁza, and notice that ror—" = 72 = ratz = pn+22a+a. Also set
B = -5 as in the statement ; this way (4.13) implies that
(4.15) ][ (Vu — v(u, z,7)|* < Cp*[1 + w(u, z,7)?.

B(z,tr)
Now we want to compute everything in terms of p rather than r, so we take
(416) r = T(p) — pnig—ia
and record that (4.14) means that p < 2=% . Now let
(4.17) m(u,x,p) = ][ Vu;

B(x,p)

=

Since B(x,7r) = B(x,p) and m(u,z, p) gives the best approximation of Vu in L% (4.15)
implies that

(4.18) ][ |Vu —m(u, x,p)]Q < ][ |Vu — v(u, x,r)\Q < Cp%[l + w(u, z, 7“)2],
B(z,p) B(z,p)

where we keep r = 7(p) in w(u, x,r) to simplify the notation.
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So far this holds whenever u(z) > 0 and A(x) = I, as soon as in addition p is so small
d

that p < 27 for (4.14)), and B(z,r(p)) C {u > 0}, so that we can define u? and do the
computations.

We like (4.18) because it says that Vu varies less and less in small balls, and we do not fear
w(u, z,r); it will be easy to estimate because Vu is bounded on compact subsets of {u > 0}.
Before we do this, let us extend (4.18) to the case when we no longer assume that A(x) = 1.
By Lemma 2.1 and Remark 2.1, u, is an almost minimizer in the domain Q, = T,.(£2), with
the functional J, associated to A, defined by (2.16), the same exponent « and the constant

% = det A(x)™1/2 < Ck. So we can apply the proof of (4.18) to the function wu,; we get that

(4.19) ][ |V, —m(ug, x, p)> < Cp*[1 + wlug, z,7(p))?],
B(w,p)

maybe with a slightly larger constant (because of k). The conditions of validity are now that
n+24+a

p <2, as before, and B(z,7) C Q, ie.,

(4.20) Ey(z,7(p)) = T, (B(z,7(p)) C

T

Since u = u, o T by (2.16), Vu(y) = T*Vu,(T(y)), and (4.19) and a change of variable yield
(4.21) F o 9u= mpun, o) < O+ welu, (o)),

Eqy(z,p)
where C' became larger, depending on A and A, and we set

(4.22) me(u, z, p) :][ Vu and wg(u,z,r)? :][ |Vul?.
Ep(x,p) E

Now we localize and get rid of wg(u,z,r). Let By = B(xg, 7o) be such that that 4B, C

{u > 0} C Q. Let us also assume that r§™> < 1/2, because this way we will always pick
radii that satisfy (4.14). Theorem 4.1 says that w is Lipschitz on 2By, and our proof with
(4.9) even yields

1/2
(4.23) uunmp@Bo)sc(f \VuP) . C(By)
4B

where C' depends on the various parameters for J, and no longer on ry because we put an

upper bound on 7.
n+2+a

Then let x,y € By be given. Suppose in addition that |z — y| < ery™"® | where the
small constant ¢ depends on A and A, and will be chosen soon. We want to apply the
computations above with radii p < 2A~!|z — y|, and we choose ¢ so small that (4.16) yields
Ar(p) < 1o, and so E,(z,7(p)) < B(x,rg) C 2By. Then (4.21), but also with the uniform
control wg(u,z,7(p)) < C(By).
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We apply this to p and p/2, compare, and get that

me(u.p/2) ~ msu.z.0)| = | w—me,p)\ <2'f  [Vu-me(unp)
Ex(2,p/2) Ex(2,p)

1/2
(4.24) <2 <][ |Vu—mE(u,x,p)|2) < CpP[1 + C(By)*V2.
Eq (z,p)
Then we iterate as usual, sum a geometric series, and find that when x is a Lebesgue point
for Vu,
(4.25) |Vu(z) — me(u,z, p)| < Cp°[1 + C(By)M>2.

We have a similar estimate for y if y is a Lebesgue point too, and now we compare two
averages as we did in (4.24). Take p, = 2\~ Yz —y|, so that E,(x, p,) contains B(z, 2|z —yl),
and p, = Az — y|, chosen so that E,(y,p,) C B(y,|r —y|) C Ex(x,p,). Then

|mE<u7y’py)_mE(u7x7pr)|: )][ Vu—mE(uax7pm)
E

y(¥,py)
1/2
<o f e mstuap)l <o (f v materp)p)
2 (,0) 2 (T,02)
(4.26) < Cpi[1+C(By)*)"? < Ol — y|°[1 + C(By)*]*.
This completes the proof of Theorem 4.2. O

5. ESTIMATES TOWARDS LIPSCHITZ CONTINUITY

In this section we prove technical results needed to obtain local Lipschitz regularity for
both the one phase and two-phase problems. That is, the main case is really with two phases,
but our estimates are also true (and some times simpler) for J.

Define the quantities

(5.1) b(z,r) :][ u, and b (z,7) :][ [tz
dB(z,r) OB(z,r)

where we recall that u, = uoT, ! and T, is the affine mapping from (2.15). We will sometimes
write b(ug, x,r) and bT (ug, x,r) to stress the dependence on u,.

The object of the next manipulations will be to distinguish two types of pairs (x,r), for
which we will use different estimates. For constants 7 € (0,107%),Cy > 1, C; > 3 and ¢ > 0,
we study the class G(1, Cy, C1, o) of pairs (z,7) € Q x (0, 7o) such that

(5.2) E.(z,2r) C Q,

(5.3) Cot "(1+ To‘w(ur,x,r)z)l/z <r Hbo(x,r)],
and

(5.4) bt (z,r) < Cy|b(z, 7).

Let us explain the idea. We force r < r( to have uniform estimates, and (5.2) is natural. In
(5.3), we will typically choose T very small, so (5.3) really says that the quantity r—1|b(x, 7)|
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is as large as we want. This quantity has the same dimensionality of the expected variation
of won B(x,r). And in addition, (5.4) says that b accounts for a significant part of b, which
measures the average size of |u|. We mostly expect this to happen only far from the free
boundary, and the next lemmas go in that direction.

We will have to be a little more careful than usual, because for the first time we will play
with our usual center z, and at the same time with ellipsoids E,(z, p), with z near z, with
different orientations. Set

(5.5) k= \/2A"12/6,
which we choose like this so that
(5.6) E.(z,kr) C B(z,AY?kr) C E,(z,r/2) whenever z € Q and z € E,(x,7/3).

Indeed recall that E,(z,r) = T, (B(z,7) and T,(y) = x + A~Y?(y — z) by (2.15), and
similarly for z. The first inclusion follows at once, and since B(z, AY/2kr) is contained in the
translation centered at z of E,(x, \"Y2AY2kr) = E,(z,7/6), (5.6) holds too. We start with
a self-improvement lemma.

Lemma 5.1. Assume u is an almost minimizer for J in ). For each choice of constants
C1 > 3 and ry, there is a constant 7, € (0,1072) (which depends only on n, K, a, 1, Cy, A
and A), such that if (x,r) € G(1,Cy, C1,10) for some choice of T € (0,71) and Cy > 1, then
for each z € E (x,71/3), we can find p, € (thkr/2,7kr) such that (z,p,) € G(7,10Cy, 3,70).
Here k is defined as in (5.6).

Proof. We already use u, = uo T, ! as in (2.16), and now let (u,)* be, as usual, the func-
tion which minimizes the Dirichlet energy on B(z,r) and whose trace coincides with wu, on
OB(z,r). Thus (u,)* is the harmonic extension of u,|0B(x,r), hence for y € B(x, Tr)

@3 0) - W) = i) =

= [(ua)r(y) = (wa)r (@) <71 sup  |V(ue);(2)|

0B(z,r) 2€B(z,TT)
<r osw fwyl<or [ fwyl=0r [l
OB(z,r/2) 0B(z,r) 0B(z,r)
(5.4)
(5.7) = Crbt(x,r) < CC\7lb(x, 7).

Recall that (3.5) holds as long as A(z) = I and B(x,7) C Q. Then, by the discussion below
(3.12), this also holds for u,, as long as B(z,r) C 2, = T,(2) or equivalently E,(z,r) C .
That is,

(5.8) / |V, — V(ug)H* < C’r"‘/ |Vu,|* + Cr.
B(z,r) B(z,r)
Then by Poincaré’s inequality and the definition (3.6),
(5.9) ][ [ug — (ug)f]* < 7"2][ (Vu, — V(ug)*? < Cr*(r*w(ug, z,7)* + 1).
B(z,r)

B(z,r)
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Apply Cauchy-Schwartz’s inequality in the smaller ball; then
(5.10)

1/2 (5.9
][ [y — (ug)r| < 7?2 <][ |y — (ux):\2> < Or 2 (7““(,L1(u96,9v,7”)2 + 1)1/2,
B(z,Tr) B(z,r)

or equivalently, after an affine change of variable,
(5.11) ][ lu — (ug)f o Ty < 7721 (r®w(ug, z,r)* + 1)/2.
Ey(z,r)

Now let z € E,(x,7r/3) be given; we want to use this to control b(z,p) for some p €
(tkr/2,7kr) Fix x and z, and notice that for each such p,

(5.12) b@mzim)%@zﬁm)mw@w@

where we set £ = T,(() € 0E.(z, p), notice that u.(¢) = u(£), and find out with surprise that
there is a Jacobian, J(&), which depends on T, and on the direction of £ — z, but fortunately
is such that C~1 < J(£) < C; we could even show that |J(£) — 1| < C(77)* because A is
Holder continuous, but we shall try to avoid this. There is no problem with the definition
and the domains, because F,(z, ktr) C E,(z,7r/2) by (5.6).

Now we subtract b(z, ), take absolute values, and integrate on I = (7kr/2,7kr). We get
that

/wzp—bxmwp<0wv /QAE €) — b, )| J(€)do(€)dp
5.13) < C(rr u—bx,r)| < Crr u—b(x,r)|.
( (rr)™ [%mﬁm| (z.7)] f ju — bz, )|

Ey(x,mr/2)

Observe that |u(&) —b(x, )| < |ug — (ug)i]|+|(u)i(y) —b(z, )| and then use (5.7) and (5.11);
this yields

(5.14) /\b(z,p) —b(x,r)| < Crr[Cir|b(z, r)| + 772 (r*w(ug, z,7)? + 1)Y?]
I
and allows us to choose, by Chebyshev, a radius p = p, € (tkr/2, 7kr) such that

(5.15) 1b(z, p,) — bz, 7)| < C’[C’lT]b(x,?")\ + T_”/27"(raw(ux, x,r)z + 1)1/2}.

We are allowed to take 71 as small as we want, depending on C' (which depends on the usual
constants for J) and Cp; we do this so that when 7 < 7, (5.15) and (5.3) imply that

(5.16) bz p2) — bl )] < 5 lb(a, ).

Thus [b(z, p.)| > 2|b(x,7)], which is good news.
Next we need to prove (5.4) for p,, and for this we want to control

(5.17) b%wzim)mmhﬁmJMW@M&
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where the only difference with (5.12) is that we used |u|. We continue the computation as
above, putting absolute values in (5.7) to control |(ug)*(y)|—|b(x,r)| and in (5.11); we obtain
as in (5.15) and (5.16) that

1
(5.18) |b™ (2, p.) — |b(z,7)]| < C[Ci7|b(z,7)| + 77" 21 (r®w(uy, ,7)* + 1)1/2] < §|b(x,7’)|.

We don’t even have to ask for an additional Chebyshev requirement for p,, even though we
could have done so. Hence, if 71 is small enough and by (5.16),

3
(5.19) b¥(2, p2) < S1ba, )] < 31Dz, p2)]

which is (5.4) with C} = 3.

We are left to verify an analogue of (5.3) at the scale p,, and for this we control w(u,, z, p.)
in terms of w(u,,x,r). To some extent, if we were only interested by local estimates, we
could say that w(u,,z,p,) < C locally, and get some estimate. But anyway this will be
easy. First observe that E. (2, kr) C E,(z,7/2) by (5.6); hence we can apply (3.10) to u, in
B(z, kr), between the radii p, and kr; we get that

w(uz, 2, p:) < Cw(uz, 2, kr) + Clog(kr/s) < Cw(us, 2, kr) + C(1 4 |log(T)]).
Then by (3.6)
w(u,, z, kr)? = ][ Vu,|> <C |Vul* < C Vul? < Cw(ug, z,7)?
B(z,kr) E.(z,kr) E.(x,r)
with constants C' that depend also on A and A, so
(5.20) w(uy, 2, p.) < Cw(ug, x,r) + C(1+ |log(7)]).
Some algebraic manipulation gives

(5.20)
L+ plwus, 2,00 < 1+ Cplwlug,x,r)> + Cpl(1+ |log 7))

<1+ Crw(ug, z,7)* + C(1r)*(1 + | log 7])?
<14 Crwlug, z, 1) + Cro[r*(1 + |log 7])?]
(5.3) /O™ 2 (516) /20 2
< .
(Cor |b(x,r)|> < ( Cor |b<z,pz)l>

Recall that r ~ 771p, with constants of comparability depending only on n, A\, A. Together
with (5.21), this remark yields

(5.21) < C(1+ r*w(ug, z,7)?)

IN

C()’I“
20
COpz
— 20 ntl
(5.22) = (C1)'Cot"p. (1 + plw(u., z, pz)2)1/2 :
Here C' > 0 is a constant which depends on n, A and A. Therefore we can choose 71 so small

that (C7)~' > 10 above. Thus we have (5.3) at (z,p,) with the constant 10C;. We can
conclude that (z, p,) € G(7,10Cy, 3, 7¢), which is the desired result. O

N 1/2
|b(z, p.)| > (14 plw(us, 2, p:)?) /

(1 + plw(u,, 2, pz)z)l/2
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Lemma 5.2. Let u, x,r satisfy the hypothesis of Lemma 5.1; in particular (z,r) € G(1,Cy, C1,70)
for some Cy > 1, Cy >3 and 7 < 1. Recall that b(x,r) # 0 by (5.3). If b(x,r) > 0 then

(5.23) u>0 on E,(x,7r/3) and u > 0 almost everywhere on E,(x,Tkr)
Similarly, if b(z,r) < 0, then
(5.24) u <0 on E,(x,7r/3) and u < 0 almost everywhere on E,(x,Tkr).

Proof. Let z € E,(x,7r/3). Apply Lemma 5.1 to get (2, p,) € G(1,10Cy, 3,79). Let p. = po.
Iterate Lemma 5.1, j times, each time around the point z, to get (z, p;) € G(7,107Cp, 3, 1)
where p; € ((7k/2)Ir, (Tk)’r). By (5.3),

(5.25) p; ' b(z, p7)| = 10/ Cor (1 + pfw(us, 2, pj)*) 2.

Arguing as before (i.e. obtaining (5.16) at the scale j) we see that

1
(2, p;) — b(z,pj-1)| < §|b(Z,Pj—1)|,

that is, b(z, p;) has the same sign as b(z, p;—1). An induction argument yields that b(z, p;)
has the same sign as b(x,r) for all j. Set

(5.26) Zj={y € B(z,7p;) | u(y)b(z,r) <0} = {y € B(z,7p;) | u(y)b(z,p;) < 0}.

One should think of this as the subset of B(z,7p;) where u has the “wrong” sign. Arguing
exactly as in the proof of Lemma 5.1 we can prove as in (5.7) (and because we took 7 small
enough for (5.16)) that

1
(5.27) |(u2)p, (y) = bz, pj)l < COLT|b(2, pj)| < F1b(2, )| for y € B(z,7p)).

This implies that (u.), shares a sign with b(z, p;) on B(z,7p;). Thus, for every y € Z; we
have

(5.28) u(y) = (uz2)p, W) = uly) = bz, )| = [b(z, p5) = (u2),,, (y)| = Zlb(z7pj)l~

In other words,

y 3
2y c{ye Blaroy) + fuly) = (w);, W) = 7z p1)l -
Markov’s inequality tells us that
(5.29) 1z < — 2
. e 3|b(zvpj>’ B(z,mpj)

Arguing as in (5.11), we have

/ e ey, O T S Oy e ) 1)
E.(2,7p;
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which implies, by Markov’s inequality,
nT—n/ij(l + p?w(uz7z,pj>2)1/2

7 < C(1p;
= b0
. 107Com=™(1 + pw(us, z, p;)?)"/?
= C[Coloj]*1<7_pj)n7_n/2 o7 "( - pjw(u z,pi)°)
Pj |b(2’pj)’
(5.25) '
(5.30) < 0[0010]]71(7-,0]-)"7—"/2_

To simplify the discussion assume that b(x,r) > 0 and thus b(z, p;) > 0 for all j. Then
Z; = {u < 0} N B(z,7p;). Divide both sides of (5.30) by |B(z,7p;)| =~ (7p;)™ and then let
] — 00 to get that

< . .

| ] =0 forall z € E,(x,7r/3).
j—o0 ’B(Za ij)‘ J7reo (ij)n

By the Lesbesgue differentiation theorem we conclude that u > 0 almost everywhere in
E(x, 7rAY2A71/2/2). We should note that we can differentiate by the above ellipses (instead
of by balls) because they are a family with bounded eccentricity. By the continuity of u we
have that v > 0 on E,(z,7r/3), which is the desired result. The case where b(z,7) < 0
follows in the same way. OJ

For the next lemma we use Lemma 5.2 to get some regularity for u near a point x such
that (x,r) € G(r, Cy, Cy, 1), with the same method as for the local regularity of v away from
the free boundary.

Lemma 5.3. There exist a constant 0 < ky < k/2, that depends only on X\ and A, with
the following properties. Let u be an almost minimaizer for J in ), and let x,r satisfy the
assumptions of Lemma 5.1, except that we may need to make 11 smaller for this lemma. In
particular, (z,r) € G(1,Co, C1,10) for some T € (0,71) and Cy > 1. Then for z € B(xz,7r/10)
and s € (0, ky7r),

(5.32) w(u,z,8) < C (T_%w(um,x, r)+ r%) ,
and for y,z € B(z,7r/10),
(5.33) lu(y) —u(z)| < C (T’%w(ux,x, r) 4+ r%) ly — z|.

Here C = C(n,k,a, A\, A, 1o). Finally, there is a constant C(7,1) depending onn, Kk, a, ro, 7,7, A, A,
such that

(5.34) IVu(y) — Vu(z)] < C(1, 1) (w(ug, z,7) + 1)|y — 2|7,

«

for any y,z € B(x,7r/10), where as before f = —5—.

Proof. Let u, x and r be as in the statement and z € B(z,7r/3). At the price of making 7
smaller in the two lemmas above, the proof of these lemmas is also valid when we replace k
with 2k, (we will choose ki < k/2); thus we can find p € (ky7r,2k;7r) such that such that
(z,p) € G(1,10C, 3,79).
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Since b(z,7) # 0 by (5.3), we can assume b(x,r) > 0 (the other case is similar). By
Lemma 5.2, v > 0 in E,(z,7r/3) and u > 0 almost everywhere in E,(x,77r/3).

Assume now that z € B(xz,7r/6), and apply (5.6) with the radius 77/2; we get that
E.(z,ktr/2) C E.(x,7r/4) and so v > 0 almost everywhere on E,(z, k7r/2). This means
that in the definition (2.14) of our functional,

(5.35) I s prr2(0) = / (AVu,Vu) + ¢*
E.(z,71/2)

with a full contribution for ¢%. The same thing holds for other ellipsoids contained in
E.(z,7r/4), and in particular smaller ellipsoids centered at z. But in Section 4, positivity
almost everywhere and its consequence (5.35) were the only way we ever used the fact that
ellipsoids are contained in {u, > 0}. That is, we can repeat the proofs of that section as
long as our ellipsoids stay inside F,(z,7r/4). In particular, if we choose ko small enough
(depending on A and A), and set ro = ko7, the proof of (4.8) also yields

(5.36) w(tz, 2, 8) < Cw(uy, 2,m2) + C’TS‘/Q for 0 < s < ry,

because our earlier condition that B(z, 2AYATY ’ry) C E.(z,71/2), where X, and A, are eas-

ily estimated in terms of A and A, is satisfied. Now observe that w(u, z, s) < Cw(u., z, \""/2s),
by (3.6) and (2.15), and w(u., z,73) < CT~2w(u,, x,7), for the same reasons; (5.32) follows.

Next (5.33) follows from (5.32), because Vu(z) can be computed almost everywhere as
limits of averages of u, which are dominated by lim sup,_,, w(u, 2, s).

We are left with the local Holder estimate for Vu, which we prove as in Theorem 4.2.
Again we copy the proofs and make sure we never get outside of the ellipsoid E,(z,7r/4),
where we know that u > 0 almost everywhere. Our control is a little looser, because we may
have to use intermediate points in the estimates of |u(y) — u(z)|, as we did for Theorem 4.2,
but the argument is the same as in that theorem, and the control of the size of the ellipses
is as above. U

Lemma 5.4. Let u be an almost minimizer for J in Q. There exists Ko = Ko(A,A) > 2
such that for each choice of v € (0,1), 7 > 0 and Cy > 1, we can find ro,n small and K > 1
with the following property: if v € Q and r > 0 are such that 0 < r < rq, B(x, Kor) C Q and

(5.37) |b(ug, z,7)| > r(1 4+ w(ug, x, 7)),
and
(5'38) w(ux,x’ /r) 2 K?

then there exists p € (%, nr) such that (z, p) € G(7,Co, 3,70).

Proof. Let n € (0,1072) be small, to be chosen later, and let (x,7) be as in the statement.
Let (ug)* be the energy minimizing function that coincides with u, on 0B(z,r). Notice that
|V (u,)*|?* is subharmonic on B(z,r), and fB(I " |V (u,)i* < fB(w " |Vu,|?. Fory € B(z,nr),
(5.39)

V()2 () < f

B(y,r/2)

V)P <2 f

B(z,r)

V()2 < 2"/ Vo = 2w (u, 2, 1)2.

B(z,r)
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Let y € B(z,nr). Since (ug)* is harmonic in B(z,7), (u)i(x) = faB(z U = b(tg, z,7).
Therefore

(5.40) |(ua);(y) =b(ta, 2, 7)| = |(ua )7 (y) = ()7 ()] < 17 S IV (ua)y] < 2" 2nre(ug, @, 7).

We will choose 7 so small that 2"/25 < v/4. Then (5.37) and (5.40) yield

(G4 (wa)i(0) ~ Mote, 2, 7)) < 2V nrlins, 7, 7) < pyro(ue, 7,7) < b, 7).
In particular, (u )* has the same sign as b(um,x r) on B(z,nr) and
(5.42) !b(um,fﬁ )| = (ue)r ()] > —|b(u;p,x r)| for y € B(z,nr).

Since

/ == [ [ = )
B(z,nr)\B(x,nr/2) nr/2 J 0B(x,s)

there exists p € (sz, nr) such that

2 *
[ i< oo = (il == [ f w)il
OB(z,p) nr B(z,nr)\B(z,nr/2) nr/2 J 0B(z,s)

Poincaré’s inequality and Cauchy-Schwarz lead to

2 *
/ |ue — (us);| < _/ / — (uz)y] < _/ |ue — (uz);|
OB(z,p) nr/2 J 0B(z,s) nr JBmr)

1/2
<c| w%—w%mscme(/ w%—vwx@
B(xzmr) B(x,nr)
1/2

(5.43) < Oy ( / N wug;):ﬁ)

By (3.4)
(5.44) ][ IV, — V()2 < cra][ V]2 + C = Crow(u, 1) + C.
B(z,r) B(z,r)
Combining (5.44) and (5.43) yields
(5.45) / s — ()] < P27 (1 + 1% (uy, 2, 1)) V/2.
0B(z,p)

Since r < 1o, then r* < r§ and by (5.45) and (5.38),
Foofn= @l <O [ ()il < O (1 sl )
0B(z,p) 0B(z,p)

(5.46) < Ot 2rw(ug, , 7)) (K2 4 r$)1/2.

We choose K large enough and r small enough, both depending on v and 7 (recall that n
depends on v only), so that in (5.46),

(5.47) Cn' =5 (K2 +rg)"/? < Z
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Then by (5.46) and (5.37),

b(uy, x,
(5.48) ][ s — (up)| < Lrw(ug, z,7) < bt 2, 7)]
0B(z,p) 4 4

As mentioned above, (u;)* has the same sign as b(u,, z,r) in B(x,nr). Since p < nr, (ug)*
does not change sign in B(z, p). By (5.42) and (5.48),
B = e
0B(z,p)

OB (z,p) OB(x p)
=f rwm—f s~ ()

1 1
(5.49) > %b(ux,x,r)] — Z!b(um,x,r)] = §]b(ux,x,r)].

The same computations yield

Pl =f  ul<f Jwlef e ()
9B(z,p) 9B(z,p) 9B(z,p)

5 1 3
(550) < Z’b@l’x?ma’r)’ + Z|b(uﬂcax7r)| < élb(ul‘?xvr)‘

This shows that (z, p) satisfies (5.4) with C; = 3. We still need to check (5.3). By (5.49)
and (5.37),

s, . )] 1 7

> —|b(ug, z,7)| > —(1 4+ w(ug, z,7)) > l(l + w(ug, x,7)).

P 2p 2p 21
We now need a lower bound for w(u,,z,r) in terms of w(u,,z,p). Applying (3.9) to u,
(which can be done as long as B(x,r) C §2,), for any j > 0 integer,

(5.52) WUy, 7,279717) < Cwlug, z,7) + Cj
We apply this to the integer j such that 27772y < p < 277717 and get
(5.53)  w(tg, z,p) < 22w (ug, 2,277 1) < C(wW(tg, ,7) + CF) < wlug, z,7) + C|logn|.
Then (5.51) yields
(1+ pPw(ug, 2, p)2)% < 14 p™%w(ug, z, p) < 1+ Crow(ug, z,r) + Cro’*|log )|
<(1+ Cra/Q + Cra/2| log 1)) (1 + w(ug, z, 7))

(5.51)

[e% (03 2 b X 7
(5.54) <(1+Cr /2+Cr m[logn\)—nw.
Multiplying by Cy7™" we obtain
b €T )
(5.55) Cor™™(1 4 pwlug, x, p)?)Y? < CQM,

p
where

2
(5.56) Cy = Cor™"(1+ Crg’? + Crg/? | log nl)%
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This shows that (5.3) holds for (z, p) if Cy < 1. We choose 1 so small (depending on Cy, 7,7),
so that COT_”Z—;Z < % and n2"/? < 1, and then 7 so small and K so large, depending on 7, so

that 1+ Crd’? + Crd”?|logn| < 2 and Ot~ (K24 79)1/2 < 2 (which includes our previous

hypothesis). By using an upper bound for 7y we get rid of the dependence on it. Therefore
(x,p) € G(r,Co, 3,10), completing our proof. O

6. LOCAL LIPSCHITZ REGULARITY FOR ONE-PHASE ALMOST MINIMIZERS

Lemma 6.1. Let u be an almost minimizer for J* in Q. Let 6 € (0,1/2). There existy > 0,
Ky >1,8€(0,1) and ry > 0 such that if v € Q and 0 < r < ry are such that B(z,r) C §,

(6.1) b(ug, z,m) < yr(l + w(ug, x,r)), and
(6.2) w(ug, x,r) > K, then
(6.3) W(ty, z,0r) < Bw(tg, z,1).

Proof. Recall from the definition of K" () that almost minimizers for J* are non-negative
almost everywhere. Since Theorem 3.1 says that almost minimizers are continuous (after
modification on a set of measure zero), almost minimizers must be non-negative everywhere.
Let x € Q and r < 7y be such that B(z,r) C €,. Let (u,): denote the energy minimizing
extension of the restriction of u, to dB(z,r). Notice that, by the maximum principle,
(uz)* > 0in B(xz,r). Given y € B(z,7), let
a(y) = (uz);(x) + (V(ua);(2),y — ).
Let also

(6.4) (02); = ()7 (y) — aly) = (ua); (y) = ()7 (x) = (V(ua)y (@), y — ).
Notice that (v,)* is harmonic in B(z,7), (v;)5(z) = 0 and V(v,)5(z) = 0. As in (2.8) from

T

[DT], we obtain that for 0 < s <,

r\n/2 r\n/2 1/2
) < = /2 o *|2 )
(6.5) w(ug, z,8) < C <3> rw(ug, z,r) + C <s> + (]{3(“) |V (uy)r] )

We now evaluate fB(m) |V (u,)¥|*>. By (6.4) and because Va = V(u,)*(x),

][ |v<ux>:|2=f |v<a+<vx>:>|2=f V(002
B(z,s) B(z,s) B(z,s)

+ ]i(xﬁs) |Val* + 2 ]i(xﬁs)(va, V(v,)5)
(6.6) - ][ VO V@ + 2<v<um>:f<sc>,][ V(w)5).

B(z,s)
Since (v,)# is harmonic in B(z,r), so is (v,)5, and so fB(x S)V(Ux)j = V(v,)i(z) = 0. So

(6.6) yields

(6.7 f [V = Fay@r + )

B(z,s)
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The same proof, with (z, s) replaced with B(x,r), shows that

(6.8) ][B( [V = V) @)+ f IV (02)1 ]2

B(z,r)

We return to f, ., [V(ue)i|?. By (6.7), because fg, V(v.); = V(v,)i(z) = 0, by
Poincaré’s inequality and because VZa = 0,

V(ug)i? = |V (ug)i(x)|? V(v.)i?
£, [V = i@+ f, 9

B(z,s)
2

V()i (@) + f V(0,)! — f V(0,):
B(z,s) B(z,s)

< V()3 (@) + O ]i R

(©.9) <)@+ e f TP

B(z,s)

Now suppose that s < r/2. By basic properties of harmonic functions,

2
F oV < s [Vl sc(ﬂf I(ux)il)
B(z,s) B(z,s) OB(z,r)

2
(6.10) =C (7"_2][ ux> = Cr~*b(uy, ,7)°.
OB(z,r)
Now (6.9) and (6.10) yield
(6.11)
f V()2 < [V (up)i (@) + Cs? f V()i < [V ()2 (@) 4+ Crts%b(ug, ., 7)2.
B(x,s) B(w,s)

By (6.5) and (6.11), since b(u,,x,r) > 0 (and because va? + b> < a+ b for a,b > 0),

i) <€ (5) s Putum v 0 () (f 1v00iP)

S

C(5)" e, ) + O (£) + V()i @)+ Cr 2sb(ug, 7).

S

(6.12)

IN

Let 6 € (0,1/2), as in the statement. Take s = 6r < r/2. With this notation, (6.12) yields,
using (6.2) and (6.1):
W(tig, z,0r) < |V (up)H(x)| + CO2r 20 (uy, x,7) + CO™? + COr"b(uy, x,7)
< V()i (@) + CO™2 (1% 4 KiYw(ug, z,7) + COy(1 + w(ug, z,7))
(6.13) < V()i @)] + C (72072 + K) + 03(KT 4 1)) (. a.1).
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We shall now control |V (u,)*(x)| in terms of w(u,,z, 7). We consider two cases. Let n > 0
be small, chosen in the sequence. If

(6.14) ][ V(o) = 7 f Vol = Pl 2, 1)’
B(mﬂ") B(x,r)

then we use (6.8) and obtain

(g, 7, 7) = ][ V] > f rv<uz>:|2=\v<uw>:<x>|2+][ V(o)
B(z,r) B(z,r)

B(z,r
(6.15) > |V (ug)i () + n*w(ug, z,7)°. o
By (6.13),
WUy, x,0r) < |V(ug)r(x)| + C (9_”/2(7““/2 + KN 4+ 0y(K7 + 1) w(ug, z,7)
(6.16) <1 —n2w(ug, z,r)+C (072 + K71 + 0y(K7' + 1)) w(ug, 2,7).

Before we continue the analysis of this case, let us deal with the case when (6.14) fails. In
this case, by (6.8),

(6.17) ]i( )|v<ux>::\2:\V(ux>:<x>12+][ V(0a): P < V()2 (@) + e, . )2

B(z,r)

By standard estimates on harmonic functions,

(6.18)
|V (u)r(z)| < C’rlj[ |(uz)r| = Crl][ lu,| = C’rlf Uy = Cr’lb(ux, z,T).
0B(z,r) 0B(z,r) 0B(z,r)

Then, returning to (6.17),

F V@ S V@ + (1) < Or b, )+ (2,7

B(z,r)
(6.19) < OV (1 4 w(ug, z,7))? + n*w(ug, ,7)>
At the same time, (6.5) with s = r, (6.19) and (6.2) yield, recalling that r < ry,
1/2

V)

(z,r)

< Cr%w(ug, z, 1) + C + Cy(1 + wlug, x,7)) + nw(ug, x,7)

W(tg, ,7) < Cr%w(ug, z,7) + C + (][
B

(6.20) <O 4 K7V 4 K 4 4 + pw(ug, o, 7).

If 7 is small enough so that Cn < 1/4 and K; is large enough and r; is small enough so that
1

(6.21) Cr? + K7t + 9K 49) < T

we get a contradiction since w(u,, z,7) > K; > 0. Under these conditions the second case is
impossible and (6.16) holds.
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To deduce (6.3), choose K7,r; and 7 satisfying (6.21) and

—n/2(,.0/2 -1 -1 1—/1—7
(6.22) C (9 (ri"”"+ K{ ")+ 0y(K{ + 1)) < 9
where 7) is as above. Let 3 € <1+ V;an, 1). We have
(6.23) VIZ2 4+ C (07200 + K7 + 03K+ 1) < 8,
which ensures that (6.3) holds. O

Theorem 6.1. Let u be an almost minimizer for J* in Q. Then u is locally Lipschitz in Q.

We want to show that there exist ro > 0 and Cy > 1 (depending on n, k, a;, A, A) such that
for each choice of xg €  and 9 > 0 such that 7y < ry and B(zg, Kaorg) C 2, where K> is as
in Lemma 5.4, then

(6.24) u(x) = u(y)] < Co(w(uay, 2o, 2r0) + 1)|z —y| for z,y € Blxo, o).

Proof. Let (z,7) be such that B(x, Kor) C Q. We want to use the different Lemmas above
to find a pair (z, p) that allows us to control u. Pick § = 1/3 (smaller values would work as
well), and let 3,v, K1,7 be as in Lemma 6.1.

Pick 7 = 71/2, where 71 € (0,1072) is the constant that we get in Lemma 5.1 applied with
Cy=3and rg = 1y.

Let now 7o, 7, K be as in Lemma 5.4 applied to Cy = 10, and to 7 and ~ as above. From
Lemma 5.4 we get a small r. Set

(6.25) K3 > max(K;, K), and ry <min(r,7r,).
Let r < ry. We consider three cases.
Case 1:
(6 26) W(um,x,r) Z K3
' b(ug, z,7) > vr(l + w(ug, x,r))
Case 2:
(6.27) w(tg, z,7) > Kj
' b(ug, z,7) < yr(1 4+ w(ug, z,7))
Case 3:
(6.28) w(tg, z,7) < Kj.

Let us start with case 1. By (6.26), we can apply Lemma 5.4 to find p € (&, nr) such
that (z, p) € G(1,10,3,7,).

Notice that 71 obtained in Lemma (5.1) depends on an upper bound on ry (which we had
taken to be ry), so if we keep C; but have a smaller ry, the same 71 works. Notice that
p <nr <r <r,. The pair (z,p) satisfies the assumptions of Lemmas 5.1-5.3 (applied with
ro = r1), that is, (z,p) € G(7,10,3,r,), where 7 < 71. By Lemma 5.3, u is C,-Lipschitz in
B(xz,7r/10).
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By (5.33), we can take
(6.29) Cp = C(172w(Up, x,p) + p2) < C(T7 20 2w(Uy, ,7) +72).

By Lemma 5.3 we even know that u is C* in a neighborhood of z, thus Case 1 yields
additional regularity.
In the two remaining cases, we set

re =0 =37%r, k>0.

Our task is to control w(u,,x,r;). If the pair (z,r;) ever satisfies (6.26), we denote kgop the
smallest integer such that (z, ;) satisfies (6.26) (notice that k& > 1 since we are not in Case
1). Otherwise, set kstop = 00.

Let k < kgop be given. If (z,7y) satisfies (6.27), we can apply Lemma 6.1 to it. Therefore
(630) W(u:paxyrkJrl) < ﬁw(uzaxark)'

Otherwise, (x,ry) satisfies (6.28) (since k < kgop). Then

1/2
(6.31) WUy, T, Ty1) = (][ |Vuw]2> < 32w(ug, x, 1) < 32 K.
B(z,rk41)

By (6.30) and (6.31), we obtain that for 0 < k < kstop,
(6.32) w(ty, x, 1) < max (Bkw(ui,x, ), 3%[(3) )

If kgtop = 00, this implies that
(6.33) liinsupw(ux,:r,rk) < 3% K.

—o0

In particular, if x is a Lebesgue point of Vu, (hence a Lebesgue point for Vu),

(6.34) |V, (z)] < 3"2Ks.
This implies
(6.35) |Vu(z)| < C3"2Ks3.

If Kstop < 00, we apply our argument from Case 1 to the pair (x,7y,,,) and get that u is

C1# in a neighborhood of x. By (6.29) and (6.32),
Va(e)| < C(r 30 3w(us, 0, ri,) + 72, )
< Cr7 2 % max (5’“S“’Pw(um, x,r), ?)%Kg) +Cr2

(6.36) < C'w(ug, z,r) + C,
where C” depends on n, k,a, A\, A. Notice that we still have (6.36) in Case 1 (directly by
(6.29)), and since (6.35) is better than (6.36), we proved that if » < ry, (6.36) holds for
almost every x €  with B(z, Kyr) C €.

Now let xy € Q and 19 < 7 be such that B(zg, Kor9) C 2. Then for almost every
x € B(xg,70), (6.36) holds with r = ro/2 (so that B(z, Kor) C B(xo, Karg) and so

(6.37) Vu(z)| < C'w(ug, z,7)+C" < 2"/20’w(ux,:v0, 2rg) + C".
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Since we already know that u is in the Sobolev space W,"?(B (o, 7)), we deduce from (6.37)
that w is Lipschitz in B(xg, 7o) and (6.25) holds, proving Theorem 6.1. O

7. ALMOST MONONOTONICITY

In this section we establish an analogue of the Alt-Caffarelli-Friedman | ] monotonicity
formula for variable coefficient almost-minimizers. Recall, for the reminder of this section,
the notation f* = max{+f,0}. In [ACF] it was shown that the quantity

1 \V4 +12 \vA 2
wron=L([ ALY ([ L)
(71) r B(y,r) |Z - y| B(y,r) |Z - y| )

= 7‘_14(I)+(f7 Yy, T)(I)—(.ﬂ Y, T‘)

is monotone increasing in 7 as long as f(y) = 0 and f is harmonic. While we cannot expect
to get the same monotonicity, we will prove an almost-mononicity result in the style of [DT].

Lemma 7.1. Let u be an almost minimizer for J in ), and assume that B(x,2r) C €,
where x is such that A(z) = I. Let ¢ € WH(Q) N C(Q) be such that o(y) > 0 everywhere,
o(y) =0 on Q\B(x,r), and let X\ € R be such that

(7.2) Ap(y)| < 1, on €.
Then, for each choice of sign, =+,

0 < Cre . (u) + Crot™ 4+ 22 {/ ©|VuF|? + / u* (Vu*, V@}

(73) B(xvr) B(mv"”)

+ A2 [/ O?|Vut|? + (uF)?| Vol + 2pu™ <Vui, Vgp>] ,
B(z,r)

where C' < oo is a constant which depends only on k,n, A, \ and the C® norm of A.
Proof. We verify the proof for u™, the arguments for u~ are similar. Define v on Q by

(7.4) v(y) = u(y) + Ae)uly) = (14 Xp(y)u*(y), Yy € B(z,r) N {u > 0}

and v(zx) = u(zr) otherwise. It is then easy to verify that v is continuous, that u and v

have the same sign on € and that v = (1 + Ap)ut everywhere on 2. We also know that
vt e WH2(Q) with

(7.5) Vot =1+ Xp)Vut + Mt V.

For a detailed verification of these facts, see the proof of Lemma 6.1 in [D1].
Because u and v have the same sign and as Vu~ = Vo~ we can compute that

Jor(V) = Jpp(0) +/ (AVv*, Vo) — (AVu®, Vu') .
B(z,r)

Also, u = v on OB(x,r) so we can use the almost-minimizing properties of u to conclude
that

(7.6) Jor(u) < Jpp(v) + Kro™™.
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Combining the two above equations we can conclude that
(7.7) 0<rrot™ + [/ (AVv", VoT) — (AVu®, Vu©)
B(z,r)

Note that A(z) = I and A is Hélder continuous. Thus, on B(z,7), we have
(AVVT, Vo) < (14 Cr*)|Vot|?

and
(1—Cr*)|Vu'|? < (AVu™, Vu™).

Using these estimates in (7.7), we have

(7.8) 0 < kr*™ 4+ (1+Cr®) {/ |Vot|? — \VUJFIQ] + 207’0‘/ |Vut .
B(z,r) B(z,r)

By the ellipticity of A, r [, , [Vu*|? < CrJ,,(u) and so we get

(7.9) 0 < krot™ 4+ C1r* 0 (u) + (1 4 Cor®) [/ |Vut]? — \Vuﬂz] :
B(z,r)

where C}, Cy < 0o here depend on &, A and the C%* norm of A. While the exact values of
C1, C5 are unimportant, we give them subscripts to emphasize that we cannot necessarily
take them to be the same constant.

We note that (7.9) above is very similar to equation (6.14) in [DT]. We can then argue as in
the rest of the proof of Lemma 6.1 there to complete our proof. For the sake of completeness,

we include these arguments below.
By (7.5),

Vot P =(1+ N2 Vul >+ 2X(1 + dp)u (Vu', V) + X (u*)?*| Ve[
(7.10) =|Vut > + 2X [p| Vut | + ut (Vu', V)]
+ )2 [¢2|Vu+]2 + 2pu™" <Vu+, V<,0> + (u*)Q\Vwﬂ .

Integrate this, place it in (7.9) and get that
0 <wkr®*™ + C1r®Jp,(u) + 2X(1 + Cor®) {/ | Vut P +ut (Vu™, ch>}
B(z,r)

+ A2(1 4 Cor®) [/B( | O*|VuT|? 4 2put <Vu+, Vg0> + (u+)2|V90|2] )

Divide by (1 + Cyr®) and add (Cr* — lfg;a){]m(u) > 0 for C' large enough depending

only on A, o and the C%* constant of A. This gives us the desired inequality (7.3). O

We will now state and prove variable-coefficient analogues of Lemmas 6.2, 6.3 and 6.4
in [DT]. We note that the proofs in [DT] use Lemma 6.1 there, the continuity of almost-
minimizers and the logarithmic growth of w(z,r). In particular, the proofs go through
virtually unchanged for almost-minimizers with variable coefficients. Thus, we will give brief
indications of how to adapt the proofs of [DT] in our context and invite the reader to study
Section 6 in [D'I] for more details.
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Lemma 7.2. [Compare to Lemmas 6.2 and 6.3 in [D'I]] Still assume that n > 3. Let u be
an almost minimizer for J in 0 and assume that B(xg,4r¢) C Q and that u(zg) = 0 and
A(xg) = 1. Then, for 0 < r <min(1l,r) and for each choice of sign, +,

c 1 1 ut\ 2
— &4 (u, x0,7) — —][ |Vujc|2 — —][ (—>
T n(n - 2) B(zo,r) 2 OB (zo,r) r

< Crai (1 + ][ |[Vu?| +log*(ro/r) + log™(1/ T)) '
B(:ro,ém)

Again, ¢, = (n(n — 2)w,)™" and C > 0 depending only on n, A, \, ||A||lco.« and the almost-
minimizing constants of u.

(7.11)

Proof. We will prove this for u™ and only prove the lower bound on the left hand side of
(7.11). The modifications required to prove the upper bound and the statement for v~ are
exactly as in [D'T] (see, in particular, Lemma 6.3 there) and we leave them to the interested
reader.

Fix s < r and apply Lemma 7.1 with

0 fory € Q\B(zo,7)
(7.12) ey) = ersy) = ¢ en(ly — o™ —r*™)  fory € B(wo,r)\B(wo, )
Cn8* — cprt ™ for y € B(xo, s),

no

note the constant ¢, is such that faB(xO " Oars(y) = 1. Finally, let A = c;lr”_2+n+1 and

1+¢
§ =12+,
Inserting this choice for ¢, A into (7.3), integrating by parts (moving the derivative onto
the ¢ term) and using Cauchy-Schwartz we get

(7.13)
1
0 < Cr®Jyyr(u) + Crot™ + 2X {/ | Vut|> — = (][ (u*)? — 7[ (ui)Q) }
B(zo,r) 2 OB (zo,r) 0B (z0,s)

Lo\ [/B( )¢2|wiy2 i (ui)2|Vgp|2} .

Using the definition of ¢ and the estimates

Cn cn(n — 2)
[lloo < = and  [|[Vplle < =
we can deduce that
(7.14)
0 < COr®Jyyr(u) + Crot™ +2X {Q)Jr(u, xo,T) — Cn2 / |Vu+|2}
T B(z,r)

- (71[93($0,T) (W)~ ]éB(xo,s) (ui)2>

2 (n—2)?2
+ 2)\2 [52n_4 / |VuE|? + T / (ui)ﬂ .
B(zo,r) B(z0,m)\B(z0,s)
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We want to estimate

V=0 ( ) 1 ][ Va2 1 f (u+)2
=—&, (u,x9,7) — —— ut|t— = —
r ’ n<n - 2) B(zo,r) 2 OB (zo,r) r

1
=—& (u,zg,7) — Cnr_"/ IVut|? — —][ (ut)?.
r? B(zo,r) 2r? OB (xo,r)

Rearranging the terms of (7.14) and dividing by 2Ar? we get that

« n 1
—M SCT (JIEOJ(U) +r ) + ][ (u+)2
B(zo,s)

Ar? 22
(7.15)

L[ é c(n—2)?2
+Ar2 [—52"4/ |Vu*|? + T / (ui)Q} .
B(zo,r) B(zo,r)\B(z0,s)

By the continuity of u, more specifically the last estimate in the proof of Theorem 3.1, and
u(xg) = 0 we can estimate

2
][ (ut)? <Cs? (w(u, T, 2r9) + + log <TO>> ,
B(z0,s)

2

2

/ (u®)? <Cr™*? (w(u,xo,Qro) + log <@>> :
B(zo,r)\B(x0,5) S

Apply the estimates (7.16) to the corresponding terms in (7.15) and use the logarithmic
growth of the Dirichlet energy, (2.34), to bound both the energy term in J,,, and the term

/ [Vut]? < / [Vul® < Cr™ (w(u, 7, 7o) + log(ro/7))* .
B(zo,r) B(zo,r)

(7.16)

Note that to bound the energy term in J,,, we need to use the ellipticity of A. Finally,

overestimate the area terms in J by |B(z,r)| ~ r". After some arithmetic, and plugging in

the values for A, s we arrive at the desired result. See [DT] for the detailed computations.
O

The next two results follow from the previous theorems just as they do in [DT]. We state
them here without proof and encourage the reader to refer to [D1] for full details.

Lemma 7.3. [Compare to Lemma 6.4 in [D'1]] Let u be an almost minimizer for J in €,
and assume that B(xo,4r¢) C Q with u(zg) = 0 and A(zy) = I. For 0 < r < fmin(1,r),

sett =t(r) = (1 — Tc{f) r. Then for 0 <r < min(1/2,7¢) and each choice of sign, =+,

" + 2 " iaui
|Vu™(y)|*dy | ds — ut—— | ds
t(r) B(zo,s) t(r) 0B(xo,s) on

< Opntesd (1 —|—][ |Vu|? + log? @) :
B(z0,Cro) r

Here, Ou*/On denotes the radial derivative of u* and C > 0 depend only on ||q+||eo, n, A,
A\ || Al o and the almost-minimization constants.

(7.17)
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Theorem 7.1. Let u be an almost minimizer for J in Q and let § be such that 0 < § <
a/4(n+1). Let B(xg,4r¢) C Q with u(xg) = 0 and A(xg) = I. Then there exists C > 0,
depending on the usual parameters such that for 0 < s <r < %min(l, o),

(7.18) ®(u, zg, ) < B(u, xo, ) + Clz0,70)7°,
where,
2
(7.19) C(xg,r0) =C+C (][ ]Vu\2> + C((log o)+ )*.
B(z0,2r0)

8. LOCAL LIPSCHITZ CONTINUITY FOR TWO-PHASE ALMOST MINIMIZERS

The proof of two-phase Lipschitz continuity follows the same blue-print as the one-phase
case. We start with Lemma 8.1 which is an analogue of Lemma 6.1. However, the proof
of Lemma 8.1 is a bit more involved as it requires the use of the two-phase monotonicity
formula, (7.18).

Lemma 8.1. Let u be an almost minimizer for J in Q and let By = B(x¢, \™"?r¢) C Q be
given. Let 0 € (0,1/2) and § € (0,1). Then there exists v > 0, K; > 1 and 1 > 0 (which
may depend on 0 and [3) such that if x € B(xg,10) and 0 < r < ry satisfy

(8.1) uz(y) =0 for some y € B(z,2r/3),
(8.2) |b(uy, z, )| < vr(1 + w(ug, x,r)), and
(8.3) w(ug, z, 1) > Kj.

Then,

(8.4) Wy, x,0r) < Bw(ug, z,1).

Proof. Let x,r be as in the statement, and y € B(z, 2r/3) such that u,(y) = 0. As usual, let
(ug)r agree with u, on 0B(x,r) and minimize Dirichlet energy inside of B(z,r). By standard
elliptic estimates there exists a ¢ > 0 (depending on 6 € (0,1/2) but independent of r, )
such that for all z € B(z, 0r),

cbt (ug, x,7)

* c *
V(ua)r ()l < - sup [(ue)r (O] <
¢eOB(z,20r) r

Using this estimate, (2.26) and the triangle inequality we can say:

w?(ug, 2, 0r) <2w*((ug)r, x,0r) +][ IV ((ug)f — ug) |2

B(z,0r)

bt (g, x,7)

(8.5) <C (T) 2 + C]i(w) IV ((ua)y = ua) |?

N 2
<C (M) +C + Crw?(ug, x,7),
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where C' > 0 depends on the dimension and the almost-minimization properties of u,, but,
crucially, not on K.

For any 8 € (0,1) if K; is large enough and r; is small enough (depending on ), then
(using condition (8.3)),

2 2
C + Cr°w?(ug, r,7) < M

2
Thus to prove (8.4), it suffices to bound
r

Recall the notation uF := max{4u,,0}. To simplify our exposition, we need to specify

whether u} or u, contributes more to the energy around z at scale r (of course the two
situations are symmetric). So assume, without loss of generality, that

1/2 1/2
wlut oz r)= (][ |Vuj]2) < <][ \Vux|2> = w(u,,z,7).
B(z,r) B(z,r)

We will now bound b" (u,, z,7) by w(u}, z,r). We then finish by bounding w(u}, x,r) by
a constant depending on xg, ro. This requires the monotonicity formula we developed in the
previous section.

To begin, note that

b (uy 2 1 (82) 2

A C) < —][ ul — =b(ug, 1) < —][ ul + (1 + wlug, z,7)).
r r 0B(z,r) r r dB(x,r)

Choosing v > 0 small (depending on § and K;), the second term on the right hand side

above is dominated by M So we have further simplified the problem and now it suffices
to bound

" JoB(wr) 2

Recall that y € B(z,r) such that u,(y) = 0. Fix n > 0 small but to be determined later,
and let z € B(y,nr/8). Integrating on rays from points in dB(z,nr) to points in 0B(x,r)
and using Fubini we see that

fooutsf wrectrf vall
0B(z,r) OB(z,nr) B(z,r)

8.7 1/2
(87) < sup uI%—C(n)r(][ |Vu;f|2) .
OB(z,nr) B(z,r)
——— N ~~
I II

Term [ in (8.7) is small because points in dB(z, nr) are close to y and u does not oscillate
too much. To wit, by Theorem 3.1 applied inside the ball B(z,r) (more specifically, using
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the penultimate equation in the Theorem’s proof), for all { € 0B(z,nr),

r

0 Q) =€) — u )] < €16 — ol (14 wlunr) +10g ()

[l
<Cnr (1 + w(ug, ,7) + log (%)) )

Picking 7 > 0 small enough (again depending only on K; and () this allows us to bound I
by rfw(u., z,7)/8 as desired.
To bound I7 in (8.7) note that

(3.14)
wluS, z,r)’w(uy, 2, r)? < Cw(ut,z, AY?r)w?(u™, z, AY?r)

<Cw(u®,y, (14 A)r)w’(u™, g, (1+AY*)r)

(8.8) SCWP(uy g AL+ AVt (AL AY)r)
<OB(uy, g, A1+ AY2)r)
(7.18

)
< O®(uy,y, (100 + A) ") + Orf,

where C' > 0 depends on the fB(IO 20

u but crucially does not depend on z,r or y. In what remains, we will denote by C(By)
constants that are uniform over points and scales inside of B(x, 2rg).
Recall, from above that

+12 -2
o= ([ L[
r B(y,r) ’Z - y’ni B(y,r) ‘Z - y‘ni .

_ 714‘1’+( £y )@ (f,y,7)

For ease of notation let ¢; = (1004 A)~'/2, so that B(y, ciro), B(y, AY?ciro) C B(y,r) C
B(zo,2ry). We estimate

) |Vu|?, 7o and the almost-minimization constants of

o0

Dy (uy,y,cqr o 1 _ .
(éro); J ZZQ 2 m(%(uy,yﬂ ciro) — Pa(uy,y, 27 errg))
1=0
<C 3 27 Va2 < C 3 27 )?
(8.9) <C). VP < 0D 27 (wluy,y, crro) + 1)
i=0 B(y,27%c17m0) i=0

(3.14)
Sc(w(uya Y, CITO) + 1)2 S C(W(U, Y, TO) + 1>2

<C(w(u,xq,2r9) + 1)2.
Combine (8.8) and (8.9) to obtain,
wut, z,r)’wlu,,z,1)* < CO(By) = w(u),z,r) < /OC(By).

Continuing we see that
w(u;,x,r)Q +w(u;,x,r)2 > K12 = w(u;,x,r)Q > K12 —CC(By) > K12/2,
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if K7 > 0 is large enough (but chosen uniformly over Bj). Putting the above two offset
equations together we have

Kiw(uf, z,r)?

<CC(By)

\/ZC’C By) Bw (U, x,T)

— 16 Y
where the last inequality is again justified by Choosmg K, large enough depending on (8 €
(0,1) and uniform over By. This completes the bound of I7 in (8.7) and in turn completes
the proof. 0

(8.10)
= w(ul,z,r) <

Theorem 8.1. Let u be an almost minimizer for J in Q. Then wu is locally Lipschitz in Q.

Again, we will show a more precise estimate; that there exist 7, > 0 and Cy > 1 (depending
on n,k,a, A\, A) such that for each choice of zy € Q and ry > 0 such that ro < 79 and
B(zo, Karg) C Q (with K5 as in Lemma 5.4), then

(8.11) lu(z) — u(y)| < Colw(ugy, xo,210) + )|z —y| for x,y € B(xg,r0).

Proof. Let (z,7) be such that B(x, Kor) C Q. We want to use the different Lemmas above
to find a pair (z, p) that allows us to control u. Pick § =1/3, 8 = 1/2 (smaller values would
work as well), and let v, Ky,7; be as in Lemma 8.1.

Pick 7 = 1/2, where 7 € (0,1072) is the constant that we get in Lemma 5.1 applied with
Cy=3and rg = 1;.

Let now 7o, n, K be as in Lemma 5.4 applied to Cy = 10, and to 7 and v as above. From
Lemma 5.4 we get a small 7. Set

(8.12) K3 > max(K;,K), and 7y <min(r,r,).
Let r < ry. We consider four cases.

Case 0:
(8.13) uz(2) # 0, Vz € B(x,2r/3)

Case 1: u,(z) =0 for some z € B(x,2r/3) and

(8.14) {W(ux,a:,r) > Ks

b(tug, z, 1) > yr(1 4+ w(ug, z,7))
Case 2: u,(z) =0 for some z € B(z,2r/3) and

w(ug, z,1) > Kj
(8.15) {b(uxw,?“) < r(1 + w(ug, z, 7))

Case 3: u,(z) =0 for some z € B(z,2r/3) and
(8.16) w(ty, 1) < Ks.

Let us start with Case 0. If u, does not vanish inside of B(z,2r/3) then we know that u
is CY% in a neighborhood of z and (4.9) tells us

(8.17)  [Vuu(y)| < C (w(ug, z,7) + /%) for almost every y € B(z, L0 *A/2A~Y27).
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If we are in case Case 1, by (8.14), we can apply Lemma 5.4 to find p € (1721,777“) such
that (z,p) € G(1,10,3,7,).

Notice that 71 obtained in Lemma 5.1 depends on an upper bound on 7y (which we had
taken to be ry), so if we keep C; but have a smaller ry, the same 71 works. Notice that
p <nr <r <r, The pair (z,p) satisfies the assumptions of Lemmas 5.1-5.3 (applied with
ro = r1), that is, (z, p) € G(7,10,3,r,), where 7 < 7. By Lemma 5.3, u is C,-Lipschitz in
B(xz,7r/10).

By (5.33), we can take

(8.18) Cr = Clr~3w(us, 2, p) + pF) < Ol (g, 2,7) +7%).

By Lemma 5.3 we even know that u is C# in a neighborhood of z, thus Case 1 yields
additional regularity.
In the two remaining cases, we set

re = 0%r =3"%r k>0.

Our task is to control w(u,,z, ). If the pair (z, 7)) ever satisfies (8.14) or (8.13) we denote
kstop the smallest integer such that (z,7) satisfies (8.14) or (8.13) (notice that £ > 1 since
we are not in Cases 0 or 1). Otherwise, set kgop = 00.

Let k < ksop be given. If (x,ry) satisfies (8.15) and there exists a y € B(z,2r/3) such
that u,(y) = 0, we can apply Lemma 8.1 at that point and scale. Therefore

(8.19) Wy, T, Tr11) < w(Uy, x, 1) /2.
Otherwise, (x,ry) satisfies (8.16) (since k < kgop). Then

1/2
(8.20) WUy, Ty Tp1) = <][ |Vux]2> < 3%2w(ug, x, 1) < 37 K.
B(z,m11)

By (8.19) and (8.20), we obtain that for 0 < k < kstop,
(8.21) w(ty, ,71) < max (27 w(ug, z,7), 3%K3) .

If kgop = 00, this implies that
(8.22) liinsupw(ux,x,rk) < 32 K.

—00

In particular, if x is a Lebesgue point of Vu, (hence a Lebesgue point for Vu),

(8.23) |V, (z)] < 3"2Ks.
This implies
(8.24) |Vu(z)| < C3"2Ks.

If Eytop < 00, we apply our argument from either Case 0 or Case 1 to the pair (z,r,,,)
and get that u is O in a neighborhood of z. By either (8.17) or (8.18) and then (8.21),

V()] < C(ta @, 7,) +72,,)
< C'max (ﬁksmpw(um, x,r), ?)%Kg) +Cr2
(8.25) < C'w(ug, z,r) + C,
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where C” is independent of x,r. Notice that we still have (8.25) in Cases 0 or 1 (directly
by (8.17) or (8.18)), and since (8.24) is better than (8.25), we proved that if r < ry, (8.25)
holds for almost every x € Q with B(x, Kyr) C .

Now let 2y € Q and 79 < 79 be such that B(zg, Kar9) C €. Then for almost every
x € B(xg,10), (8.25) holds with r = ry/2 (so that B(x, Kor) C B(xg, Ka1p) and so

(8.26) IVu(z)] < C'wlug, x,7) + C" < 2M2C"w(uy, o, 2r¢) + C'.

Since we already know that u is in the Sobolev space W,"?(B(x(, 7)), we deduce from (8.26)

that w is Lipschitz in B(xg, o) and (8.11) holds, proving Theorem 8.1. O
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