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ABSTRACT. We prove that for minimizers of the vectorial Alt-Caffarelli functional the
two-phase singular set of the free boundary is rectifiable and the blow-up is unique almost
everywhere on it. While the first conclusion is an application of the recent techniques
developed by Naber and Valtorta, the uniqueness part follows from the rectifiability and
a new application of the Alt-Caffarelli-Friedman monotonicity formula.

1. INTRODUCTION
Let © C R¢ be an open subset of R4, We say that a function
U:(ul,...,uk):Q—HRk

is in the Sobolev space H'(Q;RF), if uj € H(Q) for every j = 1,...,k, and we denote
the Dirichlet integral of U by

k
/NU\?dx ::Z/ V|2 da.
Q =e

Moreover, we say that U € HE(;RF) if u; € HL() for every j = 1,...,k. When
U € H}(;RF) we will automatically assume that U is extended by zero outside Q. We
will denote by |U| the norm of the vector U, that is,

U = (zk:ug)/

J=1

Given a constant A > 0, an open set  C R? and a function U € H'(Q; R¥), we define the
vectorial Alt-Caffarelli functional as

J(U:Q) = /Q (yVU|2 +A(m)]l{|U|>0}> dz

where A : R? — R is a positive C%%-regular function bounded away from zero and infinity,

that is, there is a constant Cy > 0 such that
1
— < A(z) <Cy forevery z€R%
Ca
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For the sake of simplicity, throughout the paper we will assume that A is a constant; the
proofs in the general case require only minor standard technical modifications.

Given an open set D C R?, we say that the function U : D — R is a local minimizer
of Jin D if U € H'(;R¥) for every open set € D and if

J(U;Q) < J(V;Q) forevery V € HY(D;R¥) such that U —V € Hi(QRF).

The vectorial Bernoulli problem consists in minimizing the functional J in some bounded
open set D among all functions U € H 1(D;]Rk) with prescribed boundary condition. In
particular, given a minimizer U, we are interested in describing the local structure of the
free boundary 0€Qy inside D, where Qg is the set

Qv = {|U] > 0}

This problem generalizes both the classical one-phase Bernoulli problem first studied by
Alt and Caffarelli in [1] and the two-phase Bernoulli problem of Alt-Caffarelli-Friedman
[2] for which the full regularity of the free boundary was obtained only recently in [4].

The vectorial Bernoulli problem was introduced simultaneously in [3], [12] and [10], and
at first it was studied in the so-called non-degenerate case in which it is a priori known
that at least one of the components of U does not change sign. The regularity of the
free boundary in the general degenerate case was first obtained in dimension d = 2 (and
for any k > 2) in [15], where it was shown that 0Qp can be decomposed is the disjoint
union of two sets: the regular part Reg(0€)) is an open subset of 00y and a smooth
manifold, while the remaining singular set Sing(0€;;) is contained in a countable union of
Cl@_regular curves, the blow-up limit of U being unique at every singular point. In higher
dimensions, the C1® regularity of Reg(9Qy) in the degenerate case was first obtained in
[11] and later in [13] (the precise definition of the regular part will be given in Section 1.2).

The present paper is dedicated to the singular part of the vectorial free boundaries
0Q, where U is a local minimizer of the functional J. Before we give our main result
Theorem 1.2 (Section 1.3), in Section 1.1 and Section 1.2, we briefly recall some of the
known properties of the solutions of the vectorial problem.

1.1. Regularity of the vectorial free boundaries. Let U be a local minimizer of J
in the open set D C R?. Then, the function U is locally Lipschitz continuous in D, the
set Qu = {|U| > 0} is an open subset of D and the free boundary Qy N D can be
decomposed in the following three disjoint sets (see for instance [13]):

e The regular part Reg(0€Q) is the set of points on 9y N D at which the Lebesgue
density of iy is precisely 1/2. It is now known that Reg(0€);) is an open subset of
0Oy and is locally a Ch%-regular (d — 1)-dimensional manifold (see [11], [13] and
[6], and also [15] for the two-dimensional case).

e The one-phase singular part Sing; (0€y) is the set of points on 9Qy N D at which
the Lebesgue density of Q is a number £ € (1/2,1). In [12] and [13], it was shown
that Sing; (09 ) is a closed subset of 9Qy N D such that:

— Sing; (09 ) is empty in dimension d < d*;

— Sing; (09 ) is a discrete set if the dimension of the space is exactly d*;

— Sing; (09y) has Hausdorff dimension d — d* if d > d*;
where d* is the smallest dimension in which there are one-homogeneous solutions of
the one-phase problem with a singular free boundary (that is, which is not locally
the graph of a smooth function); we recall that for the moment it is only known
that d* € {5,6,7} (see [9] and [5]).
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e The two-phase singular part Sing,(9€) is the set of points on 9Qy N D at which
the Lebesgue density of 7 is 1.

1.2. Blow-up limits at two-phase singular points. Let x¢g € 9Qy N D be fixed. For
every r > 0, we consider the rescaling

1
Uzor(z) = ;U(a:o +rx).

Since U is Lipschitz, we know that, for every R > 0, there is p > 0 such that the family
of functions Uy, ,, 7 € (0, p) is defined and uniformly Lipschitz continuous on Br. Thus,
there is a decreasing sequence 7, — 0 such that the sequence of functions U, ,,, converges
locally uniformly to a function V : R* — R¥, which might depend on the blow-up sequence;
we will say that V' is a blow-up limit of U at zg. It is well-known (see for instance [12])
that any blow-up limit of U is

e Lipschitz continuous non-constantly zero function on R%;

e a local minimizer of J in R%;

e a one-homogeneous function on RY.
In [13] it was proved that if x( is a two-phase singular point, xg € Sings(9Qy ), then every
blow-up limit of U at xg is of the form

V(z) = Az for some d X k real matrix A.

Moreover, again in [13] it was shown that, even if V' might a priori depend on the blow-up
sequence, the rank of the matrix A depends only on the point zy3. We notice that the rank
is an entire number between 1 and min{k, d}.

(i) If Rk(xg) is 1, then there is a unit vector v € R? such that the rows of the matrix
A are the vectors aqv, ..., aiv, where the constants ay, as, ..., ar € R satisfy
o +ai+ - +al>A (1.1)

(ii) If 1 < Rk(zp) < k, then any blow-up of U at zg is of the form Az, where the
matrix A = (a;;)q; is such that

2
E ajj; = ch,
Z'7j
where ¢ is a dimensional constant.

Remark 1.1. It was shown in [13] than if A is a matrix of the form (i), for which (1.1)
holds, then the linear function U(z) = Ax is a global minimizer of J (that is, a local
minimizer in R?). For what concerns the point (ii), classifying the matrices of rank higher
than one, which are global minimizers is currently an open problem.

1.3. Stratification of Sing,(9€2y) and the main theorem. For every j =1,... k, we
define the stratum S; as

S; = {wo € Singy (0Qy) : Rk(zo) = j}‘

In [13] it was shown that, for every j = 1,...,k, the set S; has Hausdorff dimension d — j.
In this paper, we prove the following result

Theorem 1.2. Let U : D — R* be a local minimizer of J in the open set D C R, Then,
for every j = 1,...,k, the j-th stratum S; of Sing,(9Q) is (d — j)-rectifiable and has
locally finite (d — j)-dimensional Hausdorff measure.

Combining this result with a suitable version af the Alt-Caffarelli-Friedman monotonic-
ity formula we obtain
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Corollary 1.3. Let U : D — R be a local minimizer of J in the open set D C R%. Then,
at H¥1-almost every point xo of Sing,(0Qy) the blow-up of U is unique.

Remark 1.4. For the first stratum S; the finiteness of the (d — 1)-Hausdorff measure (but
not the rectifiability) was proved in [13] by a different technique.

2. PROOF OF THEOREM 1.2

We introduce the quantitative stratification as defined in [14] (see [8] in our con-
text). The results of this section are simple modifications to our setting of nowadays
well-understood results.

Definition 2.1. Let U be a minimizer of J in D. Given a point x € Singy(90Qy), we say
that U is (j,e)-symmetric in By (z) if

1
_/ |U—A‘2dx < &
Td 2 Bu(2)

for some linear function A: R* — R* such that Rk(A) = d—j. The (j,¢)-stratum, S (U),
is the set of points x € Singy(9Qy) for which U is not (j + 1,¢)-symmetric in B,.(x), for
every 0 < r < min{1,dist(z,dD)}.

We remark that, as usual, §7 = U0 Sg, so that it will be enough to show that each s?
is j-rectifiable. This follows from Naber and Valtorta breakthrough result [14] combined
with the following observations.

Lemma 2.2 (Monotonicity formula (see [12])). Let U = (uy,...,uz) : D — R¥ be a local
mianimizer of J in the open set D C R, Then, the function

&(U, 20, 7) ::/

By
1§ monotone non-decreasing in r and we have

|VUpg | dx — /aB Uso |2 dHT + A|{|Usr| > 0}]
1

k
aT(I)(Uv Zo, T) > Z /83 |$ ' vuﬁ,zo,r(l‘) - uﬁ,wo,r(m)F de_l(:E)v (21)
(=1 1

where wg g, »(z) 1= %uz(xo +rx). In particular, for any free boundary point xo € 0Qy we
can define the energy density
®(U,x0,0) := lim (U, xg,1),
r—0t

which also coincides with the Lebesque density of the set Qy at xg.

Lemma 2.3 (Quantitative splitting). For any p,~y, Ey > 0 there exists no = no(p, v, Eo) >
0 such that the following holds. Let U = (u1,...,ug) : D — RF be a local minimizer of J
in D C R and let x € S2. Letr >0 and E € R, |E| < Ey, be such that
Bior(x) C D and sup @(U,z3r) < E. (2.2)
zE€ B3y ()

Then, at least one of the following alternatives hold:

(1) either ‘
S!N By(z) C{z € By(x) : ®(U,z,qr) > E —~}, (2.3)
(2) or, for any n < no, there is an affine (j — 1)-dimensional space L’~1 such that
{z € B.(z) : ®U,22nr)>FE—n} C B, (L’71), (2.4)

where Bs(L) denotes the tubular neighborhood of size s around p + L.



REGULARITY OF THE VECTORIAL FREE BOUNDARIES 5

Proof. Without loss of generality we can assume z =0 and r = 1.

We can assume there are points y1,...,y; € By such that
Yi ¢ Bp(p+span{y1, ..., ¥i-1,¥it1,---,y;}) and U, y;,2n) > E—n (2.5)
for every ¢ = 1,...,4j and for some n > 0 to be chosen later. Indeed if such points don’t

exist, then there is a (j — 1)-dimensional affine plane L’~! such that
y€BI\By(L'™") = Uy <E-n,
which is precisely the alternative (2).
Now we claim that there exist 1, 8 > 0 such that if (2.2) and (2.5) hold, for some E
and p > 0, then we have
OU,z,v)>E—~ for every z € Bg(L) N By (2.6)
SIN By C Bs(L)N By, (2.7)
where L = p + span{yi,...,y;}, which clearly implies that alternative (1) holds and
concludes the proof.
Suppose therefore that (2.6) fails. Then there are sequences Uy, Yn i, L, 1, Bn, Epn such
that 7y, 8, — 0 and for each n € N there is x,, € Bg,(Ly) N By such that

Up to passing to a subsequence we have that U,, converges strongly in H llo .(By) and locally
uniformly in By to a function V' : Bg — R, which is a local minimizer of J in By. Moreover,
we can also suppose that
E,—E, Yni—vi, Ly,—L, x,—>x€BNL.
By the contradiction assumption and by the continuity of ® for fixed radius we get
O(V,z,0) < ®(V,z,7) = lim ®(Up,xn,7) < E—7. (2.8)
n—oo

On the other hand, we notice that by (2.5) and the contradiction asssumption we have
O (Un, Yniy 20n) > Ep — 1y for every n > 1.
Thus, for every fixed p > 0,
OV, yis p) = i @(Un, Yn,is p) = T S(Un, Y is 20n) 2 lim (B —n,) = E,

n—0o0
and passing to the limit as p — 0, we get
®(V,y;,0) > E forevery i€ {l,...j}.
On the other hand, by hypothesis,

sup (U, z,3) < E,, for every n > 1.
2€B3

Thus, using the coninuity of ® in the first two variables (for fixed radius r = 3), we get

sup ®(V,2,3) < E.
z€B1

Now the monotonicity formula for V' at the points y1,...,y; implies that
o(V,y;,r)=FE forevery i€{l,...,j} andevery 0<r<3.

Thus, by Lemma 2.2 implies that V' is one-homogeneous with respect to each of the points
Y1,...,Yj, which means that V' is one-homogeneous and independent of L. Now since
x € L, this implies that ®(V,z,0) = E, which is a contradiction with (2.8).

Thus, we know that there are 19 > 0 and 8 > 0 such that if (2.2) and (2.5) hold, for
some FE € (—Ep, Ey), p > 0 and n < 1, then also (2.6) holds. Thus, it remains to show
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that with this choice of 5 we have also (2.7). Arguing again by contradiction, we suppose
that (2.7) fails for a sequence Uy, yn i, Ly, and z, € (Sg(Un) \ Bg(Ln)> N By for which
(2.2), (2.5) and (2.6) hold for some n, — 0 (with fixed p, 3,7, and E). Then, by the same
argument as above, we obtain a 1-homogeneous function V' (the limit of U,) invariant on
L (the limit of L,) and a point = € <Sg(V) \Bg(L)) N By, which is the limit of z,,. This
implies that any blow-up W of V' at x has j 4+ 1 symmetries. In fact, since V is invariant
with respect to every y € L, so is W; moreover, since V' is 1-homogeneous and x # 0, its
blow-ups at x are invariant in the direction of z. Thus, U, is (7 + 1,&)-symmetric at z,,
for n sufficiently large, which is a contradiction with z,, € SZ(U,,). d

Lemma 2.4 (Effective control of the § number-L? estimate). Let U = (uy, ..., ux) : D —

R be a local minimizer of J in the open set D C R and let xq € SZ(U). There is a
0 =4(d,e) > 0 such that if

O(U, x0,87) — ®(U, xg,0r) <4,
then for any finite Borel measure p the following estimate holds

j 2 C(d7€) . r
8 (,r)? < L& /B (@8 0y ().

rJ

where Bﬂ(m,r) is the Jones’s 8 number defined by
A 1 .
2 . . 2
e =t s [ s+ L duty).

where the infimum is taken over all affine j-dimensional planes p + L7 .

Proof. Let p,, be the barycenter of p in B,(x), that is

1
Pz = m /BT(I) ydu(y) = ][B,«(m) ydu(y) -

Consider the symmetric positive semi-definite bilinear form B: R? x R¢ — R defined by
Bevw)i=f, (@ per) ) (U —par) w) duly)  Vow B
B (x

By standard linear algebra, there exists an orthonormal basis of vectors {vy,...,v4} C R4
which diagonalizes the bilinear form B,, that is

Bx(v,-,vj) = 61’]’ )\z where 0 < )\d <. < )\1 .

If we denote with Lﬂ(m, r) the plane realizing the infimum in the definition of Bﬁ(m, r), it
is then easy to check that

LZ = pgr + span{vy,..., v} and Bﬂ(% r)? = M Z Ai - (2.9)

Moreover, since the barycenter p, , satisfies the equation

/ (Y = par) duly) =0, (2.10)
By (x)
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for every i = 1,...,d, we have

d

Nivi =) (][T(z) ((y = Pag) - vi) (Y = Par) - v5) du(y)> vj

J=1

d
= - wr UUT i| d
ﬁw) (y—p Lzl Y = D) - 0j) g] p(y)
= ][ ((y - p:}c,r) : Ui) (y - pm,r) d,u(y)
By (z)
~f (= per) v yauty). (2.11)
Br(z)

Next, for each component u, of U, we compute

A (v - Vug(2)) = f =) ) (- Vul2) duty)
- f = pe) ) (0el2) = () V) ).

where in the second equality we used again (2.10). Using Holder inequality we deduce

N Jo; - Vug(2)|? < f (4 — par) - vi)? duly) f (ue(z) — (= — ) - Vug(=))? duly)
Br(w) BT(QE)
X (o) = (2= ) Vurl)? duy),
()

Summing over the components of U, we conclude

k k
A Y| Vug(z) v < Z][ (ue(2) = (2 = y) - Vue(2))? dply) . (2.12)
=1 —1 7/ Br(z)
Next, we set A, 4(z) := By(x) \ Bs(x) and compute
k
42 U A
. /Asr4r(w ; (Wl d
k
< pd-2 we(2) — (2 — y) - Vug(2))? d dz
e > ]fg ) = (=) V) duty
k
< we(2) — (2 —y) - Vue(2))? |z — y| =4 2dz d
< ]i();/A( () = =) V) =l u(y)
<y 7{9 (B0 87) 0V 7)) d) (2.13)

where in the second inequality we used (2.12) and in the last inequality we used (2.1).
Next we claim that there is 0 = d(g,d), ¢ = ¢(d,e) > 0 such that for any orthonormal
family of vectors {v1,...,vj41} we have

J+1 K

rd+2/ ZZ v; - Vug(2))" dz. (2.14)

3r4r Zlfl
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It is enough to show this when » = 1 and x = 0, so we assume by contradiction that there

is a sequence of minimizers U, = (up,1, ..., Upx) and othonormal systems {of,... v} }
such that
J+1 k 1
/ o V()2 dz < ~ (2.15)
A3,4(0) j— 1 z 1 n

and moreover
1
®(U,,0,8) — ®(U,,0,1/n) < - (2.16)

Up to passing to a subsequence we can assume that U, — V strongly in W2, with
V a minimizer. By (2.16) we have that V is 1-homogeneous, by (2.15) we have that
vl - Vup(2z) = 0 for every z € A34(0), £ =1,...,kand i =1,...,j + 1, which implies
that V' is j + 1 symmetric in Bg (as it is 1-homogeneous). This is a contradiction with the
hypothesis 0 € SZ(U,,) for every n.

Finally, combining (2.9), (2.12) and (2.14) we conclude

; 1(Br(z))
ﬁﬂ(ﬂfﬂ‘)Q < 774 kAja
g+1 Gl ok

= ZTM/ 22 V() d

Asrar(®) j=1 p=1

C(d,e)
ri

<

| (@) - aUam) duty),
()
as desired. O

Proof of Theorem 1.2. The proof of Theorem 1.2 follows by combining Lemmas 2.2, 2.3
and 2.4 with the work of Naber-Valtorta [14] (see also [7] for a more concise presentation
of the fact that the three lemmas imply the desired result). O

3. UNIQUENESS OF THE BLOW-UP LIMITS. PROOF OF COROLLARY 1.3
In order to prove Corollary 1.3 we will need the following lemma.

Lemma 3.1. Let U : D — R* be a local minimizer of J in the open set D C RF. Let
xo € Singy(00y). Let Ax and Bx are two linear functions obtained as blow-up limits of
U at xg, then

|Alo| = |Blo]| for every o € R

Proof. Suppose, without loss of generality, that zg = 0. For every vector o € R”, consider
the function

U-0:D—R.

Since U is harmonic, where it is non-zero, we have that also the function o - U is harmonic
on the sets {o-U > 0} and {¢-U < 0}. Thus, by the Alt-Caffarelli-Friedman monotonicity
formula (see [2]), we have that the quantity

. 2 . 2
V(U 0,1) = / e OF 4 / ALY
r B.n{c-U>0} || B,n{c-U<0} ||

is non-decreasing in . In particular, the limit

lim ¥(U, o, 1),
r—0
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exists. Suppose now that the blow-up sequence Uy, converges (locally uniformly and

strongly in H}. ) to a blow-up limit of the form Az, where A is d x k matrix. Then, since

\I’(U, g, T) = \I](U()J‘a g, 1)7

we have that

At 2 At 2
lim U(U, 0, 7) = / |A'q| Aol )
r—0

w) (]
Bin{o-Az>0} |7|472 Bin{o-Az<o0} |7|472

which concludes the proof. ]

Proof of Corollary 1.3. By Theorem 1.2 we know that at almost every point xy €
Sing, (092) there is a unique tangent plane 7 = {z : z-v = 0} (where v € R? is a unit
vector) to 9€,. Let now Uy, ,, be a blow-up sequence converging to a blow-up limit of the
form Az. Since 0{|Us, .| > 0} converges in the Hausdorff distance in B; to 0{|Ax| > 0},
we have that KerA is precisely the tangent plane T. Thus, A = n ® v for some vector

v € R*. Thus, for any vector o € R, we have that |Ato| = |n- o|. As a consequence, the
vector 7 (and thus the matrix A) does not depend on the blow-up sequence. O
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