
Math 1371 – Lecture 20

Bryan Mosher

Monday, November 12, 2007

1 Nuts and bolts

1. Read the following sections before workshop tomorrow:

• 6371 Mean value theorem
• 6383 The substitution rule
• 6385 More substitution rule
• 6389 The distance problem
• 6391 Definition of the definite integral

2. Office hours this week: MW 11-12, and F 12-1.

2 What’s happening today

1. Tying it together: how the area problem and antiderivatives are related.

• Definition of definite integral
• Area, velocity, and distance
• Fundamental theorem of calculus

2. Mean value theorem – on the way to proving the fundamental theorem of
calculus

3 Review: Newton’s method

In order to approximate a solution x to the equation f(x) = 0, given a guess
xn, then make your next guess xn+1 as follows:

xn+1 = xn −
f(xn)
f ′(xn)

.

Example 1. On Wednesday, I suggested that some chaotic behavior could
be generated by applying Newton’s method to f(x) = x2 + 1, which does not
have a root!
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This can be demonstrated quickly with a calculator: (using the language of
the TI-83) enter your “guess” into the calculator, then enter

Ans - (Ans2+1)/(2Ans)
and press Enter repeatedly.
With an initial guess of x = 2, here are the next few approximations in the

sequence, to two decimal places: 2, 0.75, -0.29, 1.57, 0.47, -0.84, 0.17, -2.80,
-1.22, -0.20, 2.40, 0.99, -0.01, 63.71, ...

4 The definite integral

If f(x) is a continuous function on [a, b], the definite integral of f(x) on [a, b] is
defined to be the limit

lim
n→∞

b− a

n

n∑
k=1

f(a+
2k − 1

2n
(b− a)).

This limit is denoted ∫ b

a

f(x) dx.

Section 6391 demonstrates how to evaluate limits of this form directly from
the definition, by using summation formulas. You will practice problems of this
type in workshop.

These limits are not easy to calculate directly. Thankfully, we have...

5 The fundamental theorem of calculus

If F ′(x) = f(x) (that is, if F (x) is an antiderivative for f(x)) on [a, b], then∫ b

a

f(x) dx = F (b)− F (a).

This is the cornerstone of the entire course – it relates the two
main concepts, the derivative and the integral.

Example 2. Find ∫ π

0

sinx dx.

Example 3. Find ∫ 2π

0

sinx dx.

Example 4. What is the area trapped between the x-axis and the graph of
sinx between π and 2π?
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Principle: Integrals of functions that are negative on an interval have neg-
ative value. In other words, areas below the x-axis contribute negatively to the
value of the integral.

6 Relating velocity and distance

Example 5. Suppose that a car is traveling east at a constant velocity 70 miles
per hour. How much distance does the car cover in 3 hours?

Principle: The integral of velocity tells us total change in position. In other
words, the area under the velocity graph is the total change in position.

(If the object is always moving in the same direction, that is, if velocity is
always positive, then this is the same as total distance covered.)

Example 6. Suppose that a car is traveling east for 3 hours, and its velocity
decreases steadily (linearly) from 70 mph at noon to 60 mph at 3 p.m. How
much distance does the car cover in those 3 hours?

7 Mean value theorem

Up to now, the fundamental theorem of calculus has been just a magic trick.
Why is it true?

The key to understanding the proof of the fundamental theorem of calculus
is the following theorem:

Mean value theorem. If f(x) is continuous on [a, b] and has a derivative
on (a, b), then there is a number c between a and b such that

f ′(c) =
f(b)− f(a)

b− a
.

Before we understand the relationship between this statement and the fun-
damental theorem of calculus, let’s understand this statement graphically and
algebraically.

Example 7. Let f(x) = x3 + x2 − 6x on [−3, 3]. Find all c that satisfy the
conclusion of the mean value theorem.
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Next time, we’ll indicate the relationship between the fundamental theorem
and the mean value theorem.
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