
Math 1371 – Lecture 6

Bryan Mosher

Monday, September 24, 2007

1 Nuts and bolts

1. Before workshop tomorrow, read the following section of the text:

• 6335 Implicit functions

2. The first midterm exam is a week from Thursday. We will review in lecture
next Wednesday and in workshop next Thursday.

3. Office hours this week: MW 11-12, and Th 10-11.

2 The main point from Lecture 5 on Wednesday

The chain rule tells us how to differentiate composite functions.
Differentials, for our purposes, give us linear approximations to more com-

plicated functions, which we can visualize using the tangent line to the graph
of the function.

3 What’s happening today

1. More on differentials and the chain rule

2. Implicit functions – Equations in x and y that implicitly define y as func-
tion of x.

4 Review: Differentials

We ask the question: If x changes by a little bit, by how much does f(x) change?
The INCREMENT tells us the exact answer, but it may be “complicated”

to compute:

∆y = f(x + ∆x)− f(x).
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The DIFFERENTIAL gives a linear approximation to how much f(x)
changes:

dy = f ′(x)dx.

Note that the differential is NOT the same as the derivative. Think of
dy = f ′(x)dx as a function of the variable dx, where for each x the derivative
f ′(x) gives the linear coefficient in front of dx.

bad
function

nice
function

If x changes by this much...

then the function changes by this much,
and we call that the INCREMENT.
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nice
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If x changes by this much...

then the tangent estimates that the function
changes by this much, called the DIFFERENTIAL.

To summarize the notation and terminology we used in the picture:
For a function f(x) at a point x:
Suppose we change x by a little bit ∆x. Then how much the function actually

changes is given by the increment:

∆y = f(x + ∆x)− f(x).

Suppose we change x by a little bit dx. Then the tangent line approximates
that the function changes by this much, which is called the differential:

dy = f ′(x)dx.

Example 1. You have a spherical balloon of radius 10 cm. Use a differential
to estimate how much more surface area the balloon has when you blow up the
balloon further so that its radius has increased by 1 cm.
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5 Review: chain rule
d

dx
(g(f(x)) = g′(f(x)) · f ′(x).

“The derivative of a composite function is
the derivative of the outside function evaluated at the inside function
times
the derivative of the inside function.”
Recall the product rule problems where we had only “sparse information”:

the values of the functions and their derivatives at a single point. We can use
the chain rule with the same type of “sparse information”.

Example 2. Let h(x) = g(f(x)). Suppose that f(2) = 1
2 , and f ′(2) = − 1

4 ,
and g′( 1

2 ) = 1. Find h′(2).
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Example 2a. Let h(x) = sin( 1
x ). For which x do we have h′(x) = 0?

6 What is a function?

A function is a rule that assigns to each input exactly one output.
(Note: the rule might not be defined at every real number. For example,

f(x) = 1
x is not defined at x = 0.)

Graphically, it means that any vertical line touches the graph of the rule at
most one time.

Example 3. Graph x2 + y2 = 100. Does this equation define y implicitly
as a function of x?
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We say that the equation x2 + y2 = 100 defines y implicitly as a function of
x. And we can be precise about the functions of x as follows:

The equation x2 + y2 = 100 defines y implicitly as the functions

y =
√

100− x2

for 0 ≤ y ≤ 10
and

y = −
√

100− x2

for −10 ≤ y ≤ 0.
The inequalities are called side conditions.
Example 4. Graph the equation

x2 − 4y2 − 8y = 5.

Describe how the equation defines y implicitly as a function of x.
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