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If we evaluate these anomaly coefficients perturbatively in each of the four models’, sum-

ming over the 6N? gluinos of R-charge 1 and two sets of 6V matter fermions of R-charges

—2 and —%, we see that a = c and ¢ ~ 2N2.

If we perform the same calculation of the central charge in the C3/(Z3 x Z3) orbifold
gauge theor we find ¢ ~ 4N?2. As observed by Gubser [19], in such a situation where we
deform th - bifold gauge theory in the UV and flow to the IR dPs theory, we expect a
relation from the AdS/CFT correspondence

CIR 1/Vol(H)
cov  1/Vol(S5/(Zs x Z3))

(2.18)

between ratios of central charges and respective volumes of horizons. We have just

computed crgp : cyy as 1 : 2. In section 3, we will compute the ratio of volumes
Vol(S%/(Zs x Z3)) : Vol(H), which we find to be 1 : 2 as well.

2.3. N =1 duality in the four models.

In this section, we show that in fact the four models are related by the V' = 1 duality
of [11]. This duality, of course, relates SQCD-like theories flowing to the same conformal
fixed point in the deep IR. Moreover, it provides a mapping of chiral operators between
the two models that can be used to map deformations of one into “dual” deformations of
the other, preserving the property that the physics at extremely low energies is identical.
What we mean by N' = 1 duality in the context of our models is the following. Consider, in

—~—— e

any of the models, a factor of the gauge group under which a total of 2V chiral multiplets

transform in the fundamental representation. If we deform the theory by turning off

the superpotential couplings for these fields, as well as the gauge coupling for any other

factors in thgw under which they are charged we isolate a SQCD like theory

“In this deformed theory, [11] predicts an equivalent descrlptlon in terms of “magnetic”

variables transforming under a magnetic gauge group SU(N) (hence the insistence on 2V

fundamentals, since we wish to remain with quivers of this type). One can then turn on

the remalmng couphngs revvrltten in terms of the magnetlc variables, returmng to a dual

PR

is the fact that such mappings of deformations lead to agreement between two dual models.

We will see that this is indeed the case.

" We believe that only in Model I is there a scale at which this perturbative analysis is valid,

and it seems to be a coincidence that the other models agree.

16




So in order to apply the N = 1 duality to our models with a product gauge-group and
superpotential, we start in Model I by going to a point® corresponding to a pure SU(N)

SQCD theory, for which all factors of the gauge-group but one, suppose the first, decouple

and the superpotential is turned off. In this pure S U(N) theory we apply the usual N=1

transformation to obtain a dual description.

Thus we define composite mesonic fields (4 an arbitrary mass scale)
pMas = X21.X15,
pMas = X21X16,
puMys = Xa1X1s,
puMye = X41X16,
and introduce the dual chiral fields Xlz, X14, X51, and Xsl. The dual SU(N) SQCD

(2.19)

model possesses a cubic superpotential

)\{tr [M46X61X14] —tr [M45;z51;214] +tr [M25X51X12] —tr [M%me(lg]} . (2:20)

The relative signs in (2.20) are fixed by the presence in the original SQCD theory of a
global SU(2) x SU(2) symmetry under which X51 and Xe; (resp. X1z and X14) transform

as doublets.
We now restore the original superpotential and the remaining gauge couplings. In the

dual model this leads to the superpotential
Wi = hytr [X32X26X63] + hoptr [M45X54] + haptr [X34X42M26X65X53]
— hgptr [M46X63X34] — hsptr [M25X53X32} — hetr [X54X42X26X65]

.3 A{tr [M46X61X14] —tr [M45X51X14] +tr [M25X51X12} — it [M26X61X12] } .
' (2.21)
We now integrate-out the massive fields Mys and X4 from (2.21) to obtain an equivalent

effective potential for the low-energy dual theory

erﬁ: hitr [X32X25X63] + haptr [X34X42M26X65X53]

— hgptr [M46X63X34] — hsptr [M25X53X32] — 22—22 tr [X51X14X42X26X65:|

+ Atr |:M46X61X14] + Atr [M25X51X12] — Mtr |:M26X51X12] .
(2.22)

8 Note that this point can only be reached via relevant deformations of the theory, and hence
lies away from the critical manifold of interest. However, the dual SQCD theories will possess

dual relevant deformations which may be used to reach the critical manifold.

Ly




We observe that Wfﬁ is the superpotential for Model II and that the representation
contents of the models agree. Thus deforming back to the original model, we have found
that Model I is dual to Model II. We also observe that the fundamental chiral superfields
Y26, Yae, and Xo5 in Model IT arise under the duality from the mesonic fields Mog, Myg,
and Mys in Model 1. Under the inverse duality transformation, we of course obtain Model I
again. In this case we find that the fundamental field X54 in Model I arises from a mesonic
composite field in Model II.

We now consider the relation between Model IT and Model ITI, with similar reasoning.
In this case, we consider the SQCD point in the deformation space of Model II for which
all SU(N) factors decouple but the one labelled ’5’ and for which the superpotential is

turned off. At this point, we again define the composite mesonic fields

p Moy = Xo5 X571,
p Moz = Xo5 X53,
pMe1 = Xe5X51,
p Mgz = Xe5X53,

(2.23)

and the dual fields X 15, X, X{,g, and Xsg. The dual superpotential WI r then is

Wir = hatr {YZLG}/GIXIAL} + hoptr [M21X12] — hatr [Y46X63X34 — hgptr [M23X32]

+ hstr [XSZXZGXSB] — hgtr {XIZYrZGYGl} + hrptr {X34X42Y26M63} — hgptr [X14X42X26M61]

+ /\{tr [M23X35X52} —fr [M63X35X56] +tr {M61X15X56 —tr [M21X15X52] } y
(2.24)
Integrating-out the massive fields May, X125, Moz, and X35 yields a low-energy effective

superpotential

erfﬁ = hytr [Y46Yf51X14] — hatr Y46X63X34] + Atr [M61X15X56] — Atr [MESBXSSXSS}

+ hrptr [X34X42Y26M63:| — hgptr [X14X42X26M61]
he

haps

+ 2% tr [XBSX&XZGXGB_ = o= [X15X52Y26Y61] ;

(2.25)
We again see that this effective superpotential is the superpotential of Model III and the
representation contents agree. Further, we note that the fundamental superfields Xg; and

Yg3 of Model III arise under the duality from the composite fields Mg; and Mgz of Model

18



II. Under the inverse duality transformation, the fields Xg2 and X5 in Model II arise as
composite mesons in Model III.
Finally, to relate Model III to Model IV, we decouple all the SU(N) factors of the

)

gauge group in Model II except factor '2’ and turn off the superpotential. At this point

we define the composite mesonic fields

Mg = Xa2X06 ,
 Msg = X52X06,

(2.26)
Ny = X42Y06 ,

1 Nsg = X52Y06 ,

and introduce the dual fields 5(24, )~(25, st, and }762. The corresponding dual superpo-

tential is

Wirr = hitr [X56X61X15} — haotr [XsszssXss] + hstr [Y46Y61X14] — hytr [Y46X63X34]

+ hsptr [N46Y63X34] — hep tr [N56Y61X15]

+ hrptr {M56X63X35] — hgptr [M46X61X14]

+ )\{tr [M46%2X24} = F [Mss?az)zzs] + tr [stsjfszjfzs] —tr [N46X62X24:| } :

(2.27)

We identify WI 11 with the superpotential of Model IV and note that the representations
also agree. We also note that in this case the fundamental fields Yse, Zs6, X46, and Zge
of Model IV have appeared from the composite fields Msg, Nsg, Mg, and Ngg. Under the
inverse duality transformation, we reproduce Model III. None of the fundamental fields in
Model III arise as composites in Model IV.

So, by going to various points at which we can apply the /' = 1 duality, we see that
the four models do describe the same family of conformal theories. In [15] the authors
mention two other pairs of “toric dual” theories, describing D3-branes transverse to a cone
over a del Pezzo surface dP, which is the blowup of P? at two points and to a cone over
a Hirzebruch surface Fo (better known as P! x P!). We will indicate how these theories
are related via N/ = 1 duality in Section 5. We are led to conjecture that all instances of

“toric duality” are in fact of this form.
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Description of Seiberg Duality (from physics)

From “Brane Dimers and Quiver Gauges Theories (2005) by Franco,
Hanany, Kennaway, Wegh, and Wecht:

i

After picking a node to dualize at: “Reverse the direction of all arrows
entering or exiting the dualized node. This is because Seiberg duality
requires that the dual quarks transform in the conjugate flavor
representations to the originals. ...

Next, draw in ... bifundamentals which correspond to composite (mesonic)
operators. ... the Seiberg mesons are promoted to the fields in the
bifundamental representation of the gauge group. ...

It is possible that this will make =ome fislds rassive, in which case the
appropriate fields should then be integrated out.”

Jeong-Musiker-Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 15 / 47

Description of Seiberg Duality (rephrased combinatorially)

Pick a vertex j of the quiver Q (equiv. face of the brane tiling 7g) at
which to mutate. Then, reverse the direction of all arrows incident to J,
ie. Ay — Aj, Next, for every two-path i — j — k, “meson”, in @ draw in
a new arrow | — k, “the Seiberg mesons are promoted to the fields”. Let
Q' denote this new quiver.

We similarly alter the superpotential W to get W’. For every 2-path

i — j— kin Q, we replace any appearance of the product A;jAj in W
with the singleton Ajx, and add or subtract a new degree 3-term, A,'kAﬁj J*,
[t is pos‘sible, that this will make some of the terms of W’ of degree wwo
“massive”, in which case there should be an associated 2-cycle in the
mutated quiver Q' that can be deleted, “the appropriate fields should then
be integrated out”.

This is in fact Mutation of Quivers with potential from cluster
algebras (as defined by Derksen-Weyman-Zelevinsky)!

Jeong-Musiker-Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 16 / 47
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Description of Seiberg Duality (on the Brane Tiling)

In the special case, that we are mutating at a vertex with two arrows in
and out, a toric vertex, this corresponds to a Urban Renewal of a square

face in the brane tiling.

AN 2

. 5 . .
Example (Q§2’3)): oL o' with potential

W = A;zAssAu + AisAssAssAst + AssAsrArs + AoaAss Asz + Ao7A74As6A62

— AssAsArAsr — AzaAssAss — A13Ass Asy — AarArzAss Asz — AssAs7A74.

Consider the corresponding Brane Tiling T( 3) and mutation of (@, W)

at the toric vertex labeled 1. (Associated to Gale-Robinson Sequence)

Jeong—Musﬂ(er—Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 17 / 47

Description of Seiberg Duality (on the Brane Tiling)

Example (Q§2’3))' Se&———e’4  with potential
W = AizAszsAu + A16A63A§5 ) Asy + A( )A57A73 + A2aAgs Asy + AprA74As6A62

—  A16Ae A2 Asr — A34AssAe3 — A13A§,5)A51 — A27A73A§,¥)A52 — A5 As7A74.

November 9, 2013 18 / 47

Brane Tilings and Cluster Algebras
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Description of Seiberg Duality (on the Brane Tiling)

Example (Q§2’3)): e&——*"  Rotate potential terms containing 1

W = AnAisAs + AsiAieAssAsy) + ASY Asz As -+ AssAgs Asa + Axt AraAas Aso
—  ApnAieAeAcs — Az AssAsz — A51A13A§§’) — A27A73A§‘5/)A52 — Ays As7A74.

Jeong-Musiker-Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 19 / 47

Description of Seiberg Duality (on the Brane Tiling)

Example (Q§2’3)): * Mutating at 1 yields
W' = ApAs+ A56A63A§§/) + Agg)A57A73 + A Ass Aso + Aoz AraAse As2
- Agg)AszAm — AssAseAss — Aé’;')Aé'g') - A27A73A§,;/)A52 — Ags As7 Azs

+ ALAD AN 4 ALA AL AT AAY — Al Ass ALy

Jeong-Musiker-Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 20 / 47
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Description of Seiberg Duality (on the Brane Tiling)

2 ’ . . ;
Example (Q§ ’3)): <=—"°"*  Highlighting Massive terms
W' = AsAs+ AssAss ALy + A Ast Ars + AssAus Asa + Azr AzaAss Aca
- Agg)AﬁzAzz; — Az As6A63 — AEQ)AQ;) o= A27A73Agg)A52 — Aus As7Azs

o ALAD AL+ AAL AL — AL AALL — Als AssAgy.

B i a
Jeong-Musiker-Zhang (AIGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 21 /47

Description of Seiberg Duality (on the Brane Tiling)

Example (Q$2’3)): * Highlighting complementary terms
W = AsAu+ AssAssAl) + A Ast Ars + AssAss Asz + Axt ArAss Ae
— AP Ay Agy — AssAssAss — A AL — Mgt Ars AL Aso — Ass Ast Ara

+ ALARD AL+ ALY A5 AL — A A AT — AlsAss Al

- a
Jeong-Musiker-Zhang (A!Gqum 9) Brane Tilings and Cluster Algebras November 9, 2013 22 /47
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Description of Seiberg Duality (on the Brane Tiling)

6o

0 4

Example (Q§2’3)): \\9'

Reduces the potential to
W// s

A56A63Ag¥) + A2sAus Asz 4 Az AraAsgs Ao — AEZ)A@AM 3 A27A73A§§)A52
— AusAstArs + AL AD A — Als AssAdy — AssAcs Al ALy + Asy ATy Asy Avs.

v -Jeong-Musiker-Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 23 /471

Description of Seiberg Duality (on the Brane Tiling)

Example (Q§2’3)): T 3
W’ =

If we cyclically permute vertices
A45A52A§_X) + A13A32A41 + A16A63As5Ast — Agﬁ)A51A13 - A16A62A2Z)A41
— AsAisAes + A AL AL — AS Ass Al — Ass Asa Al Aty - Al Avy Aas Aca.

Jeong-Musiker-Zhang (AlGeCom 9)

Brane Tilings and Cluster Algebras

November 9, 2013 24 [ 47
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Description of Seiberg Duality (on the Brane Tiling)

Example (Q§2’3)): =l 3 — Sed /4
The cyclic permutation yields the original Brane Tiling and (@, W)!
W' = AwAsAl + AuAsuA + AsAsAsAss — A Asi A — AsAs Al Aa
—  AszsAsAs3 + A%"3A§’5’)AE’7 — At Aus Asy — Ass Asa Ar ATz + As7 A7 Aws Asa
W = AAsAn + AsAcAly Ast + AS) Ast Ars -+ AsaAss Asa + Axr AzaAss Acz
—  AwsAs2AnAn — AsAssAss — AsAS) Ast — A27A73Ag5V)A52 — Ass As7 Ara.

Jeong-Musiker-Zhang (AlGeCom 9) Brane Tilings and Cluster Algebras November 9, 2013 25 / 47



