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1. Introduction.

This paper is devoted to the classification of certain non-commutative generalizations
of classical integrable soliton equations. In the literature, integrable multi-component
equations have been considered by Svinolupov, [45], [46], [48], [47], Fordy, [2], [3], [14],
[15], Marchenko, [26], and many others. Svinolupov started the systematic classification
of such systems, and observed that many arise from certain special types of nonassociative
structures, such as Jordan algebras, Jordan triple systems, and so on. This approach leads
to many new examples of integrable matrix and vector equations, [42], [44], which are
becoming the focus of significant research activity, [16], [17].

Our starting point is the fact that most of the interesting examples appearing in these
papers arise when the field variables take their value in an associative algebra. Particularly
important cases are matrix or operator algebras, Clifford algebras, including the algebra
of quaternions, and group algebras. Indeed, since the field variables can be regarded
as taking values in an operator algebra, our classification approach can be considered
as a constructive procedure for quantizing classical integrable systems. The associative
algebra systems are the simplest, meaning that the algebraic theory and the computations
are most easily understood. Svinolupov investigated integrable equations associated with
special kinds of non-associative algebras, although he did not consider integrable equations
arising from with the simpler associative algebras in any depth.

The existence of higher order symmetries has been effectively used to classify inte-
grable evolution equations with commutative field variables, [33], [50], [13], [35]. Higher
order symmetries typically occur in infinite hierarchies, obtained by successively applying
a recursion operator to a trivial “seed” symmetry. (Bakirov, [4], proposes an example of a
fourth order system with a single sixth order symmetry and no higher symmetries of order
< 60; however, to date, no-one has been able to rigorously prove that Bakirov’s system
has no additional higher order symmetries.) Ibragimov, Shabat, Sokolov, and Mikhailov,
(18], [19], [28], [41], introduced the concept of a formal symmetry. Their method was
then successfully used to classify several basic types of integrable evolutionary systems.
We further refer the reader to the extensive tables in [28], [29], [30], for a summary of
known examples. Due to the complexity of the computation, some of these classification
tables relied on the existence of higher order conserved densities, and hence may not be
complete. Indeed, as we demonstrate in our analysis of two-component systems of nonlin-
ear Schrédinger (NLS) type, there are two integrable commutative two-component systems
of NLS type which do not admit conserved densities and thus do not appear in the tables.

In this paper, we develop the symmetry classification of integrable systems arising from
associative algebras in a systematic fashion. We have been able to find quite a few new and
interesting examples of integrable systems using these methods. Many of our examples do
not come from Jordan algebras, and thus lie outside the class of equations considered by
Svinolupov, [48]. To make the classification procedure tractable, it is important that the
dependent variable is not viewed as a matrix or vector with entries that can be combined
arbitrarily, but only appears using intrinsic algebra operations of multiplication, addition,
scalar multiplication, and, possibly, trace and transpose. One of our main points is that
the higher order symmetries of the integrable matrix equations should themselves be local
matrix equations. Although this is perhaps not surprising, it is not obvious from the work
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of Svinolupov and Fordy. Although we are as yet unable to conclusively demonstrate the
locality of all the higher order symmetries, all known examples admit at least one higher
order local matrix symmetry, and we choose this property to classify the equations.

A key question is how many of the known commutative examples extend to non-
commutative integrable equations. We now list some known examples of integrable equa-
tions in which the field variable takes its values in an associative algebra. (For simplicity,
the reader can view u as a matrix-valued function.) The simplest case is, of course, a linear
equation:

u, =u, = DI (u). (1.1)
The matrix-valued Burgers’ equation comes in a right and left handed version,
U, = Uy, + ul,, or U, = Uy, +u u. (1.2)

Note that reversing the order of multiplication (or, in the matrix case, taking the transpose
u — u*) interchanges the two versions of Burgers’ equation. The matrix Korteweg—deVries
equation

is invariant under transpose. Here {u,v} = 1(uv 4 vu) is the standard anti-commutator
between fields u and v. There are, remarkably, two different matrix versions of the modified

Korteweg-deVries equation. The first is

u, :uzm—|—3u2u%—|—3u%u2 :uwz—l—G{uz,uz}, (1.4)

and is invariant under both v — «* and v — —u. The matrix Miura map
u=tv, + v? (1.5)

maps this mKdV equation (for v) to the matrix KdV equation (1.3) for u. The second
version is

Uy = Uy, + Suu,, — 3u, u— 6uu,u=u,,, +3[u,u,,]|— 6uu,u, (1.6)

which is invariant under only v — —u*. This equation was first described in [23], where
the Lax pair formulation and the inverse scattering problem were studied. Equation (1.6)
does not admit a Miura transformation. Finally, the nonlinear Schrodinger equation has
a noncommutative version

u, = u,, + 2uvu, v, = —v,, — 2vuv, (1.7)

which is invariant under simultaneous transposes v — u*, v — v*. The system (1.7) can
be identified with the usual (noncommutative) form

of the nonlinear Schrédinger equation if we identify u = v, v = 9 and perform a complex
scaling of the z coordinate. Such complex transformations do not affect the algebraic
integrability of the equation, but do, of course, have significant effects on its analytical
properties and (real) solutions.



Not every scalar integrable system has a noncommutative counterpart. There are no
purely matrix analogues of the fifth order Sawada-Kotera, [39], and Kaup, [22], equations
when the right hand side of the evolution equation only involves the field variable v and
its derivatives, but we suspect there may be versions that also depend on the transpose u*
and its derivatives. However, the complexity of the calculations have so far prevented us
for finding the desired equations.

Symmetry reductions of classical soliton equations lead to ordinary differential equa-
tions of Painlevé type, meaning those whose movable singularities are only poles, [1].
Analogous reductions of our noncommutative integrable systems will therefore lead to new
associative algebra-valued ordinary differential equations of Painlevé type. In particular,
we exhibit analogues of some of the classical Painlevé transcendents. However, it remains
to determine the types of singularities and perform a Painlevé classification of such sys-
tems in a direct fashion. We refer the reader to [38], [49], for additional applications of
associative, Jordan, and other types of algebras to ordinary differential equations.

A particularly powerful approach to integrability was discovered by Magri, [25], who
showed how equations possessing two distinct compatible Hamiltonian structures have a
recursion operator, and corresponding infinite hierarchy of commuting biHamiltonian flows
and associated conservation laws. As in the commutative case, some of the integrable equa-
tions over associative algebras are also biHamiltonian systems. In order to understand this
additional structure, we shall need to develop the theory of functionals and Hamiltonian
operators over associative algebras having an additional trace operation. The verifica-
tion of the all-important Jacobi identity requires us to develop the associated theory of
noncommutative functional multi-vectors, in direct analogy with the commutative version
developed in [35; Chapter 7]. The biHamiltonian approach provides a simplified proof of
the existence of suitable recursion operators.

Remarkably, one consequence of our studies is that the first order Hamiltonian op-
erators associated with systems of hydrodynamic type, as considered by Dubrovin and
Novikov, [9], [10], [11], do not naturally generalize to local Hamiltonian operators in non-
commutative variables: one is required to append certain nonlocal terms in order to satisfy
the Jacobi identity. The resulting noncommutative operators have some similarities with
the non-local (but commutative) Hamiltonian operators of hydrodynamic type introduced
by Mokhov and Ferapontov, [12], [31], [32]. Given the beautiful and deep connections
between such Hamiltonian operators and classical Riemannian geometry, this result invites
an interesting speculation on the proper form of a noncommutative Riemannian geometry,
[6], that will produce such nonlocal Hamiltonian operators.

We begin our paper with a review of the basic facts from the theory of associative
algebras. In section 3 we present classification results for one-component evolution equa-
tions, of orders 2, 3, and 5. Section 4 discusses the classification of two-component systems
of nonlinear Schrodinger type. Section 5 provides a brief discussion of the theory of non-
commutative Painlevé equations. The last section develops the noncommutative theory of
Hamiltonian and biHamiltonian systems, with emphasis on the KdV and mKdV systems.
The main classification theorems all rely on extensive computer algebra computations.
To help convince the reader of the correctness of our conclusions, we have included an
appendix that outlines the computational strategies our programs employ, as well as a
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discussion of how the results were arrived at. The MATHEMATICA programs for effecting
such computations are available at the web site

http : //www.math.umn.edu/~ olver.

2. Associative Algebras.

In this paper, the field variables in our systems will take their values in a linear
associative algebra A. Three important examples are the algebras of n x n matrices,
Clifford algebras, [7], [37], and the group algebras appearing in the representation theory
of finite-dimensional groups, [8]. Our results, though, do not depend on A being finite-
dimensional, and so we could also view A as a suitable operator algebra over, say, Hilbert
space.

For brevity, the noncommutative multiplication uv for u,v € A will be just denoted
by juxtaposition. We use the notation

L,(v) = uv, R, (v) = vu,
for the operators of left and right multiplication. The commutator and anti-commutator
on A are denoted by the standard bracket notations
[u,v] = wv — vu, {u,v} = 3 (uv + vu). (2.1)

We also introduce the notation

C,(v) = [u,v], A, (v) = 2{u,v}, (2.2)
so that

c,=L,—R,, A, =L,+R,. (2.3)

Note that the anti-commutator defines a Jordan algebra structure on 4, [21]. Finally, for
notational convenience, we introduce the “triple anti-commutator”

{u,v,w} = L(wow + wou). (2.4)

Note that {u,v} = {u, e,v}, where e is the identity element of A.

Each of our associative algebras comes with an involution u — u*, called the transpose,
that interchanges the operations of left and right multiplication, so (uv)* = v*u*. In certain
instances, we will also require the existence of a trace form on the algebra, by which we
mean a scalar-valued invariant bilinear form tr: A x A — R, that satisfies

truv = tr oy, so that tr [u,v] = 0. (2.5)

The simplest example of an associative algebra is, as mentioned above, the algebra of
real n x n matrices, which we denote by gl(n,R). More generally, if A is any associative
algebra, then the space gl(n, 4) of n X n matrices whose entries belong to A also forms an
associative algebra. Since gl(m,gl(n,A)) ~ gl(mn, A), iterating this procedure does not
produce anything new. Similarly, one can form “vector” associative algebras by taking the
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direct sum of two or more associative algebras, e.g., A B, and using the component-wise
multiplication (a,b) - (¢,d) = (ac, bd).

Clifford algebras form a second important class of associative algebras, cf. [7], [37].
The simplest non-commutative Clifford algebra is the algebra H of quaternions. We write
v = v + w where v € R is the scalar and w € R? the vector part of u. Note that the
associative quaternion multiplication is

ult = (V0 — W - W) + oW +0W + W X W, (2.6)

where - is the ordinary dot product and x the ordinary cross product in three-dimensional
space. The general classification of Clifford algebras can be found, for instance, in [37].

Theorem 2.1. Every Clifford algebra over R is isomorphic to one of the following
matrix algebras

gl(2*,R),  gl(2*,0),  gl(2%,H), gi(2",ReR), gl(2*,Hs H). (2.7)

Therefore, every Clifford algebra is constructed as a matrix algebra (of a particular
size) over the basic algebras R, C, H, and the two vector algebras R sR, and Hs H.

If G is a finite group containing r elements, then the (real) group algebra A, = R[G]
is an r-dimensional vector space, whose basis elements are identified with the elements of
G. Thus, the elements of R[G] have the form u = deG u9 - g, with coeflicients u9 € R
indexed by the group elements. The group algebra multiplication is induced from that of
the group itself. Thus, if w = uv, then

w9 = Z uhvh_lg, (2.8)

heG

where h™!g denotes the multiplication of elements h,g € G. Note that the group algebra
is commutative if and only if G is abelian. Thus, the simplest noncommutative group
algebra is the six-dimensional algebra R[S?] associated with the symmetric group on three
letters. See [8] for details and applications to representation theory.

3. Classification of One-Component Evolution Equations.

Let A be an associative algebra. We can use the linear structure on A to differentiate
maps u: R — A, leading to an algebra of associative, but not necessarily commutative
differential polynomials, which we denote by D = D[z, u|. We use subscript notation for
derivatives, so that u_, u_,, etc. denote the first, second, etc. derivatives of v = u(x)
with respect to to its scalar argument z. For simplicity, we only consider z-independent
differential polynomials in this paper, although the general methods readily extend to
differential polynomials that have z-dependent coefficients.

A one-component’ A-valued evolution equation will then be of the general form

u, = Klul, where K e D. (3.1)

T In the commutative case, a one-component equation is a scalar equation, but the use of the
term “scalar” here would be confusing.



In the following section, we consider multi-component equations. Each evolution equation
describes the flow associated with an evolutionary vector field

o) . )
n=1 n

which acts on the space of differential polynomials, cf. [35]. Two such equations are called
equivalent if they can be mapped to each other by a scaling transformation

T — Az, t — ut, u — vu, Apv # 0. (3.3)

The evolution equation (3.1) is said to be integrable if it admits a higher order differ-
ential polynomial symmetry, again described by an evolution equation

u, = Slul, where S e D. (3.4)

The symmetry condition that the two evolutionary flows (3.1), (3.4) commute implies that
the two evolutionary vector fields commute: [vg,vg] = 0. Define the Fréchet derivative
of the differential polynomial K by adapting the basic formula

d
Dylw] = — Ku + ew] ) (3.5)
de —o
from the commutative case, cf. [35]. Since v [S] = Dg[K], the commutativity of the flows

(3.1), (3.4), can then be written in the usual form
Dy[S]— Dg[K]=0. (3.6)

Given an evolution equation (3.1), the determination of all symmetries (3.4) of a
given order m is a straightforward, but computationally intensive, calculation. We have
implemented a MATHEMATICA package which will automatically do these computations.
Even so, due to time and memory resources, only a limited number of such computations
can be completed.

In all interesting examples, the right hand side of an integrable evolution equation (3.1)
turns out to be a homogeneous differential polynomial with respect to some weighting of
its constituent monomials. We introduce a weighting scheme on the algebra D by assigning
a weight m = degu to the dependent variable and n = degz to the independent variable,
so that the ktt order derivative of v with respect to z has weight m + kn. We shall, without
loss of generality, assume that degz = 1. The weight of a monomial is the sum of the
weights of its multiplicands. We let D™ denote the space of differential polynomials all
of whose monomials have weight n. We set deg K = n if K € D™, For example, the KdV
weighting sets

degu = 2, degz = 1. (3.7)

zrze? uuz

and v, u. Every differential polynomial P € D®) of weight 5 is thus a linear combination

In the noncommutative case, there are three monomials of weight 5, namely «

of these three monomials. Clearly, if (3.1) is a homogeneous evolution equation, then the
homogeneous summands of any symmetry are automatically symmetries, and hence we
can, without loss of generality, restrict our attention to symmetries S € D(™) that are
homogeneous in the prescribed weighting.



Definition 3.1. Under a given weighting scheme, the weight of an evolution equation
(3.1) is equal to the difference deg K — degu.

For example, under the KdV weighting (3.7), the most general evolution equation of
weight 3 has the form

u, =au,,, +buu, + cu,u, (3.8)

where a,b,c € R. The reason for the definition of weighting is so that, when z has degree
1, the linear terms in an evolution equation of weight k are of order k, and so, in most
cases, the weight of the evolution equation equals its order. More specifically:

Definition 3.2. A homogeneous evolution equation is nondegenerate if it contains
a linear term.

Lemma 3.3. Ifdegz = 1, then a nondegenerate homogeneous evolution equation of
weight k is a kt® order differential equation.

As a consequence of Definition 3.1, the commutator equation v, = Dy [S] — Dg[K]|
of a weight k equation and weight [ symmetry has weight k£ + [. (However, in the one
component case, it is never nondegenerate!)

We now summarize the results obtained to date through the symmetry classification
of nondegenerate homogeneous polynomial evolution equations (3.1). The following results
are the consequences of extensive computer algebra computations using our MATHEMATICA
package. See the Appendix for details of the proofs of the following classification theorems.

Theorem 3.4. For the KdV weighting (3.7), every nondegenerate polynomial equa-
tion of weight 3 over a noncommutative associative algebra having a weight 5 symmetry
is either linear or equivalent to the Korteweg-deVries equation (1.3).

For example, the fifth order symmetry of the Korteweg-deVries equation (1.3) is

Uy = Uy, + 10{u,u,,, } + 20{u,,u,, } + 20{u’,u, } + 10uu u. (3.9)

Note that, in the commutative case, this reduces to the standard fifth order symmetry of
the ordinary Korteweg-deVries equation, [35].

In the commutative case, there are three different fifth order integrable polynomial
equations, [28], [24]; besides the fifth order KdV equation, these are the Sawada—Kotera
equation, [39], and the Kaup—Kupershmidt equation, [22]. We have shown that neither of
these has an associative counterpart where the right hand side is a differential polynomial
in u alone, although we believe that there do exist integrable versions involving w and its
transpose u*.

Theorem 3.5. For the KdV weighting, every nondegenerate polynomial equation of
weight 5 over a noncommutative associative algebra having a weight 7 symmetry is either
linear or equivalent to the fifth order Korteweg-deVries equation (3.9).
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Using the triple bracket notation (2.4), we can write the seventh order symmetry of
the fifth order Korteweg-deVries equation (1.3) in the form

+42{w?,u,,} + 28uu,, u + 98{u,u ,u,, } +112{u,u ,u,} + (3.10)
+ 70{u,,uyu,, } 4+ T0u> + 70{u®, u,} + 70{u? u, ,u}.

TTT

The second interesting weighting is that associated with both Burgers’ equation and
the modified Korteweg-deVries (mKdV) equation, which assigns equal weighting to z and
u:

degu =1, degz = 1. (3.11)

Theorem 3.6. For the equal weighting (3.11), every nondegenerate polynomial equa-
tion of weight 2 over a noncommutative associative algebra having a weight 3 symmetry is
either linear or equivalent to either the right or left handed Burgers’ equation (1.2). Every
polynomial equation of weight 3 having a weight 5 symmetry is either linear or equivalent
to one of the following five equations:

ut = u:v:n:n —I_ 6 {u27uz}7

u, = u,,, +3[u,u,,] - 6uu,,

Uy = Uy, + Sug, (3.12)
Uy = Uy, + 3UU,, + 3ui + 3u2uz,

U, = Uy, +3u,, u+ 3ui + 3u$u2.

The first and second of these integrable equations are the two versions of the mKdV
equation discussed above. The third is the potential KdV equation. The fourth and
fifth are the third order symmetries of the right and left handed Burgers’ equations (1.2),
respectively — these systems also admit fourth order symmetries.

Each of the preceding one-component noncommutative integrable equations can be
made into an integrable system by identifying the dependent variable as a matrix-valued
function u(z,t) = (ug(m,t)) A second interesting class of systems comes from the case
when u = v +w € H takes its values in the quaternions, where v € R, w € R?, as in (2.6).
The quaternion versions of our integrable equations are as follows:

1 uaternion Burgers’ equation:
( g q

v, =V, +VV, — W W,

3.13
w,=w,_ +(vw), +wWxw,_. (3.13)
(2) Quaternion Korteweg-deVries equation:
2
= s 30— 1w ), 11

Wt = W:c:n:n + G(vw)z
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This coincides with the well-known vector KdV equation given in [42].
(3) The first quaternion modified Korteweg-deVries equation is
v, = —|—(2v3—6v|w|2)

@’ (3.15)

Wi =Wies + 6("02W)$ -6 | w |2 W

This is also a well-known vector mKdV equation.

(4) The second quaternion mKdV is more interesting:

+ (6] w v —2v°),,

Vi = Vygs
3.16
wt:wm%—{—G(w><W%—(1)2—1—|w|2)w)m—|—18|w|2 w,. (3.16)
Note that the reduction v = 0 leads to the three-dimensional vector equation
w,=w,  +6wxw,  —6w w)w+6|w|w,. (3.17)

Finally, we can also consider cases in which the field variable u takes its values in a
group algebra R[G|. The multiplication rule (2.8) allows us to write out the component
form of the equation. For example, the Korteweg-deVries equation (1.3) on a group algebra
has the component form

w =ul,, +3Y [ +u U, gea. (3.18)
heG

The indices in (3.18) are governed by the group multiplication. The G-KdV system (3.18)
is integrable for any finite group G. In particular, if G is abelian, then the two summands
in (3.18) coincide.

Because of the variety of isomorphisms between matrix, Clifford, and group algebras,
our three classes of associative algebras very often lead to different forms of the same equa-
tion. For example, in view of Theorem 2.1, the associative equations on higher dimensional
Clifford algebras are straightforward matrix versions of either the real, the complex, or the
quaternionic equations. The vector integrable systems in [42] arise from Clifford algebras.
The evolution equations associated with the last two matrix Clifford algebras R &R and
He H automatically decouple into two independent evolution equations associated with
the real or quaternionic matrix algebra, and are thus not particularly interesting.

4. Integrable Two-Component Systems on Associative Algebras.

The classification of associative algebra valued systems having two or more field vari-
ables is even less well developed. We shall only consider second order systems of the
form

u, =Au, + F(u,u), (4.1)

where u = (u!,...,u™) and A is a constant n x n matrix. Note that, by a (complex) linear

transformation u — Bu, we can place A into Jordan canonical form. Moreover, scaling z
will allow us to make at least one of the diagonal entries of A equal to 1.
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Mikhailov, Shabat and Yamilov, [29], [30], investigated the two component systems,
n = 2, in detail, and used the existence of higher order conservation laws to characterize
integrability. Here we continue their work in both the commutative and noncommutative
cases. For simplicity, we assume that the linear part of the system (4.1) is prescribed
by the simple diagonal matrix A = diag(1,—1), leaving other types of two component
systems to future investigations. We will consider a second order system to be integrable
if it possesses a fourth order symmetry. All known examples of integrable second order
systems satisfy this condition.

Definition 4.1. A two component system is called triangular if it decouples into the
form

u’t = F(u’7uz7uzz)7 vt = G(U'?v?uz’vz?uzz’vzz)‘ (42)

Note that a triangular system can be solved by first solving the one-component equa-
tion for v and then using that to reduce the v equation to a second z,f{ dependent one-
component equation. In our classification procedure, for brevity we have chosen not to
consider systems which are equivalent, under a point transformation, to triangular systems,
so we can concentrate on “genuinely” two-component systems.

The first class of systems are the noncommutative versions of the nonlinear Schrédinger
equation, which corresponds to the equal weighting

degu =1, degv =1, degz = 1. (4.3)
The general form of such a second order system in the commutative case is

_ 3 2 2 3
Uy = Uy, + auU, + ayvu, + aguv, + a,vv, + byju” + byu”v + byuv” 4 byv

3 2 2 3 (4.4)
V, = —V,, — CuUU, — CaVU, — CoUV, — ¢, Vv, — d,u” — dyutv — dyuv” —dyv°.
The corresponding fourth order symmetry has the form
ur = u:c:cz:v —I_ f(u'?v?uz’vz’“’zz7vzz7uzzz7vzzz)7 (4 5)

vr = _v:vz:n:n —I_g(u7v7uz7vz7uzz7vzz7uzzz7vzzz)‘

All known integrable commutative equations (4.4) have a polynomial symmetry of the form
(4.5). The following theorem extends the classification of Mikhailov, Shabat and Yamilov.

Theorem 4.2. Up to scaling of t, z, u, v, and the discrete transformation

U <——v

, t —— —t, (4.6)

every nonlinear, commutative nontriangular system of the form (4.4), possessing a poly-
nomial symmetry of the form (4.5) is equivalent to one of the following seven integrable
systems:

ut:um—l—ZuZ'v, (4 7)
V= —U,, — 2v2u, '
U, = U,, + 200, ( )

4.8
v, = —v,, + 2uu,,
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U, = u,, + 2uu, + 2vu,,
(4.9)
v, = —v,, + 2uv, + 2vv,,
u, = u,, + 2uu, + 2vu, + 2uv,,
(4.10)
v, = —v,, + 2vu, + 2uv, + 2vv,,
u, = u,, + 2uv, + 2vv, — %(u + 'v)s,
(4.11)
v, = —v,, + 2uu, + 2vu, + %(u + v)s,
u, = u,, + 2uu, — 2vu, — 2uv, — 2u’v + 2uv2,
(4.12)
v, = —v,, — 2vu, — 2uv, + 2vv, — 2u’v + 2uv2,
U, = U,, + 2uu, + 2vv,,
5 L3 (4.13)
Vg = —Uy, — VU, — UV, — JUV— U,

The last two systems do not appear in the lists of Mikhailov, Shabat and Yamilov,
[29], [30], because they do not have higher order conserved densities. System (4.12) was

first obtained by A.E. Borovik, V.Yu. Popkov and V.N. Robuk, cf. [40; (4.5)], and can be
linearized by a differential substitution. System (4.13) appears to be new.

In the noncommutative case, we are classifying systems of the general form

Uy = Uy, + A UU, + AUV, + a3VU, + A, vV, + a5, U + agu U + a;v, u + agv, v +
+ blu3 + 62u2v + byuvu + b4uv2 + bsfvu2 + bgvuv + b7v2u + b8v3, (4.14)
V, = —V,, — CUV, — CyVU, — CaUV, — C4UU, — C5V U — CaU, U — CqU, ¥ — Cglh, U —
3 2 2 2 2 3
—d,v° — dyv u — dyvuv — dyvu” — dyuv® — dguvu — dyuv — dgu”.

up to equivalence, where we allow scaling, the discrete transformation (4.6), as well as the
formal involution (u,v) — (u*,v*) that interchanges the order of multiplication.

The complete list of the nonlinear, nontriangular noncommutative systems up to
equivalence is as follows. Interestingly, each of the first six commutative nontriangular
integrable systems has either one or two noncommutative counterparts; however, the final
new system (4.13) does not generalize to the noncommutative regime. These integrable
noncommutative systems naturally split into three classes. The first group contains the
six systems

u, = u,, + 2uvu,
(4.15)
v, = —v,, — 2vuv,
ut:um—|—2uuz—2uvz—|—2'vuz—|—2fvzu—2u2v—|—4uvu—2vu2, ( )
4,16
v, = —V,, + 2vu, — 2u,v + 2v, u + 2v,v + 2uv? — dvuv + 2v2u,
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=u,, +2uu, + 2vu,,

= —v,, +2v,u+ 2v,v,

= —v,, + 2vu, + 2v,u + 2v, v — 2vuv + 2v2u,

Uy

Vs

U, = Uy, +2uu, + 2vu, + 2v,u + 2uvu — 2vu2,

Uy

U, = U,, +2uu, + 2uv, + 2u,v + 2ulv — 2uvu,
Uy

= —v,, + 2vu, + 2vv, + 2v u + 2vuv — 2v2u,

{ u, = u,, +2uu, — 2vu, — 2v_ u — 2uvu + szu,

v, = —v,, — 2uv, + 2vv, — 2u,v — 2u’v + 2vuv.

(4.17)

(4.18)

(4.19)

(4.20)

The commutative versions of these are the following: (4.15) is a noncommutative general-
ization of (4.7); both (4.16) and (4.17) reduce to (4.9); (4.18) and (4.19) reduce to (4.10),
while (4.20) reduces to (4.12). In several cases, one must perform a rescaling of the form

T — Az, u — Au, v — X2,

in order to make the precise identification.

(4.21)

The second group involves a primitive cube root of unity ¢, where €2 + ¢ +1 = 0. We

can set

271 1 V3
CTEP T T Ty T T

without loss of generality. The following four systems lie in this class:

{

u, = u,, — 2evv, + 2v,v — 2(1 + €)u’v + 2uvu + 2evu’
v, = —v,, + 2(1 + €)uu, + 2u, u + 2(1 + €)uv® — 2vuv — 2ev’u
U, = Uy, + 2uu, + 2uv, — 2vu, + 2(1 + €)vv, — 2u,u + 2u,v — 2v,u + 2ev,v +
+ 2(1 — e)u®v — 6uvu + 2(1 + 2€)uv? + 2(2 + e)vu’® — 2(1 + 2¢)v’u,
v, = —v,, — 2euu, — 2uv, + 2vu, + 2vv, — 2(1 + €)u,u — 2u, v + 2v,u —
—2v,v — 2(1 + 2e)u®v — 2(1 — €)uv? + 2(1 + 2¢)vu® + 6vuv — 2(2 + €)vu,
= Uy, +2uu, + 2euv, + 2vu, + 2(1 + €)vv, — 2u u — 2u, v +
+2(1 4+ €)v,u+ 2ev,v + 2u® + 2(1 4+ 26)11,2’1) + 6uvu +
+4(1 + e)uv2 —-2(1+ 26)’1)11,2 + 2vuv — 4eviu + 203,
v, = —v,, + 2euu, — 2uv, + 2(1 + €)vu, — 2vv, + 2(1 + €)u u +
+ 2eu, v + 2v,u + 2v,v — 2u® — 4(1 + e)u2v — 2uvu —
-2(1+ 26)’11,’1)2 + devu’ — 6vuv + 2(1 4+ 26)’02’11, — 203,
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(4.22)

(4.23)

(4.24)



u, = u,, +2(1 + €)uv, + 2(1 + €)vv, + 2ev u + 2ev v +

+ 2u> + 2u’v + 2uvu + 2uv? + 2vu’ + 2vuv + 202 + 2113, (4 25)

v, = —v,, + 2eun, + 2evu, + 2(1 + €)u,u + 2(1 + €)u v —
— 2u® — 2u%v — 2uvu — 2uv? — 2vu? — 2vuv — 20%u — 203,
Again, under a suitable rescaling (4.21), both (4.22) and (4.23) reduce to (4.8) in the

commutative case, while (4.24) and (4.25) reduce to (4.11). The final noncommutative
nontriangular equation is

U, = U,, +2uu, — 2uv, + 2vu, — 2u,v + 2v, u —
— 2u?v + duvu + 2uv? — 2vu? — 2vuv, (4.26)

v, = —v,, + 2vu, + 2v,u+ 2v,v — 2vuv + 202 u.

This case reduces to a commutative triangular system
U, = U,, +2uu,, v, = —v,, +2vu, +2v,u+ 2v,v.

Interestingly, most of these integrable systems are not associated with a Jordan algebra,
and thus lies outside the class of equations considered by Svinolupov, [47], [48].

Theorem 4.3. Every noncommutative associative algebra valued, two-component
nontriangular second order system of nonlinear Schrédinger form (4.14) possessing a fourth
order symmetry is equivalent to one of the systems (4.15-4.26).

Next, we consider the weighting
degu =1, degv =1, degz = 2, (4.27)

which governs the derivative nonlinear Schrédinger equation. We have not performed a
complete classification in this case. We did find two nontriangular integrable systems of
second order with the given diagonal matrix as linear part:

{ U, = Uy, + 2(uvu),,

t = " Vpy — 2(’1)’11,’1))z.

(4.28)
{ U, = Uy, + 2u, vu,

v, = —v,, + 2vuv,,

The first system is a noncommutative generalization of the derivative nonlinear Schrod-
inger equation. The second system is interesting, since it gives another example of an
integrable equation not associated with a Jordan algebra. The corresponding third order
symmetry is

{ Uy = Uy, + U, vu + 3u,vu, + 3u vuvu, (4 29)

v, =0 — 3vuv,, — v, uv, + 3vuvuv,.
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5. Matrix Painlevé Equations.

It is well known that the symmetry reductions of integrable systems are ordinary dif-
ferential equations of Painlevé type, [1], [27]. Thus, we can seek symmetry reductions of
our noncommutative integrable equations, leading to associative algebra-valued counter-
parts of the classical Painlevé transcendents P-1, ..., P-VI, [20].

First of all, the first Painlevé transcendent P-I appears as a symmetry reduction of
the matrix KdV equation (1.3). Namely, the classical Galilean symmetry

0 0 . 10
ot Or 6 Ou
gives us the group-invariant solution
U= %te—l—v(m—l—%ﬂ),

where e is the identity (or any other constant) element of the algebra, and v(z) satisfies
the matrix ordinary differential equation

" +3vv +3vv=1e.

1
6
By integrating we obtain the first matrix Painlevé equation

v 4+ 30?2 = %ze—l—a (5.1)

with arbitrary constant matrix a. Of course, we can use the scaling to normalize the
constants 3 and %. By a suitable shift of z and a conjugation of the form v — movm™1,
we can make a into a matrix having zero trace in Jordan canonical form. Note that the
Painlevé equation (5.1) admits a symmetric reduction v* = v.

The two matrix mKdV equations lead to two different matrix version of the second
Painlevé equation P-II. Namely, the simple scaling gives us the substitution

u =t~y (xt™1/3).
Starting with the standard matrix mKdV (1.4), we obtain
"+ 3020 + 300 + %v + %zv' = 0. (5.2)
The second mKdV (1.6) (and the same reduction) gives rise to different third order ODE
""" 4+ 3vv" — 3v"v — 6vv'v + %'v + %zv' = 0. (5.3)

In contrast with the scalar case, we are unable to lower the order of either version of the
second Painlevé transcendent, which remain third order equations.

In the scalar case the fourth Painlevé equation P-IV is equivalent to the following
system of Riccati type:

y =c, — 12y —y* — 2yw,

!

5.4
w:c2—|—%zw—|—w2—|—2yw, ( )

where ¢;, c, are arbitrary constants. The system (5.4) can be most simply obtained from
the commutative nonlinear Schrédinger type system (4.10) via the similarity reduction

15



u = t712y(2), v = t7/?w(z), with z = t7'/2z. There are two different noncommutative
counterparts to this equation, leading to two noncommutative versions of P-IV. Performing
the same similarity reduction on (4.18) leads to

y" + 2yy' + (2wy + %zy)/ + 2ywy — 2wy2 =0,

(5.5)
w' — 2w'w — (2wy + %zw)l + 2wyw — 2w’y =0,
whereas (4.19) yields the alternative system
y' 4+ 2yy’ + (2yw + %zy)/ + 2y2'w — 2ywy = 0, (5.6)

w' — 2ww' — (2wy + %zw)l — 2wyw + 2w’y = 0.

Unlike the commutative version, neither of these can be reduced to a first order system.

The classical matrix chiral model

Uy, = {uwu_l,uy} = %(ugﬂu_luy + uyu_1u$), (5.7)

is one of the most important integrable matrix equations. In [42], [43], [44], this equation
was generalized to the case of arbitrary Jordan triple system. The general scaling symmetry
reduction of (5.7) leads to the substitution

u=aryio(ey?), B #0.

Without loss of generality we can put ¢ = 0, but the resulting reduced matrix ordinary
differential equation does not depend on p,q, o, and is as follows:

v
v, + ?Z =v,v v, z=xz%". (5.8)

In the standard case, this equation is a special case of P-III.

It would be interesting to investigate the analytical properties, Backlund transforma-
tions and the corresponding isomonodromic problems for these matrix Painlevé equations.
We do not know if there exist other matrix Painlevé equations (for instance P-VI). It seems
possible to transfer our “associative approach” from symmetry analysis to the Painlevé
analysis. This could be allow one to classify matrix ordinary differential equations of
Painlevé type. For example, recently Balandin and the second author, [5], have shown
that, although it does not arise as a reduction of either of the matrix mKdV equations,
the matrix P-II equation

" = 208 + zv 4+ ae,

where a is a scalar parameter passes the Painlevé—Kovalevskaya test.

6. Hamiltonian structures.

A scalar evolution equation (3.1) is said to be Hamiltonian if it can be written in the
form

u, = D&H. (6.1)
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Here H = [ H(u,u,,...)dz is the Hamiltonian functional, § is the variational derivative,
and the Hamiltonian operator D determines a Poisson bracket

(FH) = / §F - D6H da (6.2)

on the space of functionals. The Hamiltonian operator D is required to be a skew-adjoint
differential operator, D* = —D, in order that the Poisson bracket (6.2) be skew-symmetric,
{F,H} = —{H,F}. In addition, we require that (6.2) satisfy the Jacobi identity

{F A9, H}} + {9, {”, F}} + {H,{F,G}} =0. (6.3)

Any skew-adjoint operator which does not explicitly depend on the field variable u auto-
matically satisfies the Jacobi identity. For field dependent operators, (6.3) is a nontrivial
condition which we discuss in more detail below. We refer the reader to [35; Chapter 7],
for details on the general theory of (commutative) Hamiltonian systems.

Generalizing the calculus of Poisson brackets and variational derivatives to the non-
commutative case is relatively straightforward. The basic functionals must still be scalar-
valued, and thus must be expressed as integrals of certain trace forms. For example, the
functional

H, = [ tr (—%ui + u3) dz (6.4)

turns out to be a conservation law for the non-commutative Korteweg-deVries equation
(1.3). We can compute its variational derivative as follows

d
(6H, ;v) = 7 Hlu + tv]

— _1 _1 2 2
= /tr( ULV, SV, U, +vu® + uvu + u v) dzx
t=0

= /tr (—uzfvz + 3u2v) de = /tr[(um + 3u2)v] de.

Here we are using the fundamental property (2.5) of the trace operation as well as inte-
gration by parts. Therefore, the variational derivative of the functional (6.4) is

OH, =u,, + 3u.

The associative algebra-valued Korteweg-deVries equation (1.3) can thus be written in the
Hamiltonian form

u, =D_ &6H.

The total derivative operator D, being skew-adjoint and independent of the field variable,
is automatically Hamiltonian.

For general skew-adjoint differential operators, the simplest method for verifying the
Jacobi identity (6.3) is based on the calculus of “functional multi-vectors” developed in [35;
Chapter 7]. We assume that the reader is familiar with the method for the commutative
case as explained there. The non-commutative version is very similar; in the one component
case, one introduces the basic uni-vectors §, = D 6, which are, in a certain sense, “duals”
to the one-forms du, = D* du. The main difference is that, since ordinary multiplication
is no longer commutative, the wedge product of such multi-vectors is no longer skew
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symmetric. Thus, in order to avoid confusion, we shall drop the explicit wedge product
symbol entirely, denoting 6 A 6, say, by just concatenation 66,. The only identity that
is retained in the case of an associative algebra is the skew analogue of the trace formula
(2.5), which requires

trén = (1) trne, (6.5)
for any m-vector £ and n-vector n. An associative algebra-valued functional multi-vector
has the form © = [(tr¢)dz, where ¢ is a multi-vector built on the underlying associative

algebra. We note that, besides the trace identity (6.5), one can also integrate functional
multi-vectors by parts:

/tr (€D,n) dz = — /tr((D$§)n) do = (—1)1+m”/tr (nD,¢)dz.  (6.6)
The most important functional multi-vector is the bivector
0= /tr(@D@) dz (6.7)

associated with a skew-adjoint linear operator D. The operator D defines a noncommuta-
tive Poisson bracket

{F,H} = /tr[éF-DéH] dz, (6.8)

if and only if the bivector ® satisfies the quadratic bracket condition
[0,0] =2vp,(0) =0. (6.9)
Here |-, -] denotes the noncommutative generalization of the Schouten bracket, cf. [34], be-

tween functional multi-vectors. The functional trivector (6.9) can be effectively computed
via the noncommutative version of a standard formula based on the formal evolutionary
vector field v, which has multi-vector characteristic D8. In other words, we replace K
in (3.2) by the uni-vector Df, and allow vy, to act as an anti-derivation on the space of
multi-vectors, meaning that

vpe(En) = vpe(§)n + (—=1)"Evpe(n) (6.10)

whenever £ is an m-vector. In other words, vy, picks up a minus sign each time it “moves
past” another uni-vector. See [35] for details, which are straightforwardly adapted here
to the non-commutative case.

Two Hamiltonian operators D and £ is said to form a Hamultonian parr provided any
linear combination aD + b€, a,b € R, is also Hamiltonian. This is equivalent to requiring
that D and £ are individually Hamiltonian, meaning that their associated bivectors

@z/tr(GDG) dez, E:/tr(QSH) dez,

satisfy the bracket condition (6.9). Moreover, they must satisfy a compatibility condition
that the Schouten bracket between the bivectors vanishes, leading to the complete system
of bracket conditions

©,0]=0, [0,5]=0, [E,E5 =0, (6.11)



Magri’s theorem, [25], [35], demonstrates the integrability of any biHamiltonian sys-
tem

u, = D6H, = E6H,. (6.12)

Indeed, the operator
R=¢&-D1, (6.13)

forms a recursion operator for the system (6.12), leading to the hierarchy of commuting
higher order flows

w, = D6H, , = E8H,, (6.14)

associated with the hierarchy H,, of higher order conservation laws. The main technical
issue is whether the higher order flows generated by recursion are local.

We now discuss what is known concerning the Hamiltonian and biHamiltonian struc-
tures of noncommutative integrable systems.

Theorem 6.1. The noncommutative Korteweg-deVries equation (1.3) is a biHamil-
tonian system for the compatible Hamiltonian pair

D=D, E=D*+AD, +D,A, +C,D;'C,. (6.15)
Here A, and C, are the anti-commutator and commutator maps as in (2.3).
Proof: Note that
Dv =, Ev=uv_,, +4{u,v,}+2{u,,v}+[D|v,ul,ul. (6.16)

Therefore, it suffices to prove that £ is Hamiltonian, since the linear combination £ + ¢D
can be simply obtained from £ via translation v — u + c¢. We write &€ = £, + &, + &,,
where

& =D, & =24D +4,, §&=0,D;'C,. (6.17)
Note that the subscript on the £’s denotes their degrees (weights) under scaling in w.

We similarly decompose the associated functional bivector: ® = 0, + ©; + ©,. Let us
introduce the (nonlocal) noncommutative uni-vectors

A= D_*(ub), p = D_"(6u). (6.18)

Then using integration by parts (6.6) and the trace identity (6.5), we find the following
simplified formulae:

@0:/tr[99zw]dw,
0, :2/tr[u999z —u9$9] de :2/tr[()\$ —}—pz)9$] de, (6.19)
0, Z/tr[(k—p)(% —p,)] dz.
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Since the Schouten bracket condition (6.9) is quadratic in ©, we can split the trivector

T = [0, 0] into homogeneous components T =T, + T, + T, + Y,, where
Ty =v,(0,), T, =v1(0,) +v,(0,), (6.20)

T, =vy(0,) +v,(0,), T3 = v,(0,).

Here v, = v, 4, and we are using the fact that v;(0,) = 0 since &; is a constant coefficient
operator. When evaluating (6.20), it is important to remember the anti-derivational rules
(6.10) for the formal vector fields v; = v ,. In particular,

vy(A,) =6,,.0, whereas vo(p,) =—60,,,- (6.21)

TTrT

Similarly, we find

vi(A,)=2ub,0+20_ A +u,06+0u,b, Vo(A) =(p—A) A, —u(p—A)6,
vi(p,)=—-200_ u—2p,60, —0u, 6—66u,, Vy(p,) =p(p—A)—6(p— Au.
(6.22)
We can now compute the relevant brackets. First, applying (6.21) and integrating the
result by parts, we find

v0(01) = [ trlvoh) +volp.) 6. do = [1a[6,.., 60, ~0,,.6,0] do

:/tr[—e 6,6,—6,,00,, +6,,0,0+6,6,0, d=0,

T T T T T T " T

the final equality relying on (2.5). Similarly,
v2(0,) = [ tr[vs(0) ol o~ V)] de

:/u[(Afc — p,)(AX = Ap — pA +pp) ] dz = 0.

The last equality follows by noting that the various terms combine to form total derivatives
and hence integrate to zero; for example, using (6.5),

D, tr A = tr(A, A0 + AA, A + AAN,) = 3tr A AN,

and hence [tr(A,A\) dz = 0. The verification that T, = 0 = T, is similar, although
more tedious. Q.E.D.

Corollary 6.2. The operator
R=D.+24,+A, D;'+C,D;'C,D;* (6.23)
is a recursion operator for the non-commutative Korteweg-deVries equation (1.3).

Remark: The operator (6.23) is a special case of a formula due to Svinolupov, [46],
for the recursion operator for multi-component Jordan systems. The proof that £ satisfies
the Jacobi identity would be almost impossible to do using the component form of the
operator.
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Remark: It is an open problem to prove that, as with the commutative KdV recursion
operator, applying (6.23) recursively to the elementary symmetry K, = u, produces a
hierarchy of local, mutually commuting, higher order flows. We have verified this up to
order 11, but do not have a general proof.

There are several interesting points associated with this result, indicating that the non-
commutative Hamiltonian theory is more complicated than the well-studied commutative
theory. First, and most noticeable, is the fact that the operator £ is non-local, requiring
the formal integral operator D;!. This is in contrast with the scalar Korteweg-deVries
equation, whose second Hamiltonian structure is a local operator.

Second, and even more surprising, is that, except for the constant coefficient opera-
tor D3, the other two homogeneous summands of the second Hamiltonian operator £ are
not individual Hamiltonian operators — only when they appear in the particular linear
combination (6.15) does the operator define a genuine Poisson bracket! In particular, the
combination D3 + A D_+ D_A_, which would appear to be a more natural noncommuta-
tive generalization of the second KdV Hamiltonian operator, is not Hamiltonian. Indeed,
[0,,0,] = v,(0;) # 0, and hence & (v) = 4{u,v,} + 2{u,,v} does not define a Hamil-
tonian operator! This is remarkable, since this appears to be the direct analogue of the
commutative Hamiltonian operator 2uD_ + u_, which is the simplest Hamiltonian oper-
ator appearing in commutative Hamiltonian systems of “hydrodynamic type”, [9], [10],
[11], [36], which are first order quasilinear systems of partial differential equations. The
operator 2uD_ + u, defines the first of four known Hamiltonian structures for the inviscid
Burgers’ equation u, = uu,, [36]. Our result indicates that the noncommutative theory
of systems of hydrodynamic type is considerably more complicated than the commutative
theory. However, this theory is clearly worth developing, since, in view of the connections
between such Hamiltonian operators and Riemannian geometry in the commutative case,
the resulting theory may help shed new light on how to construct a “noncommutative
Riemannian geometry”, cf. [6].

The general form for a first order Hamiltonian operator for the mKdV-type equations
is

D=D,+)C,+upC,D,'C,. (6.24)

In other words,

D(v) = v, + Alu,o] + ulu, D7 u, 0] . (6.25)

Therefore, the operators D_, C,, and C,D_*C, , form a compatible Hamiltonian triple,
although the latter is an immediate consequence of the compatibility of the first two
operators. Interestingly, in contrast with the scalar modified Korteweg-deVries equation,
whose first order Hamiltonian structure is the local operator D, the structure here is
non-local, requiring the formal integral operator D !.

Theorem 6.3. For any scalar constants A, p, the operator (6.24) is Hamiltonian.
The proof is similar to Theorem 6.1 and is omitted. Choosing A =0, u =1, so
D, =D, +C,D;'C,, (6.26)
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we find the that the first matrix mKdV equation (1.4) can be written in Hamiltonian form
(6.1), with Hamiltonian

H, = [ tr (—%ui + %u4) dz. (6.27)
Choosing A = 3, p = 2, so
D,=D, +3C, +2C,D;'C,, (6.28)

we find the that the second matrix mKdV equation (1.6) can be written in Hamiltonian
form (6.1), with Hamiltonian

Hy, = [ tr(—3ul — 1u*) dz. (6.29)
For general A, 1, and Hamiltonian

H = /tr (—%ui + %sfqu) dz. (6.30)
we obtain the family of matrix Hamiltonian equations

Uy = gy Aty u,,] + (0 + ) u,) + (¢ — 2. (6.31)

However, Theorem 3.6 indicates that not all of these are integrable. More specifically, only
the first and second matrix mKdV equations (1.4), (1.6), admit a fifth order symmetry.

7. Conclusions and Further Research.

In this paper, we have initiated the systematic classification of integrable evolution
equations whose field variables take values in an associative algebra. Complete classifi-
cations are found for equations of KdV type, where the only integrable noncommutative
examples found so far are the noncommutative KdV and its higher order symmetries. A
similar result holds for noncommutative generalizations of the mKdV equation. The clas-
sification of two-component systems generalizing the nonlinear Schrodinger equation has
been completed. In both the commutative and noncommutative cases, new examples of
integrable systems were discovered. In some cases, commutative equations have one or two
noncommutative counterparts, whereas some integrable commutative equations cannot be
extended to the noncommutative regime. The computer packages used to effect these com-
putations can be readily applied to other types of systems, although the required amount
of computing power and memory increases rapidly, leaving many interesting cases unex-
plored. Explicit solutions, including solitons, as well as the possible linearizations and
integration via a noncommutative inverse scattering method will be the subject of future
research.

Symmetry reduction of the noncommutative integrable equations leads to a variety of
associative algebra valued ordinary differential equations of Painlevé type, whose properties
await a more detailed development. A systematic study of both symmetry reductions, and
integrable reductions through specialization of the field variables, will be discussed in a
future work.
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Noncommutative Hamiltonian structures for some of the integrable equations were
found, although the second Hamiltonian structure for the two noncommutative variants
of the mKdV equation have not yet been determined. Another important problem is
to prove that all the higher order symmetries of our noncommutative systems obtained
through application of the nonlocal recursion operator are local equations.

Since the field variables in our systems take their value in an arbitrary associative
algebra, our results can thus be equally well applied to algebras of operators over Hilbert
spaces and other infinite dimensional spaces. This leads one to speculate on a possible
model of nonlinear quantum mechanics, governed by such an operator evolution equation.
Our approach to the classification of nonabelian equations can therefore be regarded as a
constructive procedure of “nonlinear” quantization that can be applied to classical inte-
grable systems. The effect of such evolutions on such basic physical assumptions as the
superposition principle remains to be explored.

Appendix A. Discussion of Proofs.

The full proofs of our main theorems involve extensive computer calculations using
MATHEMATICA, and are not possible to provide here in full. However, for the reader’s con-
venience, we outline the basic steps, beginning with the first case — the noncommutative
Korteweg-deVries equation. To prove Theorem 3.4, we start with a general nondegenerate
noncommutative weight 3 equation (3.8). Rescaling the time variable ¢ allows us to set the
linear coefficient to be unity. Therefore, our basic equation has the form

Uy = Uyyy + G UU, + Ay U U. (A.1)

Up to an inessential scalar multiple, the most general nondegenerate! weight 5 symmetry
has the form

ut = u:c:v:v:n:c + bluuzzz + b2uzuzz + b3uzzuz + b4uzzzu + b5u2uz + b6uuzu + b7uzu2‘ (A2)

We successively analyze the terms in the commutator according to their degree in w.
The linear terms automatically vanish — this is a general fact for scalar equations. The
quadratic terms wu,,, u, uq,, etc. lead to the following normalizations for the symmetry
coeflicients:

by = $ay, by = by = Fa; + a,, by = $a,. (4.3)

The cubic terms lead to further normalizations of the symmetry coefficients:

_ 5,25 5 2 _ 5,25 5 2 _ _5,2.,5 5,2
by = gaj + 5a1a; — 7505, be = 1501 + 53185 + 7503, b; = —7501 + 5a,a, + gas.
(A.4)

In addition, there are three nonlinear conditions on the coefficients of the equation itself,
which reduce to the simple quadratic equations

2 __ 2
A = @109 = Gy.

T There are no symmetries if we omit the linear term.
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This implies that a; = a, is necessary for integrability, and hence (A.1) must agree with
the noncommutative Korteweg-deVries equation (1.3) up to rescaling of u. Substituting
these values into the symmetry conditions (A.3), (A.4) reduces (A.2) to the corresponding
fifth order symmetry. There are no further commutator conditions to satisfy, and so this
completes the proof of Theorem 3.4.

This general pattern holds for the other classifications. We always work with nonde-
generate equations and symmetries, and so can always set the linear coefficients to unity.
(Leaving them arbitrary leads to significant complications in the computational algorithm
since the symmetry conditions all become nonlinear.) The symmetry conditions are an-
alyzed in order corresponding to the degree of the terms in v and its derivatives. The
linear terms automatically vanish. Low degree terms will produce linear equations for
the coeflicients of the symmetry. Eventually, however, nonlinear algebraic conditions on
the coeflicients of the equation itself arise. Although this did not happen in the simple
KdV example, typically, there are several different solutions to the nonlinear symmetry
conditions, and this leads to branching of the possible classes of integrable systems.

Two general computational strategies may be followed. One is to solve the nonlinear
symmetry conditions as they arise, and then continue on to the higher degree conditions
in each branch separately. This may lead to additional branching, and, often, numerous
redundancies. An alternative approach is to retain the nonlinear equations in unsolved
form, and proceed to the higher degree conditions, appending any additional nonlinear
equations to the list as required. Finally, one can solve the full (large) nonlinear system
all at once, if possible. In MATHEMATICA 2.2, the standard Solve routine misses branches
and cannot be trusted. However, the Grobner basis routine Reduce is reliable, surprisingly
powerful, and produces complete lists of solutions and branches. (We have not yet tried
our programs out in version 3.0 of MATHEMATICA.) Each method has advantages and
disadvantages, which become apparent once one tries to analyze more complicated exam-
ples, which easily can tax the memory and execution time limits of even a sophisticated
workstation implementation of the code. The most extensive example we have successfully
analyzed to date is the nonlinear Schrodinger system discussed in Section 4. In this case,
we were forced to use a hybrid strategy in order to stay within the memory limitations of
the Iris workstation utilized for these computations.

Let us outline the steps in the computation in the other cases. For the Burgers’-mKdV
classification Theorem 3.6, we begin with the general form

Uy = Uypy + AU, , + azui + azu, u+ a4u2uz + aguu u + a6uzu2, (A.5)
A general fifth order symmetry has 32 terms, beginning with
6
ut = u(l:(l:(l}(l}(l} + bluuzzzz + b2uzuzzz + T —I_ b31u .

The quadratic commutator conditions serve to normalize the coeflicients of the quadratic
terms in the symmetry. The cubic terms produce additional symmetry normalizations,
as well as a pair of nonlinear equations for the coefficients of the quadratic terms in the
equation:

ay(ay —a; —ag) = ag(ay —a; —ag) = 0. (A.6)
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There are, consequently, 3 distinct branches at this stage:
a; =ag =0, or a, =0, a, = ag, or a, =0, a; =a,.

Of course, the latter two branches are related to each other via the transpose operation,
and so only one needs to be treated directly. However, we find it a bit easier to just
continue the commutator computations without reducing to particular branches at this
point, but rather retaining the nonlinear conditions (A.6) in unsolved form. For the degree
4 terms, we obtain 44 additional nonlinear equations (although this count includes many
redundancies which we did not try to resolve), the degree 5 terms lead to 106 nonlinear
equations. Finally, the degree 6 terms have completely determined all the coeflicients of
the symmetry, and leave a residual system of 158 nonlinear equations in the coefficients
ay,...,ag of (A.5). There are precisely 6 different branches of solutions to this final system,
and these produce the 6 types of integrable equations mentioned in Theorem 3.6.

A similar strategy works for the fifth order KdV equation considered in Theorem 3.5.
The interesting twist here is that in the commutative case, there is a single condition on
the coefficients of the equation arising from the cubic commutator terms. The quartic
terms then lead to 3 branches — the fifth order KdV, the Kaup—Kupershmidt, and the
Sawada—Kotera cases. However, in the noncommutative case, there are significantly more
nonlinear conditions, and only the analogue of the fifth order KdV equation survives the
computation.

In the nonlinear Schrodinger case, we employed a hybrid strategy as follows. We first
computed the nonlinear equations for the coefficients of the equation corresponding to the
cubic symmetry conditions. Solutions of these equations resulted in 70 different branches,
or which 20 were not triangular. Of these, several additional cases could be eliminated
by using the transpose involution. The surviving systems were then substituted into the
remaining symmetry conditions, and the final nontriangular cases were tallied, as in the
text. In all cases, an ab initio computation of the fourth order symmetry was conducted
to reconfirm that each system obtained is integrable. A complete list of symmetries of the
integrable cases can be obtained from the first author.
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