CONTINUOUS REVIVAL OF THE PERIODIC SCHRODINGER EQUATION
WITH PIECEWISE C? POTENTIAL
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ABSTRACT. In this paper, we investigate the revivals of the one-dimensional periodic Schrédinger equation
with a piecewise C? potential function. As has been observed through numerical simulations of the equation
with various initial data and potential functions, the solution, while remaining fractalized at irrational times,
exhibits a form of revival at rational times. The goal is to prove that the solution at these rational times
is given by a finite linear combination of translations and dilations of the initial datum, plus an additional
continuous term, which we call “continuous revival”. In pursuit of this result, we present a review of relevant
properties of the periodic Schrédinger equation as an eigenvalue problem, including asymptotic results on
both the eigenvalues and eigenfunctions.
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1. INTRODUCTION

The Schrédinger equation, a partial differential equation that governs the wave function of non-relativistic
quantum-mechanical systems, has been a cornerstone of mathematical physics. Named after the twentieth
century physicist Erwin Schrodinger, the equation formed the basis of his Nobel Prize and continues to be
of fundamental importance for applications, particularly in quantum mechanics. Within this paper, we are
mainly concerned with the one-dimensional periodic Schrodinger equation.

Definition 1.1 (Periodic Schrédinger equation). Let the potential V() be a real-valued function. A solution
u(t, x) of the periodic Schrodinger equation satisfies the initial value problem

iuy = —Ugy + Vu, (12)
u(0,z) = f(x),
where i = \/—1, subject to periodic boundary conditions
t,0) = u(t,2m),
u(t, 0) = u(t,2m) (1.3)
Uy (t,0) = uy(t, 2m).

As a dispersive equation on a periodic domain, the Schrodinger equation displays two vastly different
behaviors depending on whether the time step is rational relative to the period. While the solution remains
fractalized at irrational time steps, it exhibits revival at rational times, being related to a finite linear
combination of translations and dilations of the initial data. This quantization phenomenon was first observed
by Henry Fox Talbot in 1836 when he noticed that the image of a diffraction grating is repeated at regular
distances away from the grating plane. Since then, the phenomenon, called the “Talbot effect” [1, 2],
or “dispersive quantization” [10], has been noted in various periodic dispersive equations, including the
linearized Korteweg—deVries equation (also known as the Airy equation) [10], the free space Schrodinger
equation without potential [1, 4], and related linear and nonlinear equations [4, 6, 9]. More recently, the
continuous revival phenomenon has been investigated for the class of Schrodinger equations with H? potential
[3], while the fractal dimension of the solution to the equation at irrational times has also been analyzed for a
broader class of H® potentials [5]. In order to extend our understanding to more general potential functions,
it is important that we first characterize revival for potential functions with discontinuities. This paper,
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therefore, aims to investigate the phenomenon in a simpler setting, where the potential V' (x) is piecewise

C2.

Assumption 1.4 (Piecewise C? potential function). The potential function V(z) is piecewise C? if there
exists a finite number of points 0 = xp < 1 < 22 < ... < xny < 41 = 27 such that

V(z) is bounded and 27-periodic;
V(x) € C*(z4,2i41) for all 0 < i < N;
V(z),V'(z), and V" (z) have finite right and left limits at the discontinuities z;.

The central focus of our project shall be the following theorem mirroring that of Boulton et al. [3]. Here,
f* is the 2m-periodic extension of the initial data f.

Theorem 1.5 (Continuous revival at rational times). Let u(t,z) be the solution of the periodic Schrédinger
equation (1.2). For q,r € N co-prime numbers, define the revival function as

r—1
q _1 —27i(V)gq/r 27Ti(mk:/r—m2q/7') * _ ﬁ
w(QWT,x)—re kg Oe ffle 27Tr . (1.6)
sm=

Then the value of u at rational times t = 271 is given by

U (27Tg,$6) =w (2#2,:1:) + (277295)
r r r

where w(t, x) is a continuous function.

2. STURM-LIOUVILLE THEORY FOR THE SCHRODINGER EQUATION

Inserting the ansatz u(t, z) = e~ 1) (z) into (1.2) produces the ordinary differential equation

Mp = — o+ Vip = L[] (2.1)

along with the periodic boundary conditions

{w<0> — y(2m), 22)
P'(0) = ¢’ (2m).

Here L[¢)] is a self-adjoint operator, and hence the eigenvalue equation (2.1) admits a countably infinite
sequence of real eigenvalues

A <A <A <. with Ap — 00 as n — o0,

where double eigenvalues are counted twice. Using these eigenvalues, we can choose a basis of eigenfunctions
to be real-valued and orthonormal on [0, 27]; that is
2 1, ifm=mn,

Ym(@)n(z) do = {0, if m#n.

0

These eigenfunctions can be trivially extended into continuously differentiable functions on the entirety of
the real line thanks to the periodic boundary conditions (2.2). Our goal for this section is to quantify the
asymptotic behavior of the eigenvalues and eigenfunctions of (2.1), which shall be important for our proof of
Theorem 1.5. To prepare for those results, we shall, in the next subsections, look at some variational results
and comparison theorems that shall give us insights into the properties of the eigenfunctions.
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2.1. Variational results. Consider the Dirichlet integral given by

27
J(f.9) = ; f'(@)g (x) + V(2) f(2)g9(x) da. (2.3)
Applying integration by parts and the boundary conditions (2.2), we obtain
27 =27
J(f.9) =— ; f(@)g" () = V(z)g(x)] dz + f(z)g'(x)
=0
27

==/, f@) 9" (x) = V(2)g(x)] da

where the boundary terms vanish due to the periodicity of f and g. Notably, we have

T == [ f@) W) - V(@)ba(@)) do = 0 " (@) Dot (@) i = An (2.4)

0
where f,, is the n-th Fourier coefficient of f. An immediate corollary is

An, fm=n.

0, ifm#n.’ (2:5)

The following result gives an inequality involving J that elaborates on the familiar Parseval identity.

Lemma 2.6. Let f be a real-valued function satisfying the boundary conditions (2.2) that is continuous with
piecewise continuous derivative in [0,2m]. Then, with the Fourier coefficients f, defined above,

S < I )

n=0

Proof. We first suppose that V(z) > 0. Then, for any continuous g(z) with piecewise continuous derivative,
we have

J(g,9) = /0 ﬂ[g/(w)]z + V(z)g*(z) dz > 0.

In particular, for any positive integer N, we have

N N N N N
n=0 n=0 n=0

n=0 n=0

N N
= I ) =2) M2+ > Aaf?
n=0

. n=0
=J(, )= fr
n=0

where, in the second-to-last inequality, we used (2.4) and (2.5). This gives the desired inequality for the case
where V() is positive, and we now aim for the general case. Let vy be a positive constant large enough such
that

V(z) > —vg

Now, the original relation (2.1) can be rewritten as
" (x) + (A= V(@)d(z) = 0

where A = \ + vy and ‘7(x) = V(z) + v is a positive function. Applying the first part of the proof gives

o0 2w

27
SOntwfi< [ @F + V) +w) @) de = I )+ [ Fa)de

n=0 0
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However, thanks to Parseval’s formula,
0 2w
Z f’I’QL = f2 (.’L‘) de,
n=0 0
we can cancel the extra terms related to vg. The general case follows as a result. O

Lemma 2.6 serves to establish the next variational result, which determines the changes in the eigenvalues
with respect to that of the potential function.

Theorem 2.7. Let
Vi(z) > V(z) forall xzeR

and let A1 ,, denote the eigenvalues of the periodic problem (2.1) with potential Vi(z). Then
An > Ay forall n>0.

Proof. Let 11 () denote the eigenfunction in the orthonormal basis of the modified problem that corre-
sponds with A1 ,,, and let Ji(f, g) denote the Dirichlet integral (2.3) but with V(z) replaced by Vi(z). We
obtain the following relation between the Dirichlet integrals:

L) = / " @P 4 Vi) () de > / @R+ V@) P de = I )

First, we seek to prove the theorem for n = 0. Since )y is the smallest of the eigenvalues, applying Lemma
2.6 to any function f gives us

0 27
T £) =X fr=X i 12(2) dz.
n=0

Consequently,
27

Ao = J1(¥1,0,%10) > J(¥1,0,%1,0) = Ao Y7o dz = Ao
0
which completes the case of n = 0. For n = 1, we consider a function

f(z) = cotbro(z) + crbr,1(z)

where the real constants ¢y and ¢; are such that

A+ct=1
coAg +c1A; =0

with the constants Ay for k € {0,1} defined by

2w

A = 1,80 de.
0

Here, the first condition means that

2w 2m 2m

Playde=c | digl@)de+ct [ vi(@)de=ci+ci=1
0 0

)

0
while the second condition implies

2w
fo = (I)’l/)o(l‘) dr = CoAO + ClAl =0.
0

Applying (2.5) to Ji, we have
Ji(f, )= 0(2))\1,0 + C%)\l,l <A1
while applying Lemma 2.6 along with the fact that fo = 0 gives

o oo 2
T =Y MfizM) = /\1/ F2(z) dz = A1
n=1 n=1 0
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Combining these two statements gives

Aa >N 1) =2 J ) >N\

which completes the case for n = 1. The same approach applies for a general natural number n - we consider
n
f(z) = chwl,j
j=0

along with the n homogenous linear algebraic equations given by

;=0

for all 0 < j < n — 1. Following the same method as in the proof for n = 1 shall be sufficient to finish the
result. O

2.2. Roots of eigenfunctions. In this section, we aim to identify the roots of the eigenfunctions of (2.1),
subject to the boundary conditions (2.2). To do this, we first review the well-known Sturm Comparison
Theorem, which illustrates the oscillatory nature of the solutions as well as allowing us to estimate the
number of roots. We shall use the following formulation of Simons [12].

Theorem 2.8 (Sturm Comparison Theorem). Let V' be a bounded function and let A1 and Ay be real numbers.
For i € {1,2}, let ¢; be a non-trivial solution to the corresponding version of (2.1),

N =~ + V.

Furthermore, suppose that 1 has two roots a < b. Then o has a root in (a,b) if one of the following two
conditions hold:

e\ < Ay, or
e )\ = Ay and Pa(a) # 0.

We start by denoting by u, and &, the eigenvalues and eigenfunctions to (2.1) with the semi-periodic
boundary condition

0)=—¢&(2m),
£0) = —€(em) 29)
£'(0) = —¢'(2m).
and A, and U, the eigenvalues and eigenfunctions to (2.1) with the Dirichlet boundary condition
U(0) = ¥(27) =0. (2.10)

Here, the number of roots of the eigenfunctions W,, is well-established in the literature on Sturm-Liouville
operators; see the following theorem in Eastham [7].

Theorem 2.11. The eigenfunction ¥, has exactly n roots in the open interval (0,27).

We shall also utilize the following theorem in Eastham [8] to compare the eigenvalues of the associated
boundary value problems.

Theorem 2.12. The eigenvalues A, are interlaced with the eigenvalues w, of (2.1) with boundary conditions
(2.9) according to
Ao <o Spr <A S Ao <o <pz <Az <A< (2.13)

Theorem 2.14. The eigenvalues A, of (2.1) with boundary conditions (2.2) and the eigenvalues A,, of (2.1)
with boundary conditions (2.10) are related by

Aomt1 < Ao2mg1 < Aoy (2.15)

for any m > 0. On the other hand, the eigenvalues A, are related to the eigenvalues p, of (2.1) with
boundary conditions (2.9) by

Ham, S A2m S H2m+1- (216)
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An immediate corollary of (2.13), (2.15), and (2.16) is the following interlacing of A, and A,,.
)\0<A0<)\1§A1S)\2<A2<>\3§A3§>\4<... (217)

These results, along with the variational result in Theorem 2.7, shall be utilized in proving the following
key theorem regarding the roots of the eigenfunctions to our original problem.

Theorem 2.18. Let 1, be the eigenfunctions of (2.1) with boundary conditions (2.2). Then

(i) 1o has no roots in [0,27];
(i) For allm >0, Yomi1 and omyo have precisely 2m + 2 roots in [0,27).

Proof. For part (i), by Theorem 2.11, the eigenfunction ¥y has no roots in (0,27). Furthermore, by (2.17),
Ao < Ag, so by the Sturm Comparison Theorem, 1)y cannot have two roots in [0, 27]. However, because of
its periodic boundary conditions (2.2), ¥y must have an even number of roots in [0,27). Hence, ¥y has no
roots in [0, 27].

For part (ii), consider g, 41 for any m > 0. From (2.17), we find
Aom < A2mt1 < Ao

Here, note that by Theorem 2.11, the eigenfunctions Vg, and ¥y, 11 have 2m and 2m+1 roots, respectively.
Thus, the Sturm Comparison Theorem suggests that ¢9,,+1 can have at least 2m + 1 and at most 2m + 2
roots. However, again because of its periodic boundary conditions (2.2), ta,,+1 needs to have an even number
of roots in [0,27), which means that its number of roots in this interval is 2m + 2. The same argument
applies to the eigenfunction g, 2, but with the relation

Aomi1 < Aomt2 < Agmo.

This completes the proof. O

3. EIGENVALUE AND EIGENFUNCTION ASYMPTOTICS

3.1. The Priifer transformation. In his 1926 paper, Priifer [11] introduced a transformation that greatly
simplifies the analysis of Sturm-Liouville operators, as it allows the utilization of polar coordinates to obtain
existence of eigenvalues and oscillation of eigenfunctions. Consider a differential equation with positive
real-valued coefficients C'(x) and D(z) with piecewise continuous derivatives
[C(x)u'(x)] + D(z)u(x) =0  on x € [z1,Ta]. (3.1)
Set
R(z) = [C(a)D(x)]"/2.

For every non-trivial, real-valued solution u(x) of (3.1), we can transfer to polar coordinates by writing

R(z)u(z) = p(z)sinb(z), C(x)u' (x) = p(z) cos O(z) (3.2)
so that
— [R2u2 4 C2(u)2]1/2
p =[R2+ C2(w)) P, 53
tanf = Ru/Cu/.
We complete the definition by selecting a point ag € [x1, z2] to specify that
—m < B(ag) <
and, in particular, if u(ag) > 0, then
0 <6(ag) < 7. (3.4)

With these definitions, the following two properties — the formula for the derivative of the phase function
6(x), and the estimate for the value of the phase function depending on the number of zeros — will be
extremely important for our asymptotics.
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Property 3.5. The derivative of the phase function #'(x) is given by the formula

2)\ /2 z)D(z))
0 (x) = <g5x§> + W sin(26(z)). (3.6)

Proof. Differentiating the first equation in (3.2) gives
R'(x)u(z) + R(x)u'(z) = o (2) sin(0(z))) + p(x) cos(0(x))0"(x),

which, after rearragement, can be evaluated as

oy A@) o R@) L R@)
cos(0(a)#(a) = ~E T sin0(e)) + =~ ue) + Sl @)
7,0'(:17) sin(f(x R'(x) sin(f(x R(z) cos(f(x
=y Sm0) + T o) + s eos(0(a) (3.7)

where on the last line we have substituted u(x) and «’(x) using the appropriate equation from (3.3). On the
other hand, by substituting u(x) and v'(z) using the same equations into (3.1), we obtain

0 = D) PEOE) 40 cos(o(x)) — pla) sin(0(2)6 ()

R(x)
which translates to )
sin(0(2))0 () = pp ((;”)) cos(6(z)) + ZEQ sin(6(z)). (3.8)
Finally, from equation (3.7) and (3.8), we eliminate the term containing p'(x)/p(z) to obtain
0 (z) = [sin2(0(x)) + cos?(8())]' (z) = Z((;)) sin(0(z)) cos(8(x)) + ggg cos?(8(z)) + gg; sin?((z))

_(C@D@) oo (D))"

= ooy v+ (g6)
where in the last equality we substituted R(x) = (C(x)D(x))'/2. This proves the identity (3.6). O

Property 3.9. If a solution u(x) of (3.1) has N roots in (ag, y] with u(ag) > 0 and ag < y < x2, then
Nr<0y) < (N+ 17 (3.10)

Proof. First, note that by the first equation of (3.2), u(z) is zero only when 6(z) is a multiple of . Applying
this to the derivative formula (3.6) shows that 6’(z) is positive at any root of u(x). Since u(x) and v'(x) are
never simultaneously zero, we know that p(z) is always positive. We can then refine the previous statement
to say that u(z) is zero if and only if () is a multiple of 7.
Let the roots of u(x) in (ag,y] be
<o <.<ay <y
and consider first the interval (ag, a1]. From the assumptions, we know that
e 0<60(ap) <m,

e O(x) is not a multiple of © anywhere in (ag, 1) since u(z) has no roots there, and
° 0(&1) > 0.

These facts allow us to conclude that 6(a;) = m. We shall proceed accordingly — for the interval (o, as],
note that

e O(x) is not a multiple of 7 anywhere in (a1, ) since u(z) has no roots here, and
° 9(@2) > 0.

We conclude from these that 8(as) = 27. Continuing this process shall give us the desired inequality (3.10),
where the inequality on the left occurs if ay = y. ]
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Our goal is to apply this transformation to the Schrodinger eigenvalue equation (2.1). Because of the

conditions imposed on C(z) and D(x), we consider differential equations of the form

W+ A=V)u=0

where V) is a continuously differentiable function of period 27. Since we are concerned with the estimates
as A — 0, the second coefficient A\ — V7 can also be considered positive for A sufficiently large. The phase

function, under these, becomes a two-parameter function that, since u(z) has period 27, satisfy

0(2m, ) —0(0,\) = 2km (3.11)
for any integer k. Furthermore, following (3.6), it has the derivative
Vi(z)
0 (z,\) = (A= Vi(2)"/? — ——1>——sin(20(z, A 3.12
(@) = (A= @) /2 = g s sin(260(2.) (312)
with asymptotic value
lim 6'(z,\) = AY2 + O(1). (3.13)
A—00
This asymptotic estimate is crucial for the next helpful lemma following Eastham [8].
Lemma 3.14. Let f(x) be integrable over [0,2x] and let ¢ be a constant. Then
27
(z)sin(cO(x,\))der — 0 (3.15)
0
as X\ = 0. The same result holds with sin(c6(x, \)) replaced by cos(cO(x, \)).
Proof. For any fixed e > 0, let g(x) be a continuously differentiable function such that
2w
[ 1@ - g@lds <z
0
Then, we have
2m 2w
(z)sin(cl(z, ) dx| < e+ / g(x)sin(cl(x, \)) dzx| . (3.16)
0 0
On the other hand, by utilizing (3.13), as A — oo,
2w 2m
/ g(x)sin(cO(z,\)) de = A~1/? / g(z)sin(cO(z, \)0' (z, \) dz + O(A~?)
0 0
A—1/2 27 27
= g(x) cos(cb(z, N)) —/ g (x) cos(cO(z, \)) da| + O(A~2).
C 0 0

This means that the entire expression is O(A~!/?), and for a sufficiently large A, we have

<e,

2m
/0 g(z)sin(cl(z, A)) dzx

which means, by (3.16),
2m

(x)sin(cl(z, N)) dx| < 2e.

0

Since € > 0 is arbitrarily chosen, we deduce the desired result (3.15). The case where sin(c6(x, \)) is replaced

by cos(cf(x, A)) can then be arrived at using a similar argument.

O
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3.2. Eigenvalue asymptotics. The proof of Theorem 1.5 relies on asymptotic estimates of eigenvalues
and eigenfunctions — in particular, whether the eigenvalues are sufficiently close to an integer and the
eigenfunctions are sufficiently close to the trigonometric basis of a Fourier series. Both of these properties
have been observed in numerical simulations, even in the presence of discontinuities in the potential function.
In particular, for the asymptotic behavior of eigenvalues, our goal is the following theorem, courtesy of
Eastham [8].

Theorem 3.17. Consider the differential equation (2.1) with a real-valued potential Vi (x) with continuous
derivative up to the second order. Let A\, be the ascending eigenvalues of the problem, along with the
corresponding eigenfunctions 1 ,(x). Then, as m — oo, the eigenvalues A\ am41 and A1 omt2 Satisfy the
asymptotic estimate

A
/2 = 1 : -3 1
A (m+ )+(m+1)+0(m ) (3.18)
where the coefficient
1 27
= — .1
A= /0 Vi(z) dw (3.19)

is independent of m.

Proof. Without loss of generality, assume that 1 ,(0) > 0 for all n > 0. Here, we apply the Priifer transform
(3.3) to u(z) = 11,2m+1(z) with ag = 0, which satisfies (3.4). Equation (3.11) then gives us the range of the
value of the phase function as

2kt < 9(27‘(’, )\1,2m+1> < (2]{5 + 1)7‘(’

for some integer k. However, since Theorem 2.18 dictates that i1 2,41 has 2m + 2 zeros in (0,27], then
Property 3.9 allows us to deduce that

k=m+1
which transforms (3.11) into
27
2(m + 1)71' = 9(277,)\1,27”4,_1) — 9(0,/\1,27”_;,_1) = 9/(1‘,)\1,27”4_1) dx
0
27 1 27 V/(.’L')
= Moama1 — Vi(@) 2 de — = — 2 sin(20(x, M ame1)) d 3.20
| s =i 2ae - 3 [ @i M) s (320

where the last equality is derived using (3.12). We shall focus on the latter term first, abbreviating A1 2m+41
as A and further substituting using (3.12), which yields

1 /2" V{ () , Vi (x) ) )
Z/0 ()\_‘ZW [9 (, \) + m sin(20(xz, )\))} sin(260(z, \)) dx

1 (2" [d Viiz 1 [27 V(z
= 5/0 [dfgw((m)))a/z] 008(29(96,A))dw+§/0 (A_‘}l((x))w(l—cos(w(x,x)))dx

where we used an integration by parts on the term involving ’(z, \). Utilizing Lemma 3.14, we see that the
first term is O(A~%/2) while the second term is O(A~%/2), giving the overall estimate of O(A~3/2). Applying
the binomial expansion to the other term in (3.20) yields

—-1/2 p2m
2(m + 1)r = 27A/2 — AT/ Vi(z)dz + O(N73/2).
0

The most significant contribution comes from the first term, which means m ~ AY2. We rewrite the
expression as

)\71/2
4

M2 =(m+1)+ /27r Vi(z)dz 4+ O(m™3) = (m+1) + A"24; + O(m™3) (3.21)
0
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where the coefficient A; is given by (3.19). Taking the inverse of this gives

1 )\71/2141
m—+1 m—+1

4 O(mﬂ — %H +O(m), (3.22)

)\71/2 —

Substituting both (3.22) back to (3.21) yields the estimate

1 ; A
/2 _ - -3 -3y _ 1
A (m+1)+{m+1+0(m )}A1+O(m ) (m+1)+m+1

+0(m™),
which establishes (3.18). O

Here, notice that our potential given by Assumption 1.4 is only piecewise continuously differentiable up
to the second order, so Theorem 3.17 does not apply directly. However, thanks to Theorem 2.7, we can still
use this asymptotic result with the following corollary.

Corollary 3.23. The estimate (3.18) can be applied for the differential equation (2.1) when the real-valued
potential V(x) is piecewise continuously differentiable up to the second order, as defined by Assumption 1.4.

Proof. Consider an arbitrarily small ¢ > 0, and choose a function Vi(x) that is continuously differentiable
up to the second order such that

{Vl(gg) > V(x) for all x € [0,27] (3.24)

IVi@)llzr0.2m < NV (@)l[Lr10,27] + €

Let Ay, and 9, be the eigenvalue and eigenfunction with the potential Vi (x). Furthermore, let A; 1 be
the coefficient in the asymptotic expansion (3.18) associated with the potential V;(z), and define A; using
the same formulas but with V(z). Our goal is to prove that A; is the correct coefficient in the asymptotic
estimate of \,,.

Using Theorem 2.7, the first condition of (3.24) means that for all n > 0, we have
)\1,n Z )\n- (325)
On the other hand, regarding the coefficient A7, (3.24) means that

Al < Arg < A+ % (3.26)

Combining (3.25) and (3.26), along with utilizing the asymptotic expansion (3.18) gives

&
2(m+1)°

Ay
m—+1

Aia
m—+1

A2 <M= (m+1)+ +Om™3) < (m+1)+ +0(m™3) + (3.27)

We can also do the same process but with a real-valued, continuously twice differentiable function Va(x)
satisfying
{vg(x) <V(z) forallzel0,27]
[Va(@)|l1j0,27) 2 IV ()|[L1[0,24) — €
to obtain
Ay
m+1

2(m+1)

A2 > (m+1) + +0(m™?%) — (3.28)

Since € can be taken arbitrarily small, the two-sided bound formed by (3.27) and (3.28) gives the estimate

A
1/2 _ 1 1 -3
N = (m 1)+ =+ O(m ™)

as € — 0. This concludes the proof. O
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3.3. Eigenfunction asymptotics. Our second goal for this section is to obtain asymptotic estimates for
eigenfunctions, partially relying on the asymptotic expansion of eigenvalues (3.18). To do that, we first
acknowledge that any solution ¢ of (2.1) can be written as a linear combination

Y(z) = c101(x) + cadp2(7) (3.29)

where {¢1, ¢2} is a fundamental set of solutions for (2.1), satisfying

0,\) =1 0,A\) =0
@10, ) and 92(0,3) (3.30)
$1(0,A) =0 #5(0,A) =1
Using variation of constants, we can obtain solution representations for ¢; and ¢2 as
¢1(x,X) = cos(xV/A) + A7/ / sin((z — y) VAV (y)é1(y, N) dy (3.31)
0
and .
ba(x, N) = A 2sin(xV/X) + )\_1/2/ sin((z — y)VA)V (y) b2y, \) dy. (3.32)
0

Both of these formulas can be regarded as recursive definitions of the fundamental solutions, and therefore
we can iterate them as many times as we wish to yield terms of higher order in A. Let us present the resulting
asymptotic estimates for the two fundamental solutions.

Theorem 3.33. Assume that V(x) is a real-valued, piecewise continuous potential function with mean zero:

<V>:%/0 WV(x)dsz

Then, the fundamental solutions (3.30) satisfy the asymptotics

61050 = cos(avA) + X772 [ sin((z = )VR) stV OV () dy + OO

0
and

62(5.0) = X 2sin(aeV D) +271 [ sin((e = ) VD sin(V OV ) dy + O(O2).
0

Proof. First, we make some remarks about the boundedness of the fundamental solutions. Let M () be the
maximum value of ¢; over [0,27]. Then, (3.31) gives

Mi(N) < 1+ A2 () /0277 V(y)ldy

which means )
27 -
M (V) < (1 —A—”?/ |V<y)dy)
0
provided that A is large enough for the right-hand side to be positive. Since V (z) is bounded,
Mi(A)=0(1) as X— o0.

A similar evaluation can be conducted for ¢y to get that it grows to O(A~1/2). Here, from (3.31), we iterate
one more time by replacing the right-hand side in place of ¢1(z, \) in the integral to get

¢1(x, ) = cos(zVA) + A7Y/2 /0 ’ sin((z — y)VA) cos(yV AV (y) dy
+ A7t /0 sin((z — y)ﬁ) V(y) (/0 sin((y — Z)\F)\)V(z)zbl(z7 A) dz) dy

where, with upper bound as above, the asymptotic estimate

b1 (x, ) = cos(zVA) + A7Y/2 /01 sin((z — y)VA) cos(yVA)V (y) dy + O(A™1) (3.34)
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holds. On the other hand, iterating one more time for (3.32) gives

do(z, ) = A"V 2 sin(zV/X) + A7 /Ow sin((a — y)VA) sin(yVA)V (y) dy
A /O sin((z —y)VA) V(y) </0 sin((y — 2)VA)V(2)g2(z, A) dz) dy

and, by substituting the upper bound,

d2(x,N) = A2 sin(zvVA) + A1 ’ sin((z — y)VA) sin(yVA)V (y) dy + O(A~3/2). (3.35)

0

This completes the proof. ([l

Here, note that with the mean zero condition on the potential, (3.18) implies that the eigenvalues satisfy
)\;{3_1 o~ )\éﬁ =m+0(m™3) as m— oo.

Applying this to (3.34) yields
1 xT
d1(2, Aom—1) = ¢1(x, Aap) = cos(max) + - / sin(m(z — y)) cos(my)V (y) dy + O(m™2). (3.36)
0

This is because the O(m™3) term within the cosine function translates to O(m~%) maximum error, which
is absorbed in the O(A™1) = O(m~2) term. On the other hand, the O(m~3) term within the sine function
translates to O(m ™) maximum error, so (3.35) gives

(2, Nom1) ~ da(@, Agmn) = %sin(mx) + % /O " sin(m(z — ) sin(my)V(y) dy + O(m=2).  (3.37)

Finally, knowing that the eigenfunctions v,, are linear combinations of the fundamental solutions as in
(3.29), we have the following lemma on the relative size of the constants.
Lemma 3.38. For i€ {2m — 1,2m}, the eigenfunctions v; can be written as
¥i(@) = aigr (@, \i) + Bima(x, \i)

where both coefficients are O(1) as m — oo.

Proof. Note that using (3.36) and (3.37), the eigenfunction can be expressed as
Vi(x) = a; cos(mx) + B sin(mx) + (o + B;)O(m™1)
for i € {2m — 1,2m}. If either constant is O(m*) for k > 1, then
[[¥illL20,27) = O(m) —> 00 as  m — oo,

which contradicts the assumption that i; is part of an orthonormal basis. On the other hand, if both
constants are O (m*) for k < —1, then

3]l 20,2, = O(m™") — 0

which is also contradictory. This means at least one of the constants is O(1) - without loss of generality,
assume that it is oy. If 8; = O(mk) for k < —1, since 2,,_1 and s, are mutually orthogonal, we have

0= (Yom—1,Vam) = Qam_102m|| cos(mz)||*> + O(m™1)
which means that
Qom_102,;, — 0 as  m — 00,

which contradicts the fact that the coefficients are O(1) and non-zero. We conclude that both coefficients
have to be O(1) as m — oo. O
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1 1
an =/ — cos(nzx) and b, = {/ — sin(nx)
T ™

denote the standard orthonormal Fourier basis functions. With the lemma above, and by adjusting the
coefficients «; and §; to the normalized bases, we can express the eigenfunction ; for i € {2m — 1,2m} as

From here on, we let

1 [,
Vi(x) = ajam(x) + Bibm () + p. / sin(m(z — y))[a;am(y) + Bibm W)V (v) dy + Ri(z) (3.39)
0

where ||R;||L= = O(m™2). With this, the next lemma shall give further information about the constants a;
and S;.
Lemma 3.40. For all m > 1, there exists a y,, such that

Qom_1 = c08(ym) +O(m™1h), Qo = sin(ym,) + O (m™1),

Bom—1 = sin(ym) + O(m ™), Bam = — cos(ym) + O(m™1).
Proof. Using (3.39) and the fact that 12,1 is normalized, we have

1= ||w2m71||2L2[0,27r] = agmfl + ﬂgmfl + O(mil)'

This means that there exists a y,, such that

Qom—1 = €o8(ym) +O(m™1), Bom-—1 = sin(ym,) +O(m™1h).
Applying the same argument on 1), 1 means that there exists a 7, such that
Qom = €o8(Pm) + O(m™1), Bam = sin(Fm) + O(m™1).

On the other hand, since 19,1 and s, are orthogonal, we have
0 = (Yam—1,Y2m) = @2m—102m + Bam—1B2m + O(m™") = cos(ym — Ym) + O(m ™).
This implies that
~ 1 _
which we can then apply to as,, and B, to yield the desired estimates, up to flipping the sign of ¥3,,. O
Remark 3.41. It can be verified that the union of the two collections {cos(ym)am + sin(ym)bm,} and
{Sin(ym)anL - Cos(ym)bm}

e forms an orthonormal basis, and
e spans the same subspace of L? as the basis formed by the two collections {a,,} and {b,,}.

In particular, we have the useful trigonometric identity
(fram)am(x) + (f, by )b (x) = (cos(ym)(f, am) + sin(ym)(f, bm)) (co8(Ym ) am (x) + Sin(Ym )b (x))
- (5in(n) (s Om) — €08(gm) (s b)) (S5 (Yin )t (2) — COS(Yin )b () - (3:42)

4. CONTINUOUS REVIVAL OF THE SCHRODINGER EQUATION WITH PIECEWISE C? POTENTIAL

With the asymptotics from the previous section, we are now equipped for a proof to Theorem 1.5. We
present below a lemma that relates a solution of the periodic Schrédinger equation (1.2) to the Fourier cosine
series of the initial condition. Theorem 1.5 shall be a corollary to this lemma.

Lemma 4.1. Consider a real-valued potential function V' that is piecewise continuously differentiable up to
the second order with mean zero: (V) = 0. Then a solution u to the periodic Schridinger equation (1.2) has
the form

ut,x) = w(t,x) + Y e " [(f,an)an(@) + (f,ba)bn ()] (4.2)
n=1
where w(t, x) is a continuous function for any t > 0.
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Proof. First, consider the expansion
oo
f(z) = Z cntn(z)  where  cp = (f, )
n=1

of the initial condition f with respect to the orthonormal eigenfunction basis {1, }. Using the eigenvalue
asymptotics in (3.18),

ki
m2
where {k;} € £>°. Applying this to the eigenvalue expansion of the solution to (1.2) produces

A=m?+

for i€ {2m—1,2m},

U(t, SU) - Co%(x) = Z Cneiv\”twn(x)

n=1
o . 2 2 . 2 2
= Z Com_1e M tham 1 M)ty () 4 e M R Mty () = UL (¢, 1) — Us(t, ),
m=1

where
Ul(t, Z) = Z efim% (CQm—1¢2m—1($) + sz¢2m($)) )
m=1
> ie_imzt t s 2
Us(t,z) = Z 3 Z CQm—ijm—j%m—j(l‘)/O e them—js/m” g
m=1 je{o,1}

We shall prove that Uy € C[0,27] first. Let
s —im2t
ie

t
i i S m2
Com—j(t,z) = 7202m_jk2m_j¢2m_j(x)/ ka8 /m? g
m 0
Note that for all m > 1 and j € {0, 1}, since the sequence {kay,—;} is bounded, we have

Ol F- i)

< C|[2m—jll=Ilfllz2j0,2m
m2 s€0,t] o

m2

7ik2m_js/m2

t.

(&

|Com—j(t, )| <

Here, for a fixed ¢, we know that all the terms in the numerator are bounded by constants independent of
m. Hence, by the Weierstrass M-test,

o0

Us(t,2) = 3 [Gam—1(t:2) + Cam(t,2)]

m=1
converges absolutely and uniformly to a C'! function, as each component itself is C.
We now consider Uy (¢, z). Using (3.39), by letting
Bu(@) = Y Com—j (Q2m—jam(x) + Bam—sbm(@))
j€{0,1}
we can write
Ul(t, J}) = Ug(t,l‘) + U4(t,$) + U5(t, Z‘)

where the component functions are

Us(t,z) = Y e ™8, (2),
m=1

ita) = 30 S [ sintm(e — ) B0V 0) d
m=1

U5(t,13) = Z eiim2t Z Cgm_jRgm_j(iﬁ).

m=1 je{o,1}
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Utilizing the same argument as we did for Us(t, x), for some constant C' > 0, each individual term of Us (¢, x)

has the bound
—im? C\|f||L2 0,27
e ey Rom— (@) < [ Ram— = (F, Yam—y)| < == 51020

which, when applied to the Weierstrass M-test, gives us that Us(t,z) is a C* function. We now turn to
U(t,z). The individual term of the series is given by

L2
e~ im t

N2m—j(t, ) = Com—j /Ow sin(m(z — y))[a2m—jam(y) + Bam—ibm (y)]V (y) dy

Note that, by using the Cauchy-Schwarz inequality and Parseval’s identity, we get

1/2 0o 1/2 e 1/2
Z |C2m 1| + |02m| <Z 777?) (Z |C2m—1|2> + (Z |02m|2>
m=1 =

m=1

V6

Furthermore, with Lemma 3.38, for fixed ¢, there exists a constant C' such that

S V6
<. 2<Z|C2m—1|2+|02m|2> <7||f||L 2[0,27] < 00
m=1

Com—j i Com—j
-t 2)] < | 222 gy + By [ WVl dy < € |22

since both coefficients ag,,—; and Bam—; are O(1) and the function / |V (y)| dy is bounded. Therefore,

Z Z |7]2m—j(t,x)|goz Z ‘CQ:;L_J‘ CT(\/

m=1;€{0,1} m=1;€{0,1}

||fHL2027r] < 00.

Using the Dominated Convergence Theorem, we deduce that Uy(t, z) is a continuous function of z. Finally,
we look at Us(t,z). From (3.39), we write

1 -
Cmej = a2m7j <f7 am> + 62m7j<fa bm> + E <f7 V2m7j> + <f, R2mfj>
where the function V is given by
Vans(a) = [ sin(m(o ~ 1)) (@zm-som(0) + Ban—sbm(0)) V(0) dy
0

Then, we can write the function Us(t,x) as the sum
Us(t,z) = Us(t, z) + Uz(t, ) + Us(t, x)

where the component functions are given by

Us(t, ) = > e 3™ (aam i (f,am) + Bom—i {fbm)) (Q2m—jam (2) + Bam—jbm ()
m=1 j€{0,1}

Ur(t,x) = Z e_;: Z (fs Vam—;) (Q2m— jam () + Bam—jbm(x)) ,
m=1 je{0,1}

Ug(t, .Z‘) = Z e—imZt Z <f; R2mfj> (a2mfjam(‘r) + B2mfjbm(x)) :
m=1 j€e{0,1}

For Us(t, x), thanks to the Cauchy-Schwarz inequality, we have

2770 ||f||L2 [0,27]

<f’ RQm—j> - m2

| 7 @) R () da
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which means each individual term of Us(t,z) has the bound

< Cl fllz2(0.27)

‘e—imZtOc7 R2m7j> <a2m—jam($) + ﬁ?m*jbm@j)) m2

for some constant C, as the coefficients ag,,—; and Bap,—; are O(1). Applying the Weierstrass M-test here
shows that Ug(t, ) is a C! function. For Uz (¢, ), note that

Van0) = sinfonz) [ cos(my) (@am—sam (1) + Bam—3bm () V() dy
~cos(ma) [ i) (@2 () + B3 V3)
where the first term can be written as
sin(ma) /0 ’ cos(my) (@zm—;am(y) + Bam—ibm(y)) V(y) dy
_ sin(mz) /0 ’ (Q2m—j (1 + cos(2my)) + Bam—; sin(2my)) V (y) dy

2y/m
= dam—j bm(x)/o V(y)dy + bm(x)/o (Qam—j cos(2my) + Bam—; sin(2my)) V(y) dy

2 2

and the second term can be written as

cos(m) | " sin(my) (02myam () + Bam—sbm () V() dy

cos(mz)

2ym

= %am(x) /Of V(y)dy + amT(J:) /Ox (2 —j sin(2my) — Bam—j cos(2my)) V(y) dy.

/0 " (O SIn(2my) + Bam—s (1 — cos(2my))) V(y) dy

Now, using integration by parts, with Ny such that zn, < © < xn,41 — that is, the No*? discontinuous
point is the greatest discontinuous point of V' (z) smaller than  — we have

x No—1
/0 sin(2my)V (y) dy = ! (cos(menH) lim V(z) — cos(2mz,) lim V(x))

2m rT—x 1—>1i

n=0 n+1

— % (cos(?mx)V(z) — cos(2map, ) lim+ V(x)) + % /Oz cos(2my)V (y) dy

Ty, m

which grows like O(m™1!). This also applies to

x No—1
/0 cos(2my)V (y) dy = ! <sin(2mxn+1) lim V(z) — sin(2ma,) lim V(a:))

n=0 n41

+ % (sin(me)V(x) —sin(2maxy, ) lirr}r V(z)) b /E sin(2my)V (y) dy.
0

m z—a 2m

Then, each individual term of Uz (¢, ) can be split into three terms

—im?2t
6 ~
<f7 ‘/2m—j> (a27n—jam($) + BQ’rn—jbm(x)) = P1,2m—j (t; Z‘) + P2,2m—j (t7 33) + P3,2m—j (ty Qf)
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where
anijefimQt
p12m—j(t,x) = om (fVo, bm) (2m—jam(x) + Bom—jbm(x))
BQm_jefimQt
P2,2m—j (tvff) = T <fV07 am> (Oézm—jam(fv) + 52m—jbm(f€))
p32m—i(t,) = € f, Ry ) (Qomejam (%) + Bam b (x))
with

Vo(a) = / V)dy and |[Rg lli~ = O(m™?).

As for the third sub-term, employing the same argument as with Ug(¢, x), we have the bound

C ||f”L2 0,27
p3.2m 31, )| < L 02n]

which means that the Weierstrass M-test gives us that the sum across all of these sub-terms is a C' function.
For the first sub-term, with ag,,—; and Bay,—; both being O(1), plus that {b,,} is the orthonormal sine basis
and fVy € L?[0,27], we have

> 2 |P1,2m—j(t,a:)|§z_:10‘mn;bm>

m=1;€{0,1}

Cr
< ETN Vol 2210 201
_\/éHf ollz2[0,2]

This ensures that the sum across all of these sub-terms is continuous due to the Dominated Convergence
Theorem. With the same method applied to the second sub-term, we conclude that

o
Uq(t,z) = Z Z [P1.2m—i(t; ) + p2,2m—j (t, ) + p3am—;(t,2) ]
m=1jE{0.1}

is a continuous function. This leaves us with Ug(t, z). Using the asymptotics from Lemma 3.40, we can split
it into two parts

Us(t,z) = Ug(t, z) + Uo(t, x)

where the component functions are

Us(t.a) = > e ™ ({f, c08(ym)tm + Sty )brm) (€0(m ) () + sin ()b ()

m=1

+ <f7 Sin(ym)am - Cos(ym)bm> (Sin(ym)am(z) - COS(ym)bm(I)))7

Uip (t, x) = Z €7im2t Z Sl,Zm—j<f7 am>am(x) + SQ,Qm—j <f7 a'm>bm (ZC)

m=1 je{o,1}
+ S3,2m—j <fa bm>am($) + S4,2m—j <fa bm>bm(x)
with |[S; 2m—j||Le = O(m™!) for 1 <4 < 4. The identity (3.42) immediately identifies Uy (¢, z) as the revival
component of the solution, while for Ujg(¢,x), we can apply the same technique on the sum across each

of the four sub-terms as we did for Ur(t,x), which will lead to convergence to a continuous function. For
example, the sum across the first sub-term has the bound

= im?2 = Cr
eIt G famam| < C’<f’am>‘< 210 941,
Z Z | 1.2m—j (s am)am| < Z | < \/é||f”L [0,27]

m=1;e{0,1} m=1

which proves that Uyg(t, z) is continuous. Assembling all the components gives us that

u(t,z) = coto(@) + Ur(t,x) = Us(t,a) = Ua(t, ) + > ™™ [(f, an)an(@) + (f,ba)bn ()]

n=1

Setting w(t, z) = cotpo(x) + Ur(t,x) — Ug(t, ) — Ua(t, x) then gives us the desired identity. O
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The proof of Theorem 1.5 now follows from this lemma and a rearrangement with regard to the norm of
the potential function.

Proof of Theorem 1.5. First, for V = 0, the solution to (1.2) is given by

(f* IR

+Z —in t f an>an( )+<f*7bn>bn($)] _ 5o Z e—i'rL2t<f*’ein(')>einx.

n=-—oo

uo(t,x) =

Then, at a rational time to = 27q/r, observe that
ei’n2t0 — eim2t0
for any n = m mod r. Thus, the solution has the form

t ZL’ 277 Z 6727r1m q/r Z <f*’ein(-)>einw’

m=0 n=m mod r

We shall focus on the inner summation. Since

r—1 .
. fn =m mod
E e?m(mf’n)k/r: roun m odar
0 otherwise

we have
r—1
Z <f, > int _ % Z 627rimk/r Z 6727rink/r<f>¢<7 6in(~)>6inz
n=m mod r k=0 nez
1 o 27k e _ 27 N 27k
i Zemek/r Z <Jc* ( _ ) 7em(~)> ein® eQ‘mmk/'r ( _ ) )
" k=0 nez " k=0 "
Substituting this in the full expression above for the solution gives
1 r—1 , k
’Lbo(t,x) — Z e27ri(mk/r7m q/r)f* <.’E - 27T> )
T T
k,m=0

By (4.2), for any potential V' satisfying (V) =0,

ult, z) = w(t,z) + |uo(t,z) — <f*2’ 1>] - {w(t,x) - <f*2’ ﬂ + ikgo (2mi(mk/r—m?a/r) g+ (m _ m{) .

Finally, notice that for a general potential V', the solution to (1.2) has the form
u(t,z) = eV (¢, )

where u©* is the solution to

which has a potential that satisfies the mean-zero condition. Applying the derived result above, we have
that

1 1 - k
u(t,a:) — e—27ri(V>q/r (w(t,x) _ <f’>> + ;6—271'1<V>q/r Z eZﬂi(mk/T—m2q/r)f* (.23 _ 2ﬂ_r> ]

2
k,m=0

Since the first term is a continuous function, the proof is complete. O
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5. NUMERICAL SIMULATIONS

In this section, we wish to show various simulations of the solution to the Schrodinger equation. Consider
the case where the potential is the following 2 m-periodic piecewise constant function:

_J0 forxz e [0,7/2)
Vie) = {9 for x € [7/2,27)

and the initial condition is the following 2 m-periodic function:

| —z/2n for x € [0, )
fz) = {1 —z/2n forx € [m2m)

Here, our plots were produced using Julia employing these assumptions:

e The number of eigenvalues used is 1000;
e The resolution of the plot is Az = .00057.

As a dispersive relation, the solution for the Schréodinger equation is piecewise smooth for times rational
relative to the length of the interval. This can be seen in the plots of the real part of the solution below.

i Ny (v My L*[\,

_ 1 1
T t—lOTr tf57r

_ 1 _ 1

FIGURE 1. The real part of the solution.

We then consider the plots below of the same rational time steps, where we have the real part of the
revival component and the remainder w on the top and bottom row, respectively.

oA bAoA A
; W \ WM Y \Hm . AN T s

FI1GURE 2. The real part of the revival component and the remainder.

—
<
-
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Apart from the bars at the jump discontinuities caused by the Gibbs phenomenon, it can be observed
that the real part of w is continuous across all time steps. Similarly, we demonstrate below the continuity
for the imaginary part of w, which is plotted in the bottom row and is the difference between the imaginary
part of the solution (top row) and the imaginary part of the revival component (middle row).

N 1 ] 4 F M N [ / \
Fjv )‘L J \ ( \r T / ‘ ‘ \( \\
4:1 'y ; { v %

S

F1GURE 3. The imaginary part of the solution, the revival component, and the remainder.

This confirms the validity of Theorem 1.5 in this particular example.
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