
ARTICLE IN PRESS
0022-5193/$ - se

doi:10.1016/j.jtb

$Research s
�Correspond

The Ohio State

Tel.: +1614 29

E-mail addr
Journal of Theoretical Biology 249 (2007) 723–736

www.elsevier.com/locate/yjtbi
A stochastic analysis of actin polymerization in the presence of twinfilin
and gelsolin$

Anastasios Matzavinosa,�, Hans G. Othmera,b

aSchool of Mathematics, University of Minnesota, Minneapolis, MN 55455, USA
bDigital Technology Center, University of Minnesota, Minneapolis, MN 55455, USA

Received 8 March 2007; received in revised form 2 August 2007; accepted 16 August 2007

Available online 28 August 2007
Abstract

We develop an efficient stochastic simulation algorithm for analyzing actin filament growth and decay in the presence of various actin-

binding proteins. The evolution of nucleotide profiles of filaments can be tracked and the resulting feedback to actin-binding proteins is

incorporated. The computational efficiency of the new method enables us to focus on experimentally realistic problems, and as one

example we use it to analyze the experimental data of Helfer et al. [(2006). Mammalian twinfilin sequesters ADP-G-actin and caps

filament barbed ends: implications in motility. EMBO J. 25, 1184–1195] on the capping and G-actin sequestering activity of twinfilin. We

show that the binding specificity of twinfilin for ADP-G-actin is crucial for the observed biphasic evolution of the filament length

distribution in the presence of twinfilin, and we demonstrate that twinfilin can be an essential part of the molecular machinery for

regulating filament lengths after a short burst of polymerization. Significantly, our simulations indicate that the pyrenyl-actin

fluorescence experiments would fail to report the emergence of large filaments under certain experimental conditions.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

1.1. Sequestration and capping activities of mammalian

twinfilin

Two recent papers on twinfilins have highlighted the
importance of these proteins for the regulation of actin
dynamics. Helfer et al. (2006) demonstrated experimentally
that twinfilins sequester ADP-G-actin and cap filament
barbed ends with preferential affinity for ADP-bound ends.
These processes add to a list of previously known proper-
ties of twinfilins, such as their interaction with capping
proteins and the sequestration of G-actin, the latter
e front matter r 2007 Elsevier Ltd. All rights reserved.
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established for G-actin without specification of the
associated nucleotide (Paavilainen et al., 2004; Falck et
al., 2004). In addition, Moseley et al. (2006) have shown
that twinfilin also functions as a fragmenting protein by
demonstrating that in an acidic environment (pHo6)
budding yeast twinfilin fragments actin filaments and
promotes rapid turnover of actin.
Helfer et al. (2006) investigated the capping and

sequestering activity of mammalian twinfilin in F-actin
growth assays with a view toward understanding the effect
of twinfilin on both the filament growth dynamics and the
steady-state assembly of filaments. The capping of barbed
ends by twinfilin was established in a number of experi-
ments. Like other barbed-end capping proteins, twinfilin
inhibits dilution-induced depolymerization of filamentous
actin at the barbed ends. Moreover, twinfilin inhibits
barbed-end growth in a range of concentrations substoi-
chiometric to G-actin, which suggests that capping is the
dominant mechanism responsible for the inhibition of
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barbed-end growth. In contrast, the growth assay experi-
ments reported by Helfer et al. (2006) show that the
inhibition of pointed-end growth by twinfilin is due solely
to the actin sequestering activity of the latter. Hence,
although twinfilin inhibits growth totally at either end in a
saturation manner, it caps only at the barbed end.

In order to demonstrate that twinfilin sequesters
predominantly ADP-G-actin, Helfer et al. (2006) investi-
gated the growth of filaments under three different
experimental conditions: (a) in the absence of any
accessory protein but gelsolin, (b) under the addition of
thymosin b4, which sequesters ATP-G-actin, and (c) in the
presence of twinfilin. Filament growth in all cases is seeded
by gelsolin-actin. Under these conditions barbed ends of
actin filaments are capped by gelsolin, prohibiting capping
by twinfilin to interfere with the dynamics. In cases (a) and
(b) growth proceeds monotonically to a steady-state
plateau. In contrast, in the presence of twinfilin the initial
growth is followed by extensive depolymerization, as
reflected by the initial increase in mean filament length
followed by its decrease.1 The authors assert that the latter
type of biphasic evolution for filament length is not
consistent with sequestration of ATP-G-actin alone and,
hence, ADP-G-actin sequestration must be involved. The
explanation they offer is that as the pointed ends of the
filaments release ADP-actin monomers to the solution the
latter are sequestered by twinfilin, which reduces the
monomer pool that is available to the pointed ends. They
show that this phenomenon is not manifested if twinfilin is
replaced by thymosin b4 since the latter sequesters ATP-G-
actin and hence it rapidly equilibrates with the initially
ATP-rich monomer pool.

Although this description is consistent with the observa-
tions, a quantitative model is needed to test the con-
sequences of the underlying hypotheses on the integrated
dynamics of the system. Specific issues that we address here
concern the potential effect of gelsolin that has dissociated
from filaments,2 and the relative importance of gelsolin on
the depolymerization dynamics as compared to the
dynamics of twinfilin.
1.2. Computational approaches to stochastic chemical

kinetics

Because actin-binding proteins typically interact differ-
ently with ATP- and ADP-actin, a complete description of
the network involving reactions between actin monomers,
1Helfer et al. (2006) report pyrenyl-actin fluorescence, not filament

length, but under their conditions there is no filament fragmentation and

thus the two measures are equivalent.
2Helfer et al. (2006) assume that gelsolin remains bound to F-actin

barbed ends throughout their experiment—a reasonable assumption if one

considers the kinetic constants of capping by gelsolin and the absence of

PIP2 signaling that would facilitate the uncapping of filaments. None-

theless, one of the aims of this paper is to confirm that the observed

dynamics are intrinsic to the biochemical activity of twinfilin and not an

outcome of gelsolin interference via capping.
filaments and actin-binding proteins must take into
account the nature of the nucleotide at each monomer in
an actin filament. In the following section we develop a
stochastic simulation framework that incorporates this
level of detail, yet allows us to efficiently simulate the
temporal evolution of the filament length distribution
under experimentally realistic conditions. Within this
general framework we can study the effects of capping,
sequestration and fragmentation proteins, using these
proteins individually and in various combinations. This
approach enables us to explain the dynamic behavior of the
filament length distribution observed by Helfer et al. (2006)
in the presence of twinfilin, and complements an earlier
work (Hu et al., 2007) on the evolution of the length
distribution in vitro. The algorithm we develop can also be
applied to more efficiently simulate a large class of
biologically important polymerization reactions.
Because the dynamics of individual filaments are

important in a number of contexts, we treat the evolution
of the composition of the mixture as a Markovian
stochastic process, rather than as a deterministic process,
and use the standard master equation formalism (cf.
Gardiner, 1985; Gadgil et al., 2005). Thus, the system is
characterized by the probability of being in a given state,
and one is usually most interested in the first few moments
of this distribution. The low-order moments can be found
in essentially complete detail analytically for networks of
linear reactions (Gadgil et al., 2005), but for other than
first-order reactions the master equation is difficult to
solve, either analytically or numerically. As a result Monte
Carlo methods are used to generate realizations of the
underlying stochastic process. For chemical reaction net-
works this is frequently done using one of the two
stochastic simulation algorithms (SSAs), called the direct
method and first reaction method, respectively, developed
by Gillespie (1976). Various modifications of these two
algorithms, aimed at improving the computational perfor-
mance, have been developed (Gibson and Bruck, 2000; Cao
et al., 2004; E et al., 2005) and the relative merits of various
modifications have been evaluated by Cao et al. (2004).
All of these algorithmic approaches are formulated for

the simulation of general reaction networks, without
consideration of the underlying network topology. As we
will see, a straightforward application of the direct method
to the actin polymerization reaction network is not
optimal, since the special structure associated with the
polymerization reaction network is not used. The
algorithm we develop makes optimal use of the network
structure to minimize the computational cost of generating
numerical realizations of the actin dynamics. Others
have also developed stochastic mathematical models
for the evolution of nucleotide compositions, but only
under restrictions—such as conditions imposed on the
filament length distribution and the actin monomer pool
(cf. e.g. Bindschadler et al., 2004; Stukalin and Kolomeis-
ky, 2006; Fass et al., 2007)—that are not needed in our
formulation.
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Fig. 1. State transition graph.
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2. Theory and algorithmic method

2.1. The master equation governing actin filament dynamics

Consider a solution of purified actin monomers and
filaments under ionic conditions that support actin poly-
merization. In order to develop a master equation that
embodies the state transitions in the system, we require a
representation of the configuration or state of the system at
each time. To uniquely define the state one must know the
number of filaments of a given length, and, for each length
present, the number of distinct nucleotide sequences in
filaments and the number of filaments having one of these
sequences. Thus, the state is characterized by a hierarchy of
equivalence classes, first identifying filaments by their
length, and, within an equivalence class of lengths, the
number of filaments having a given nucleotide profile.
These equivalence classes can be thought of as subpopula-
tions of filaments, where a filament population is defined
by the filament length and its nucleotide composition. For
instance, the sequence

ATP�ADP�ADP�ADP

identifies a different filament population than

ATP�ATP�ADP�ADP

does. In this framework each filament population can be
labeled by a finite string or sequence over a set that encodes
the three distinct nucleotides. Here, we use the set
A ¼ f1; 2; 3g, where one encodes ADP, two corresponds
to the ‘intermediate’ nucleotide consisting of an ADP with
a weakly associated phosphate, which is referred to as an
ADP-Pi, and three encodes ATP.

The reactions that generate the state transitions can be
regarded as the directed edges of a graph in which each
vertex corresponds to an equivalence class or subpopula-
tion of filaments. The vertices of this graph are labeled by
finite sequences over A, as shown by the example in Fig. 1.
There a filament in the population corresponding to the
sequence ‘33221’ undergoes various transformations de-
fined by the hydrolysis and phosphate release reactions
(shown on the right part of the diagram), polymerization
reactions (top and bottom parts of the diagram) and
depolymerization reactions (left part of the diagram). For
the polymerization reactions the nucleotide profile is
irrelevant, and thus the finer equivalence class that
identifies the profile is not needed.3 As we see later, this
makes our computational algorithm significantly more
efficient.

Next we formulate the master equation for all admissible
transitions in what may appear to be an overly abstract
form, since the network structure itself is simple. However,
this formulation serves as a blueprint for the data
3The independence of the polymerization kinetic constants from the

filament tip nucleotide state is assumed here, in accordance with Kuhn and

Pollard (2005). Alternative possibilities are discussed in Fujiwara et al.

(2007).
structures that are used in implementing an efficient
simulation algorithm. Let seqðAÞ be the set of all finite
sequences over A:

seqðAÞ ¼
[
n2N

An. (1)

To characterize the state of the system at time t we have to
specify the number of filaments in each population at this
time. This is done by defining a function

Z : seqðAÞ�!N

which maps each finite sequence s ¼ s1s2 . . . sn 2 seqðAÞ—
and consequently each population characterized by this
sequence—to the total number of filaments characterized
by s. The configuration C of the system at time t is the
number and type of all distinct filaments present in the
system, and, since Z encodes the configuration or state, it is
called a state variable.
In a stochastic description of the system one can only

determine the probability PðZ; tÞ of a state Z, rather than
the state itself. Accordingly, the master equation that
describes the evolution of PðZ; tÞ encodes all transitions
that alter P, and this can be written as

q
qt

PðZ; tÞ ¼
X

z2SðZÞ

Rðz; ZÞ � Pðz; tÞ �
X

z2TðZÞ

RðZ; zÞ � PðZ; tÞ,

(2)

where Z and z are state variables, Rðz; ZÞ is the probability
per unit time of a transition from state z to state Z, and
RðZ; zÞ is the probability per unit time of a transition from
state Z to state z. Here, SðZÞ is the set of all states that can
terminate at Z after one reaction step, and TðZÞ is the set of
all states reachable from Z in one step via feasible reactions;
the notation is meant to suggest the ‘source’ and ‘target’
states at state Z (Gadgil et al., 2005). Since there are only a
finite number of chemical reactions, both SðZÞ and TðZÞ
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are finite and, hence, the sums appearing in Eq. (2) are
finite.

To complete the description we have to specify the rate
of increase Rðz; ZÞ for z 2SðZÞ, and the rate of decrease
RðZ; zÞ for z 2TðZÞ. We do this only for a polymerization
and depolymerization at the barbed end; the reader can
formulate the rates for other steps. To this end we
introduce some notation. For every finite sequence

s ¼ s1s2 . . . si . . . sj . . . sn 2 seqðAÞ,

let lðsÞ be the length n of s, and let pj
i be a ‘projection’

operator that selects the string si . . . sj from s; thus

pj
iðsÞ ¼ si . . . sj . (3)

When i ¼ j—i.e. when the string represents a monomer—
we denote the operator as pi, i.e. pi

i � pi. To orient the
filaments we adopt the convention that s1 defines the
barbed end of s and sn corresponds to the pointed end.
Finally, the Dirac delta function over seqðAÞ � seqðAÞ will
be denoted by d; its action is defined by

dðs1; s2Þ ¼
1 if s1 � s2;

0 otherwise;

(
(4)

where identity of strings means equality component-wise.
Given a state Z, we first have to determine the rates

Rðz; ZÞ corresponding to polymerization at the barbed end
for every z 2SðZÞ. For this we first have to compute all
z 2SðZÞ from Z. To do this we loop through all filament
types in C, and for each filament type in C encoded by a
sequence s0 we generate a state z 2 seqðAÞ by
1.
 increasing by one the size of the filament population that
gave rise to s0 through a polymerization reaction at the
barbed end,
2.
 increasing by one the monomer pool that contributed to
the polymerization reaction and
3.
 subtracting one filament of type s0 from the current state
Z.

The result of these steps can be summarized by an operator
T s0

1 defined as follows. For each finite sequence
s0 2 seqðAÞ, let T s0

1 act on the state variable Z as follows:

T s0
1 ZðsÞ ¼ ZðsÞ � dðs; s0Þ

zfflfflffl}|fflfflffl{product

þ dðs; plðsÞ
2 ðs0ÞÞ

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{reactant

þ dðs;p1ðs0ÞÞ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{monomer

. (5)

The action of T s0
1 on Z yields a unique ‘previous’ state z,

which generates Z through the application of the barbed-
end polymerization reaction on plðsÞ

2 ðs0Þ. Hence,

SðZÞ ¼ fT s0
1 Zjs0 2 suppðZÞg, (6)

where suppðZÞ is the set of non-empty equivalence classes of
filaments characterized by their length and nucleotide
profile. Formally,

suppðZÞ ¼ fs 2 seq ðAÞjZðsÞ40g.

For s 2 suppðZÞ and z 2SðZÞ the probability per unit
time of a z! Z transition, Rðz; ZÞ, is the product of the
probability per unit time cp1ðsÞ of the specific polymeriza-
tion step that defines the transition, and a combinatorial
coefficient hs. The latter represents the number of
independent combinations of monomers and filaments
that can yield a filament of type s through a polymerization
step. Thus,

Rðz; ZÞ ¼ hs � cp1ðsÞ. (7)

The state variables z and Z uniquely define the finite
sequence s 2 seqðAÞ. The probability per unit time cp1ðsÞ of
a polymerization event depends on the type of monomer
being added, i.e. on the nucleotide p1ðsÞ bound to the
monomer. The combinatorial coefficient hs and the
probability per unit time cp1ðsÞ are determined by the state
variable z ¼ T s

1Z 2SðZÞ and the deterministic rate con-
stant of the polymerization step as

hs ¼ T s
1Zðp1sÞ � T

s
1Zðp

lðsÞ
2 sÞ and cp1ðsÞ ¼

kp1ðsÞ

NAV
, (8)

where NA is Avogadro’s number, V is the volume of the
system and kp1ðsÞ is the rate constant for addition of a
monomer having a p1ðsÞ nucleotide.
Similar reasoning leads to the term due to polymeriza-

tion steps leaving Z, and it follows that the evolution of P

due only to barbed-end polymerization is governed by

q
qt

PðZ; tÞ ¼
X

s2suppðZÞ
hs � cp1ðsÞ � PðT

s
1Z; tÞ

�
X

s2suppðZÞ

X
m2A

cmZðmÞ

 !
ZðsÞPðZ; tÞ. ð9Þ

The simple form of these terms stems from the fact that the
addition of a monomer depends only on the monomer
type, not on what is on the filament end (cf. Table 1). The
contribution of depolymerization at Z to the master
equation is derived shortly, and the remaining reactions
such as ATP hydrolysis, phosphate release and filament
fragmentation can be treated similarly.

2.2. An efficient SSA for polymerization reactions

The main difficulty associated with using the direct
method for simulating the actin polymerization network is
the potentially large number of new species that are created
due to growth and decay of filaments, and to changes in the
nucleotide compositions of filaments due to hydrolysis.
Since each site in a filament can contain one of the three
nucleotides, there are potentially 3n distinct species for a
filament of length n. In the direct method one decides
which reaction will occur next and when based on all
possible reaction rates in the system. Thus, the emergence
of a large number of new filament types in the system will
increase the computational cost due to the complexity
associated with processing a large set of non-zero reaction
rates. However, a careful examination of the master
equation as we have formulated it reveals the possibility
of an efficient grouping of the rates in a way that can
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Table 1

Rate constants and literature sources

Description of kinetic constant Symbol Value References

ADP-G-actin polymerization at barbed ends kþbD 3:8mM�1 s�1 Kuhn and Pollard (2005)

ATP-G-actin polymerization at barbed ends kþbT 7:4mM�1 s�1 Kuhn and Pollard (2005)

ADP-actin depolymerization from barbed ends k�bD 1:5 s�1 Kuhn and Pollard (2005)

ADP-Pi-actin depolymerization from barbed ends k�bD�Pi 0:9 s�1 Kuhn and Pollard (2005)

ATP-actin depolymerization from barbed ends k�bT 0:9 s�1 Kuhn and Pollard (2005)

ADP-G-actin polymerization at pointed ends kþpD 0:16mM�1s�1 Kuhn and Pollard (2005)

ATP-G-actin polymerization at pointed ends kþpT 0:56mM�1s�1 Kuhn and Pollard (2005)

ADP-actin depolymerization from pointed ends k�pD 0:26 s�1 Kuhn and Pollard (2005)

ADP-Pi-actin depolymerization from pointed ends k�pD�Pi 0:19 s�1 Kuhn and Pollard (2005)

ATP-actin depolymerization from pointed ends k�pT 0:19 s�1 Kuhn and Pollard (2005)

ATP hydrolysis on polymerized actin 0:3 s�1 Blanchoin and Pollard (2002)

Phosphate release from filamentous ADP-Pi-actin 0:0026 s�1 Bindschadler et al. (2004)

ADP exchange for ATP on globular actin kD!T 0:01 s�1 Selden et al. (1999)

Depolymerization of trimers 103 s�1 Sept et al. (1999)

Depolymerization of dimers 106 s�1 Sept et al. (1999)

Binding of ADP-G-actin by twinfilin kþsqD 180 mM�1s�1 Helfer et al. (2006)

Release of ADP-G-actin from twinfilin k�sqD 1:8 s�1 Helfer et al. (2006)

Capping of ADP-actin barbed ends by twinfilin kþcpD 10:0mM�1s�1 Assigned estimate (see text)

Release of twinfilin from ADP-actin barbed ends k�cpD 1:0 s�1 Assigned estimate

Capping of ADP-Pi-actin barbed ends by twinfilin kþcpD�Pi 1:0mM�1s�1 Assigned estimate

Release of twinfilin from ADP-Pi-actin barbed ends k�cpD�Pi 10:0 s�1 Assigned estimate

Capping of ATP-actin barbed ends by twinfilin kþcpT 1:0mM�1s�1 Assigned estimate

Release of twinfilin from ATP-actin barbed ends k�cpT 10:0 s�1 Assigned estimate
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drastically reduce the computational complexity of the
algorithm. To see this, suppose that the state of the system
at time t is Z, and, in order to demonstrate the basic idea,
consider only depolymerization reactions at the barbed end
of a filament. The target states TðZÞ reachable from Z can
be defined by an appropriate operator as was done for the
source states in the case of the polymerization reaction, and
the decrease of P due to these steps evolves according to

q
qt

PðZ; tÞ ¼ �
X

z2TðZÞ

RðZ; zÞ � PðZ; tÞ

¼ �
X

s2suppðZÞ
hscs � PðZ; tÞ. ð10Þ

Since depolymerization is a first-order reaction, the
combinatorial coefficient hs is simply equal to the number
of filaments of type s in the configuration C. In particular,

hs ¼ ZðsÞ and cs ¼ k�p1ðsÞ, (11)

where k�p1ðsÞ is the deterministic rate constant for the release
of a p1ðsÞ monomeric unit from the barbed end of a
filament. It is known that k�p1ðsÞ depends only on the
outermost nucleotide p1ðsÞ and not on the ‘inner’ composi-
tion of the filament (Kuhn and Pollard, 2005), hence,
cs ¼ cp1ðsÞ. It follows that by re-organizing the sum in Eq.
(10), this equation can be written as

q
qt

PðZ; tÞ ¼ �
X
m2A

hmcm � PðZ; tÞ, (12)
where hm is the number of filaments in C, of which the
outermost nucleotide at the barbed end is of type m 2A.
Eq. (12) shows that the distinction of the depolymeriza-

tion reaction rates associated with all different species
characterized by sequences s 2 seqðAÞ is not necessary
for this particular step; one can characterize the
depolymerization dynamics by investigating the evolution
of three first-order pseudoreactions acting on the pseudos-
pecies

Pm ¼ fs 2 suppðZÞjp1ðsÞ ¼ mg, (13)

where m 2A. The collection of the sets Pm provides a
coarsening of the equivalence classes defining the state of
the configuration C. In effect, Eq. (12) defines a depoly-
merization pseudoreaction acting on the pseudospecies Pm,
with the rate of the reaction given by hmcm. This setting
contains all the necessary information for applying
Gillespie’s direct method on the coarse decomposition of
C given by the pseudospecies Pm.
This ‘lumping’ of species significantly reduces the size of

the data set of reaction rates that would have to be
generated and manipulated in order to simulate the system
using the standard direct method. It is based on the
particular structure of the kinetic network and can be
applied, by defining appropriate pseudoreactions, to
virtually all reactions in the system. For instance, all
hydrolysis reactions can be represented by a generic
hydrolysis pseudoreaction, the rate of which is determined
by the rates of the individual component reactions.
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By using this observation, we have developed and
implemented an efficient variant of Gillespie’s SSA for
the actin network, and we have compared the performance
of this implementation with the performance of an
implementation based on Gillespie’s direct method. Both
implementations were written in the C programming
language and the timing was performed on a dual-core
processor computer system running at approximately
2.4GHz.

An experimental configuration of a volume of 1000mm3

was assumed and the admissible reactions were polymer-
ization and depolymerization, nucleotide hydrolysis, re-
lease of phosphate and exchange of ADP for ATP on G-
actin. The nucleation reaction was assumed to be shut off.
The experiments were performed for various initial
concentrations of filament seeds. The initial concentration
of ATP-G-actin was 2:5mM, and the stopping criterion for
the timing of the computational performance was a fixed
elapsed time of 100 s for polymerization.

Fig. 2 shows the results of the timing of the two
implementations. As can be seen, for an initial number of
103 actin filaments, the optimized SSA reaches 100 s of
experimental time within �17 s of CPU time, whereas
Gillespie’s SSA requires �3600 s of CPU time. It is well
known that the computational cost of Gillespie’s direct
method depends linearly on the number of reactions
present in the system (Cao et al., 2004). However, this
result applies to reaction networks with a constant number
of reactions, whereas in the system under discussion the
number of filament species in the configuration C—and
consequently the number of corresponding reactions—
increases with time. This explains the apparently exponen-
Fig. 2. Timing of Gillespie’s stochastic simulati
tial computational cost of the direct method in this setting.
In contrast, our optimized approach manifests a linear
dependence, since the number of the defined pseudospecies
remains constant throughout the execution of the algo-
rithm.

3. Results

3.1. Understanding the ADP-G-actin sequestering activity of

twinfilin

In order to demonstrate experimentally that twinfilin
sequesters predominantly ADP-G-actin, Helfer et al.
(2006) studied the growth of filaments under three different
experimental conditions: (a) in the absence of any
accessory protein but gelsolin, (b) under the addition of
thymosin b4, which sequesters ATP-G-actin, and (c) in the
presence of twinfilin. In all the three cases, filament growth
is seeded by gelsolin-actin and is assayed by the intensity of
pyrenyl-actin fluorescence. The authors assume that
barbed ends of actin filaments are capped by gelsolin,
which precludes barbed-end capping by twinfilin to
interfere with the dynamics. In cases (a) and (b) growth
proceeds monotonically to a steady-state plateau, whereas,
in the presence of twinfilin, the initial growth is followed by
extensive depolymerization. The authors conclude that the
latter type of biphasic evolution of filament length is not
consistent with sequestration of ATP-G-actin alone and,
therefore, that ADP-G-actin sequestration must be present.
The explanation they offer is that as the pointed ends
of the filaments give up ADP-actin monomers to the
solution the latter are sequestered by twinfilin, which
on algorithm versus our optimized method.



ARTICLE IN PRESS
A. Matzavinos, H.G. Othmer / Journal of Theoretical Biology 249 (2007) 723–736 729
reduces the monomer pool that is available to the pointed
ends. This phenomenon is not manifested if twinfilin is
replaced by thymosin b4 since the latter sequesters ATP-G-
actin and it rapidly equilibrates with the initially ATP-rich
monomer pool.

Although this description is plausible, a quantitative
model that can reproduce the observed time course of
polymerization and which can be used to assess the
importance of various assumptions is not provided by
Helfer et al. (2006). In particular, the conclusions reached
are predicated on the assumption that the biphasic growth
behavior is not an outcome of gelsolin interference through
a possible fragmenting activity or by interference with the
pointed-end dynamics. In this section we assess the relative
importance of gelsolin on the emergence of biphasic
dynamics. We demonstrate computationally that the
addition of a generic ADP-G-actin sequestering protein
into a solution of actin filaments suffices, under certain
conditions, to induce biphasic growth behavior. Hence, we
conclude that, although gelsolin interference may quanti-
tatively perturb the dynamics, its presence in the medium is
not necessary for the establishment of the dynamic
behavior reported by Helfer et al. (2006).

The rationale behind using gelsolin-actin seeded growth
is to distinguish between the monomer sequestration
activity of twinfilin and its capping activity, by essentially
blocking the twinfilin binding site on F-actin. In interpret-
ing data from polymerization assays of gelsolin-actin seeds,
Helfer et al. (2006) assume that filament barbed ends
remain capped throughout the time course of the experi-
ments. This assumption is based on the high affinity of
gelsolin for barbed ends, although a chemical equilibrium
presumably does develop and, hence, there should be
uncapped filaments that contribute to the evolution of the
dynamics. To investigate the dynamics of the system under
the assumptions made by the authors, we performed a
numerical experiment focusing on pointed-end polymeriza-
tion dynamics under the effect of a generic G-ADP-actin
sequestering protein. The experiment consists of introdu-
cing various concentrations of the sequestering protein up
to a concentration of 5:4mM, the concentration of
mammalian twinfilin used by Helfer et al. (2006).

Although mammalian twinfilin exhibits a weak tendency
to sequester ATP-G-actin, it has a �10-fold higher affinity
for ADP-G-actin (Ojala et al., 2002; Helfer et al., 2006). It
is also well documented in the literature that all twinfilins
sequester predominantly ADP-G-actin at steady state in
solutions containing ATP. Since we are interested in
identifying minimal dynamic behaviors that can reproduce
the experimental dynamics, we focus on the role of the
ADP-G-actin sequestering activity of twinfilin. Hence, we
neglect ATP-G-actin sequestration, and, by simulating a
generic ADP-G-actin sequestering protein, we will demon-
strate that the former is not necessary for the emergence of
biphasic growth dynamics. Indeed, as we will see, the
emergence of a biphasic evolution for the filament length
distribution is an intrinsic property of the sequestering
dynamics of twinfilin in the sense that neither the capping
activity of the latter nor the possible fragmentation activity
by the gelsolin present in the medium is necessary for the
establishment of the specific dynamics. In the following we
will not distinguish between the generic ADP-G-actin
sequestering protein, the dynamics of which we investigate,
and twinfilin unless it is necessary. The kinetic constants
used for the ADP-G-actin binding to twinfilin and for
other steps in the mechanism are given in Table 1. The
kinetic constants for the capping activity of twinfilin were
assigned in accordance with the equilibrium constants
reported by Helfer et al. (2006). The polymerization rates
are those of Kuhn and Pollard (2005), who investigate the
polymerization of Mg-actin, whereas the growth assays of
Helfer et al. (2006) have been done with Ca-actin. We
know of no experimental data for polymerization of Ca-
actin that establish rates for monomers with different
associated nucleotides in the detail done for Mg-actin in
Kuhn and Pollard (2005).
Figs. 3(a)–(d) show scatter plots of the evolution of the

filament length distribution in the presence of various
concentrations of twinfilin. Since the barbed ends of
filaments in this experiment are assumed capped by
gelsolin, only the pointed ends contribute to the polymer-
ization dynamics, and the only activity of twinfilin is the
sequestration of ADP-G-actin. The initial conditions for
the simulations reflect the experimental values used by
Helfer et al. (2006). Polymerization of 2:5mM of mono-
meric actin associated with ATP was seeded by 6 nM of
gelsolin-actin.
It is evident that the ADP-G-actin sequestration by

twinfilin dramatically alters the advection–diffusion dy-
namics manifested in the absence of twinfilin, as shown in
Fig. 3(a) and analyzed by Hu et al. (2007). In the presence
of 5:4mM of twinfilin the actin filaments depolymerize
completely within approximately 3� 103 s. However,
experimentally the same concentration of twinfilin pro-
duces results that are qualitatively similar to the evolution
shown in Fig. 3(b). This might be due to the different
kinetic constants used for the polymerization reaction
network (Mg-actin versus Ca-actin). Alternatively, the
weak sequestration of ATP-G-actin by twinfilin might be
responsible for the discrepancy between the simulations
and the experimental data. To test this we have simulations
(not shown) where, in the presence of a weak ATP-G-actin
sequestration activity, twinfilin equilibrates rapidly with
the initially ATP-rich monomer pool. Hence, the concen-
tration of free twinfilin available for ADP-actin sequestra-
tion on the time scale of the establishment of an ADP-G-
actin pool is effectively reduced. This implies that the
complete depolymerization of actin filaments, as shown in
Fig. 3(d), can be effectively controlled by the kinetics of the
ATP-G-actin sequestration activity.
Some insights into how the gradual introduction of

twinfilin induces the observed biphasic evolution in time
are gained from the dynamics of the ADP- and ATP-G-
actin pools shown in Figs. 4(a)–(d). The steady-state levels
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Fig. 3. Evolution in time of gelsolin-actin seeded filament growth (a) in the absence of twinfilin, (b) in the presence of 0:8mM of twinfilin, (c) in the

presence of 1:7mM of twinfilin and (d) in the presence of 5:4mM of twinfilin. The sole biochemical activity of twinfilin in this experiment is the

sequestration of ADP-G-actin. The color code is on a logarithmic scale.

Fig. 4. Evolution in time of (a) the ADP-actin monomer pool, (b) the ATP-actin monomer pool, (c) free twinfilin in solution and (d) the TWF/ADP-G-

actin pool.
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of ADP- and ATP-G-actin are shown in Figs. 4(a) and
4(b), respectively. Interestingly enough, as twinfilin seques-
ters part of the emerging ADP-actin pool—a process
depicted in Fig. 4(d)—the ATP-actin concentration levels
undershoot the corresponding steady-state level. This can
be understood with reference to Fig. 5, where the species
are lumped into six pools: ADP-G-actin monomers, ATP-
G-actin monomers, uncapped filaments, filaments capped
by twinfilin, twinfilin/ADP-G-actin complexes and free
twinfilin. Fig. 5 shows the fluxes between these pools in the
more complex experimental setting, where filament barbed
ends are available for capping by twinfilin. When all
barbed ends are capped by gelsolin, the part of the diagram
that corresponds to the capping activity of twinfilin is not
relevant, since the corresponding fluxes are zero. However,
it will be used in a subsequent analysis of capping.

The experimentally determined values of the kinetic
constants in the schematic diagram indicate that, as the
ADP-G-actin pool gradually emerges, it rapidly gets
sequestered by twinfilin. Since the flux associated with the
exchange of an ADP for an ATP on G-actin is negligible,
as compared to the one that corresponds to ADP-G-actin
sequestration, the system is driven below the steady-state
level of ATP-G-actin. This triggers extensive depolymer-
ization at the pointed end following the initial burst of
polymerization. As Figs. 3(b)–(d) and 4(b) show, the onset
of the phase of extensive depolymerization coincides
temporally with the emergence of ATP-G-actin population
levels below the steady-state value.

The extensive depolymerization of filaments results in an
enhanced flux from the filament pool to the ADP-G-actin
pool. This, in conjunction with the bottleneck in the D!
T transition shown in Fig. 5, results in the accumulation of
Fig. 5. A schematic diagram for the reaction network of actin monomers,

filaments and twinfilin. The kinetic constants appearing in the diagram are

defined as follows: k�T ¼ k�bT þ k�pT , k�D ¼ k�bD þ k�pD, k�D�Pi ¼

k�bD�Pi þ k�pD�Pi and k�cp ¼ k�cpD þ k�cpD�Pi þ k�cpT . A description of the

notation and the numeric values of the kinetic constants can be found

in Table 1.
ADP-G-actin, leading to an overshoot above the ADP-G-
actin steady-state level. As shown in Fig. 4(a) the latter
phenomenon is transient and is initiated after the system
has entered the depolymerization regime of the dynamics.
Eventually, monomer sequestration and the slow D! T
reaction drive the monomer subpopulations toward steady-
state values and the system toward the diffusive dynamics
analyzed by Hu et al. (2007).
These results explain the biphasic evolution of the

filament length distribution. They also indicate that by
controlling the concentration of twinfilin one may be able
to modify the time scale on which ADP-actin levels are
above the corresponding steady-state level. This could
potentially induce an extensive polymerization phase
following the depolymerization dynamics, with the former
resulting in a distribution of larger filaments. Indeed, such
dynamics are feasible, as is shown in Figs. 6(a) and (b). The
simulation underlying these figures has been performed
Fig. 6. (a) Evolution of the filament length distribution in the presence of

2:75mM of twinfilin and (b) evolution in time of the mean filament length

in blue and simulated pyrenyl-actin fluorescence (which is emitted only

when monomers are in filaments) in arbitrary units in red.



ARTICLE IN PRESS

Fig. 7. Evolution in time of (a) the mean ATP cap length, (b) the variance of the ATP-cap length distribution, (c) the mean ADP-Pi cap length and (d) the

variance of the ADP-Pi-cap length distribution.
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under the same experimental conditions that correspond to
3(a)–(d), but: the concentration of twinfilin is 2:75mM. As
shown in Fig. 6(a), the latter concentration fails to induce
complete depolymerization of the whole filament distribu-
tion, as in the case of Fig. 3(d). Nonetheless, a significant
number of filaments do depolymerize completely and, as a
result, the emerging enhanced population of ADP-actin
monomers induces the extensive polymerization of the
remaining filaments. Fig. 6(b) shows the evolution of the
mean filament length and the corresponding simulated
pyrenyl-labeled fluorescence experiment, and from this it is
clear that fluorescence experiments of this type would fail
to detect the emergence of a population of large filaments,
since the fluorescence signal would weaken due to the loss
of a significant number of filaments in the depolymeriza-
tion regime of the dynamics. These dynamics suggest that
the twinfilin family of proteins can be an essential part of a
molecular machinery that implements a control mechanism
regulating filament lengths after a short burst of polymer-
ization.

Various characteristics of the system that are not
accessible in the experimental setting of Helfer et al.
(2006) can be investigated in the computational framework
developed here. For instance, we have analyzed the
nucleotide compositions of filaments throughout the
various dynamic regimes of the numerical experiments
underlying Figs. 3(a)–(d). Since the barbed ends are
constantly capped by gelsolin, the only reactions affecting
nucleotide compositions are the polymerization and
depolymerization of monomers at the pointed ends, the
hydrolysis of ATP on F-actin and the subsequent release of
phosphates. We find that throughout the time course of the
assay, the filaments develop large ADP-actin cores with
ADP-Pi caps at the pointed ends, the length of which varies
significantly in the polymerization, depolymerization and
diffusion-dominated regimes of the dynamics, as expected.
Occasionally, small ATP-actin monomer caps are formed
as well, but they do not persist. The statistics of ADP-Pi-
and ATP-actin cap sizes are shown in Figs. 7(a)–(d), and as
can be seen there, the maximum size of ADP-Pi cap length
is approximately 150 monomers on average with a
deviation of �14 monomers. In the diffusive regime of
the dynamics the average size of ADP-Pi caps is
approximately 10 monomers long with a deviation of 6
monomers.

3.2. Unraveling the dynamic effects of the different

biochemical activities of twinfilin

The capping of barbed ends by twinfilin was established
by Helfer et al. (2006), and, like other capping proteins,
twinfilin inhibits dilution-induced depolymerization of
filamentous actin at the barbed ends. Moreover, it inhibits
barbed-end growth in a range of concentrations substoi-
chiometric to G-actin, which cannot be attributed to
sequestration of actin by twinfilin alone and suggests that
capping is the dominant mechanism responsible for the
inhibition of growth.
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A question that arises from these findings is whether the
biphasic dynamics discussed earlier persist under condi-
tions in which barbed ends can be capped by twinfilin. This
was inhibited in the Helfer et al. (2006) experiments by the
capping of barbed ends with gelsolin. The question of
whether the biphasic evolution only exists under the
specific conditions used there, or whether it is an intrinsic
property of the specific activities of twinfilin—and, if so,
which of them—was addressed in the framework of our
computational approach. As a first step we investigated the
type of dynamics that emerge in the absence of gelsolin and
under the influence of specific subsets of twinfilin actions.

Figs. 8(a)–(d) show the results of numerical computa-
tions simulating a modification of the experiments shown
in Figs. 3(a)–(d). Initially, all filament seeds were un-
capped, i.e. there was no gelsolin in the medium. This
configuration allows for the capping activity of twinfilin in
addition to ADP-G-actin sequestration. Twinfilin caps
filament barbed ends with a preferential binding to those
associated with ADP. The chemical affinities of a weak
binding reaction between twinfilin and barbed ends
associated with ATP or ADP-Pi have also been reported
by Helfer et al. (2006), and have been incorporated in our
numerical computations. Figs. 8(a)–(d) show scatter plots
of the evolution of the filament length distribution under
various conditions. It is evident that the biphasic growth of
gelsolin-actin seeds in the presence of twinfilin, reported by
Fig. 8. Evolution in time of the filament length distribution (a) in the absence

1:7mM of twinfilin and (d) in the presence of 5:4mM of twinfilin. Initially, all

biochemical activities of twinfilin in this experimental setting include sequestrati

a logarithmic scale.
Helfer et al. (2006) and analyzed in this article, is also
present in the absence of gelsolin, albeit on a different time
scale. The latter difference is due to the faster polymeriza-
tion kinetics at the uncapped barbed ends. These results
demonstrate that the biphasic evolution of the length
distribution is intrinsic to the dynamics of the interactions
of twinfilin with actin. Although gelsolin interference may
quantitatively perturb the dynamics, its presence in the
medium is not necessary to obtain the biphasic evolution.
Our computational framework also enables us to observe
various characteristics of the system which would not be
directly observable in the experimental setting of growth
assays. Fig. 9(a) shows the evolution in time of the
percentage of filaments that are capped by twinfilin. As
expected, increasing concentrations of twinfilin lead to
increasing numbers of capped filaments. Interestingly
enough, in the presence of 0.8 and 1:7mM of twinfilin the
equilibration of the population of capped filaments
coincides in time with the initiation of the diffusion-
dominated regime of the dynamics.
In these experiments barbed ends compete with ADP-G-

actin for twinfilin, and the gradual establishment of an
ADP-G-actin pool through enhanced depolymerization is
responsible for the reduction of the population of capped
filaments. These dynamics provide an example of a
mechanism for dynamic uncapping of filaments. Indeed,
the competition of filaments and monomers for the cap
of twinfilin, (b) in the presence of 0:8mM of twinfilin, (c) in the presence of

filament seeds are uncapped, i.e. there is no gelsolin in the medium. The

on of ADP-G-actin and filament barbed-end capping. The color code is on
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Fig. 9. Evolution in time of the percentage of filaments that are capped by

(a) twinfilin that functions both to cap and sequester and (b) twinfilin that

only caps filament.
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leads to the control of the population of capped filaments
through the concentration of ADP-G-actin monomeric
units. Fig. 9(a) demonstrates this and is to be contrasted to
Fig. 9(b) which shows the evolution of the capped filament
population in the presence of a capping protein with the
same capping kinetics as twinfilin, but with no monomer
sequestering activity. These results can be understood in
terms of the fluxes in the schematic diagram shown in Fig.
5. The flux from the ADP-G-actin pool to the twinfilin/
ADP-G-actin pool is greatly enhanced by the elevation of
the ADP-G-actin concentration, and, consequently, the
balance between twinfilin/ADP-G-actin complexes and
filaments capped by twinfilin shifts toward the former.

In order to identify the specific action of twinfilin that
leads to the biphasic growth, we did a sequence of
numerical experiments in which various attributes of
twinfilin were isolated and tested for their effect on the
dynamics. As shown in Figs. 10(a)–(d) the ADP-G-actin
sequestering activity of twinfilin was the only one that leads
to a biphasic evolution, qualitatively similar to the
dynamics manifested when the full activity of twinfilin is
simulated. Fig. 10(a) shows the evolution of the filament
length distribution in the presence of 1:7mM of twinfilin,
whereas Fig. 10(b) shows the evolution of the length
distribution in the presence of 1:7mM of an ADP-G-actin
sequestering protein with the same sequestering kinetics as
twinfilin, but with no capping activity. The simulation
predicts that the emergence of a biphasic growth evolution
persists in the absence of the capping activity. Fig. 10(c)
shows the evolution of the length distribution in the
presence of 1:7 mM of a capping protein with the same
capping kinetics as twinfilin, but with no monomer
sequestering activity. It is evident that the capping activity
in the absence of monomer sequestration fails to induce
biphasic dynamics. The same is true in Fig. 10(d), which
focuses on a generic monomer sequestering protein that
exhibits no preferential binding to either ADP-G-actin or
ATP-G-actin. These experiments, in conjunction with the
experiments in Figs. 8(a)–(d), indicate that although other
biochemical pathways presumably do exist in the growth
assays of Helfer et al. (2006), it is the ADP-G-actin
sequestering activity of twinfilin that drives the system
towards extensive depolymerization after the establishment
of an ADP-G-actin pool.

4. Discussion

The importance of the nucleotide composition of actin
filaments in the regulation of filament dynamics by actin-
accessory proteins is well documented in the experimental
literature (Pollard and Borisy, 2003). However, a computa-
tional analysis of the evolution of nucleotide compositions
and the resulting feedback to actin-binding proteins has
been attempted in the theoretical literature only under
severe modeling restrictions. These include restrictions on
the properties of the filament length distribution
(Bindschadler et al., 2004) and restrictions on the dynamic
evolution of the monomer pool and the F-actin ATP
hydrolysis pathway (Stukalin and Kolomeisky, 2006,
among others). The necessity for such simplifications
appears due to the computational and analytic complexity
of investigating the dynamics of the filament length
distribution in conjunction with the nucleotide composi-
tions. Recent attempts to simulate the compound dynamics
(Fass et al., 2007) are based on reducing the computational
burden by artificially maintaining a small aggregate of
filaments in the implementation of the simulation algo-
rithm.
In this article, we developed an efficient Gillespie-type

algorithm for generating numerical realizations of the
master equation describing the reaction network of actin
and actin-accessory proteins. The optimization of the
computational cost of the method was based on the
specific structure of the network under consideration. This
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Fig. 10. Evolution in time of the filament length distribution (a) in the presence of 1:7mM of twinfilin, (b) in the presence of 1:7mM of a generic ADP-G-

actin sequestering protein (SP) with no capping activity, (c) in the presence of 1:7mM of a generic capping protein with no monomer sequestering activity

and (d) in the presence of 1:7mM of a generic sequestering protein with no nucleotide-binding specificity. The color code is on a logarithmic scale.
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is in a different direction from that followed in relevant
research work focusing on optimizing Gillespie’s method
(Gibson and Bruck, 2000; Cao et al., 2004; E et al., 2005),
where the interest is on general reaction networks and no
attempt is made to take advantage of the specific network
topology.

To better understand how our method differs from these
approaches we briefly discuss the current state of research
in optimizing Gillespie’s direct and first reaction methods
for arbitrary reaction networks.4 Gibson and Bruck (2000)
focus on the first reaction method, and improve it in terms
of computational cost by organizing the two data sets that
contribute to the complexity of the method according to
appropriate data structures. A dependency graph enables
the algorithm to update only the relevant reaction rates,
when an update due to the occurrence of a reaction is
required. Moreover, an indexed priority queue is used to
order the putative times at which the various reactions
occur. A characteristic of the latter scheme is that, in the
presence of n reactions it requires only Oðln nÞ operations
to re-organize the data structure, as opposed to OðnÞ
operations for re-organizing a linear ordering. This
approach has led Gibson and Bruck (2000) to an efficient
4We refer the reader to Gillespie (2007) for a general discussion on the

conceptual and computational differences between Gillespie-type algo-

rithms and molecular dynamics simulations.
formulation of the first reaction method, called the next
reaction method.
Although the next reaction method significantly im-

proves on the performance of the first reaction method,
recent work by Cao et al. (2004) disputes the claim made by
Gibson and Bruck (2000) that it is also more efficient than
Gillespie’s direct method. They provide evidence from
profiling implementations of the next reaction method and
the direct method, according to which for realistic network
topologies the maintenance of the data structures used in
the former becomes extremely costly in comparison to the
performance of the latter.
As demonstrated here, the direct method is suboptimal

for the reaction network consisting of actin and actin-
accessory proteins. The efficiency of our method is crucial
for simulating biologically realistic experiments, and
having an efficient algorithm enabled us to analyze the
experimental data of Helfer et al. (2006) on the capping
and G-actin sequestering activity of twinfilin. In particular,
we have shown that the biphasic evolution of the filament
length distribution is the result of the ADP-G-actin
sequestering activity of twinfilin, and that neither the
capping activity of twinfilin nor the possible filament
fragmentation activity due to the presence of gelsolin in the
medium is required for the observed dynamics. We also
provided evidence for the role of twinfilin in controlling the
average filament length after a short burst of polymeriza-
tion. Interestingly, our simulations indicate that the widely
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used pyrenyl-actin fluorescence experiments would fail to
report the emergence of large filaments under certain
experimental conditions.
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