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Abstract
Neurons communicate with other neurons via specialized structures called synapses, at which the digital
voltage signal encoded in an action potential is converted into an analog chemical signal. An action potential that arrives at the presynaptic face triggers release of neurotransmitter from vesicles in a calcium-dependent manner, and the neurotransmitter diﬀuses across the synaptic cleft and binds to receptors on the
post-synaptic face, where it may trigger a postsynaptic action potential. Calcium is a critical component
of the release process, and its spatio-temporal dynamics can control the release and can lead to facilitation
or augmentation. However, how cells regulate cytoplasmic calcium so that exocytosis can be triggered successfully is still not completely understood. We propose a mechanism, based upon the experimental ﬁndings
of Barrett and Rittenhouse [C.F. Barrett, A.R. Rittenhouse, Modulation of N-type calcium channel activity
by G-proteins and protein kinase C, J. Gen. Physiol. 115 (3) (2000) 277], for the regulation of calcium inﬂux
through N-type channels in the presynaptic terminal by PKC and downstream eﬀectors of G-protein activation. This proposed modulatory mechanism consists of a feedback loop involving cytoplasmic calcium,
neurotransmitters and G-protein-coupled receptors. We study the dynamics of each component separately
and then we address how kinetic properties of the components and the frequency of the stimuli aﬀect the
regulatory mechanisms presented here.
 2006 Elsevier Inc. All rights reserved.
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1. Introduction
At most synapses the increase in cytoplasmic calcium during synaptic transmission is due to the
opening of voltage-gated calcium channels (VGCCs). The calcium hypothesis [2] postulates direct
involvement of calcium in neurotransmitter release, and implies that regulatory mechanisms for
intracellular calcium dynamics such as buﬀering [3] and calcium-induced-calcium release (CICR)
[4] can play an important role in shaping the temporal proﬁle of neurotransmitter release. However, the biophysical details as to how these processes aﬀect neurotransmission are still not completely understood [5].
Regulation of calcium inﬂux through VGCCs represents another mechanism by which cells
control intracellular calcium dynamics during stimulation. There are many VGCCs present in
the central nervous system (CNS), but N-type channels have been speciﬁcally linked to vesicle
release [6]. Not only are N-type channel states modulated by the membrane potential [7] but they
are also modulated by downstream eﬀectors of G-proteins. For instance, Boland and Bean [8]
found that the conductance of N-type channels in bullfrog sympathetic neurons was down-regulated by bc subunits. Swartz [9] showed that the conductance of N-type channels in rat central and
peripheral neurons was up-regulated by protein kinase C (PKC), and found that phosphorylation
of these channels by PKC prevents bc-inhibition. Barrett and Rittenhouse [1] studied N-type
calcium currents in sympathetic neurons and observed that such currents were modulated by both
bc subunits and PKC simultaneously. They concluded that up- and down-regulation of the conductance are mutually exclusive i.e., whenever a bc-subunit is bound to a channel site, the channel
cannot be phosphorylated by PKC, and vice-versa. Moreover, they concluded that the only role
of PKC phosphorylation is to prevent bc-binding to the channel, thereby precluding inhibition
without aﬀecting channel conductance.
Autoreceptors, or G-protein-coupled receptors (GPCRs) are transmembrane receptor proteins
located on the presynaptic plasma membrane which bind neurotransmitters released by the presynaptic neuron [10,11]. When occupied they activate intracellular G-proteins, which are also
localized at the plasma membrane, by catalyzing the GDP-to-GTP exchange and the subsequent
separation of the G-protein into its a and bc subunits. Autoreceptors have been linked to downregulation of transmitter release [12], but there is also evidence that autoreceptors might be
involved in vesicle release up-regulation [13]. The existence of autoreceptors and the fact that
bc subunits and PKC are downstream eﬀectors of G-protein activation suggests the existence
of a membrane-delimited self-modulatory mechanism for vesicle release at the presynaptic face,
as depicted in Fig. 1. First, VGCCs open and calcium levels increase, leading to vesicle localization at docking sites and neurotransmitter release. This produces a signiﬁcant increase in the
neurotransmitter concentration in the cleft and leads to increased occupancy of autoreceptors
located on the presynaptic face, followed by increased G-protein activation. Downstream eﬀectors of G-protein activation, such as bc subunits and activated PKC, then modify the conductances of VGCCs. Our objective in this paper is to develop and analyze a theoretical model
for such a modulatory mechanism, using experimental results on the modulation of N-type
channels.
Bertram and Behan [14] developed a simpliﬁed scheme for inhibition of N-type channels based
on the work of Boland and Bean [8], who studied an eight-state model for a single N-type channel.
Their model incorporates equations for the membrane potential and channel inhibition, but does
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Fig. 1. A schematic representation of the postulated modulation of VGCCs on the presynaptic face. Upon stimulation,
VGCCs open and the intracellular calcium concentration rises near the membrane. This causes calcium sensors on
vesicles to trigger exocytosis (the + sign signiﬁes that calcium activates vesicle fusion with sites on the plasma
membrane). This leads to the release of neurotransmitters into the extracellular space and an increase in the occupancy
of autoreceptors. Binding triggers two diﬀerent biochemical pathways, one of which increases the conductance of
VGCCs, and the other which decreases it.

not include the dynamics of G-protein activation and subsequent channel inhibition, nor the eﬀect
of PKC on relieving this inhibition. Here we develop a simpliﬁed version of the kinetic scheme in
[8] in which we assume that channels can be in one of three distinct states of modulation: bare,
inhibited or phosphorylated. Each of these can be open or closed, and in addition there is an intermediate non-conducting state. We incorporate the dynamics of PKC activation and binding to the
channel, of neurotransmitter binding to autoreceptors, and of G-protein activation, in contrast
with the model in [14] , which assumes that neurotransmitter binding is at equilibrium and which
does not consider G-protein dynamics. We include all the reaction steps in these subprocesses,
which are assumed to follow mass-action kinetics, because this enables us to follow the response
on all time scales relevant to synaptic transmission. Even though the dimensionality of the resulting model is quite large, it is possible to identify diﬀerent time scales for the processes involved in
the modulation of N-type channels by G-protein activation and to use singular perturbation to
reduce the dimensionality.
Both up- and down-regulation of calcium-inﬂux through N-type VGCCs by G-protein activation are slow processes compared to fast synaptic transmission (cf. Section 3). Hence, such modulations would also depend, for instance, on the frequency of the stimuli and the kinetic properties
of autoreceptors. In Section 5 we present numerical simulations showing how both modulatory
pathways depend on frequency and autoreceptor kinetic properties.

2. The processes in the model
In Fig. 2 we show a schematic of all the components in the model and the interactions amongst
them. Because numerous processes are incorporated in the model, we ﬁrst give a chronological
description of the major steps before giving the details of the individual steps:
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Fig. 2. A schematic description of the localization of the components of the model.

1.
2.
3.
4.
5.
6.
7.
8.
9.

an action potential opens VGCCs on the presynaptic face;
intracellular calcium increases near the presynaptic face and binds to vesicles;
vesicle fusion and neurotransmitter release occur;
calcium also binds to inactive PKC;
neurotransmitter binds to autoreceptors, thereby activating G-proteins;
the bc subunits bind to VGCCs and the a subunits activate PLC;
PLC–PIP2 generates DAG and IP3;
generation of DAG-PKC-Ca (PKCa), the active form of PKC;
PKC* phosphorylates VGCCs.

The number of parameters needed to describe all of the steps involved in these events is quite
large, but a non-dimensional analysis done later yields the following hierarchy of time scales and
the events that occur on each of the scales.
• fast time scale (T):
– opening and closing of VGCCs
– vesicle release
• intermediate time scale (hydrolysis of GTP):
– neurotransmitter binds to autoreceptors
– activation of PLC
– binding of Ca to PKC
• slow time scale (G-protein activation):
– activation of G-proteins to produce the activated Gaa and the Gbc subunits
– activation of PKC to produce PKCa.
We shall assume that VGCCs and GPCRs are co-localized and uniformly distributed in the
presynaptic membrane Cc, and that vesicles are uniformly distributed in the presynaptic part of
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a strip around Cc that we call the active zone (Fig. 3). Calcium and vesicle dynamics are deﬁned on
the presynaptic side of the active zone and the interaction between neurotransmitter and GPCRs
occurs in the synaptic cleft.
We assume that each of the N-type calcium channels involved in synaptic transmission can be
in one of the seven states shown in Fig. 4. The vertical transitions are modulated by membrane
potential, with kinetic rates as in [14]. The horizontal transitions are modulated by downstream
eﬀectors of G-protein and PKC activation discussed earlier. The symbols and nomenclature for
the channel states correspond to those in [1]. The governing equations for these steps and those
in the remaining subcomponents are given in the following section.
We also assume that there is a pool of vesicles of ﬁxed size in the presynaptic terminal and a
ﬁnite number of uniformly-distributed release sites on the membrane to which vesicles bind in
a calcium-dependent manner. Fig. 5 shows the kinetic scheme used for vesicle release. Similar
schemes, in which the number of vesicle states varies from 3 to 5, have been used when studying
transmitter release [15], but changes in the number of vesicle states do not modify the qualitative
dynamics of vesicle release. Bi represents the fraction of vesicles with 0, 1, 2, 3 or 4 calcium ions
bound and E corresponds to the release sites after vesicle fusion. The rate c at which vesicles fuse

Fig. 3. A schematic description of the active zone, which comprises two narrow strips on both sides of Cc. The width of
the active zone on both sides of Cc is Oð10Þ nm. In particular, the extracellular side of the active zone corresponds to the
entire synaptic cleft, since its width is Oð10Þ nm.

Fig. 4. The kinetic scheme for the state transitions of N-type channels. The diﬀerent states are deﬁned as follows: RPr
corresponds to the inhibited state resistant to phosphorylation by PKC, W represents the willing state of the channel and
WGr is the phosphorylated state that is resistant to inhibition by bc subunits. Subscripts c, o represent the closed and
open states, respectively, and the vertical transitions that are voltage dependent. Superscripts Pr denote a
phosphorylation-resistant state, while superscripts Gr denote an inhibition-resistant state. The nomenclature inhibited
and willing is from [1]. Note that the transition rate from Wc to RPr
c depends on the concentration of bc-subunits.
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Fig. 5. Kinetic representation of vesicle release, adapted from [15]. The replenishment of vesicles from the vesicle pool is
assumed calcium-dependent as in [18,17].

with the membrane and release neurotransmitter is related to the intrinsic probability p that a
docked vesicle releases neurotransmitter under some reference conditions (e.g., a long interval
of no stimuli followed by a single action potential) in some complicated and as yet unknown manner, since it accounts for many factors. The precise relationship used in the computations will be
given later. Thomson [16] pointed out the important role that p plays in neurotransmission, since
synapses with a low release probability may show facilitation (an increase in vesicle release under
repeated stimulation) and those with a high release probability can show depression (reduction of
vesicle release under repeated stimulation).1 We also assume that the replenishment of empty sites
is calcium-dependent, as was suggested earlier [17,18].
The activation of G-proteins occurs via a kinetic mechanism adapted from [19].
k p1

N þ R ¢ NR
k m1

k p2

NR þ G ¢ NRG
k m2

k act

NRG ! NR þ Gaa þ Gbc
k hyd

Gaa ! Gia þ P i
k6

Gia þ Gbc ! G

ð1Þ
ð2Þ
ð3Þ
ð4Þ
ð5Þ

Here N, R and NR are the concentrations of neurotransmitter, and bare and bound autoreceptors,
respectively, G is the concentration of G-protein on the presynaptic face, NRG is the concentration
of the complex of ligand, receptor and G-protein; Gaa and Gbc are the concentrations of the activated
a subunits and the bc subunits, respectively, and Gia is Ga-GDP, i.e., the inactive form of Ga. The
parameter values used here are chosen from those used in [19–21], and are given in Table 3.
Finally, the scheme for the activation of PKC, which includes generation of DAG by cleavage
of PIP2 by activated phospholipase C (PLC), is adapted from [22–24].

1

The term facilitation has been used to characterize two diﬀerent processes, one related to vesicle release and the other
to the eﬀect of depolarizations on bc-subunit inhibition of N-type channels. Here we use the same term to refer to both
processes, and which is referred to is clear from the context.
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k 1f

PLCi þ Gaa ¢ PLCa

ð6Þ

k 1b

k 2f

ka

PLCa þ PIP2 ¢ PLC ! DAG þ IP3 þ PLCa
k 2b

k 7f

PKCi þ Ca ¢ PKC
k 7b

k 8f

PKC þ DAG ¢ PKCa
k 8b

ð7Þ
ð8Þ
ð9Þ

Here PLCi and PLCa are the inactive and active forms of phospholipase C, PLC* = PLCa  PIP2
is a complex; PIP2 is a hydrophobic lipid on the plasma membrane; DAG is diacylglycerol; and
PKCi, PKC* and PKCa are the inactive, intermediate and active forms of protein kinase C,
respectively.

3. The governing equations and the parameter values
In this section we present the full system of governing equations for the model in dimensional
form. This system has the general structure
dx
¼ HðxÞ;
dt
xð0Þ ¼ x0 ;

ð10Þ

where x = (x1, . . . , xn), xi represents the ‘density’ of the ith species, n is the number of species and
x0 represents the initial value of the state. Because the number of species involved is large, we present the system of equations in modular form, corresponding to GPCR activation, channel modulation, vesicle release, and ﬁnally, to PKC activation. The diﬀerent sub-processes in the model
have been studied elsewhere, and to the extent possible we have tried to keep the same notation
and units used in these studies. Some parameters are given in volumetric concentrations, others in
surface-density units, and throughout we use hp = 100 lm1 when necessary, as the conversion
factor between surface and volume units.
3.1. Channel dynamics
The seven equations governing the channel dynamics are as follows:
d½RPr
0
Pr
c 
¼ bp ½W c ½Gbc  þ b0 ðV Þ½RPr
o   ðap þ a ðV ÞÞ½Rc ;
dt

ð11Þ

d½RPr
0
Pr
o 
ð12Þ
¼ a0 ðV Þ½RPr
c   b ðV Þ½Ro ;
dt
d½W c 
a
Gr
i
¼ ap ½RPr
c  þ bðV Þ½W o  þ apkc ½W c   ðbp ½Gbc  þ aðV Þ þ k pp ½PKC Þ½W c  þ k pm ½W c ; ð13Þ
dt
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Table 1
Parameter values for the channel dynamics: bc inhibition from [8,32]; PKC-phosphorylation from, [37,38]; channel
density from [7]
Symbol

Value

Ct
ap
bp
kpp
kpm
apkc
kcat

3.3 · 104 lmol m2
0.25 s1
0.1 lM1 s1
0.1 lM1 s1
1 s1
0.25 s1
10 s1

d½W o 
¼ aðV Þ½W c   bðV Þ½W o ;
dt

ð14Þ

d½W Gr
00
Gr
c 
¼ k cat ½W ic  þ b00 ðV Þ½W Gr
o   ðapkc þ a ðV ÞÞ½W c ;
dt

ð15Þ

d½W ic 
¼ k pp ½PKCa ½W c   ðk pm þ k cat Þ½W ic ;
dt

ð16Þ

d½W Gr
00
Gr
o 
ð17Þ
¼ a00 ðV Þ½W Gr
c   b ðV Þ½W o .
dt
Pr
Gr
Gr
Here ½RPr
c ; ½Ro  are the inhibited closed and open states, ½W c ; ½W o  are the phosphorylated
closed and open states and [Wc], [Wo] are the closed and open states. ½W ic  is the intermediate state
before phosphorylation. The superscript Pr means that the channel is PKC-phosphorylation resistant; the superscript Gr means that the channel is G-protein-inhibition resistant (this nomenclaPr
i
Gr
Gr
ture is from [1]). Note that ½RPr
c  þ ½Ro  þ ½W c  þ ½W c  þ ½W o  þ ½W c  þ ½W o  ¼ C t ; where Ct is
the channel density given in Table 1.
In this scheme the transmembrane voltage V modulates the opening and closing rates. The speciﬁc dependence on V is given by a(V) = 900 exp(V/22) s1, b(V) = 30 exp(V/14) s1, a 0 = a/8
and b 0 = 8b as in [8]. In addition, a00 = a and b00 = b, since Barrett and Rittenhouse [1] concluded
that the eﬀect of phosphorylation on N-type channels is to prevent inhibition, rather than to aﬀect
channel conductance.
3.2. Vesicle equations
The equations for the vesicle states shown in Fig. 5 are as follows:
d½E
¼ c½B4   k þ ½Ca½E;
dt
d½B0 
¼ k þ ½Ca½E þ k off ½B1   4k on ½Ca½B0 ;
dt
d½B1 
¼ 4k on ½Ca½B0  þ 2k off ½B2   ðk off þ 3k on ½CaÞ½B1 ;
dt

ð18Þ
ð19Þ
ð20Þ
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Table 2
Parameter values for the vesicle scheme in Fig. 5 from [15,17]
Symbol

Value
1 lM1 s1
0 s1
97 lM1 s1
9500 s1
0.01
30

+

k
k
kon
koﬀ
p
nrs

d½B2 
¼ 3k on ½Ca½B1  þ 3k off ½B3   ð2k off þ 2k on ½CaÞ½B2 ;
dt

ð21Þ

d½B3 
¼ 2k on ½Ca½B2  þ 4k off ½B4   ð3k off þ k on ½CaÞ½B3 ;
dt

ð22Þ

d½B4 
¼ k on ½Ca½B3   ðc þ 4k off Þ½B4 .
ð23Þ
dt
Here [B0] + [B1] + [B2] + [B3] + [B4] + [E] = nrs, where nrs is the number of release sites on the
presynaptic terminal. It is assumed that a single vesicle contains 3000–5000 transmitter molecules
(quantal content) and that the diﬀusion coeﬃcient of neurotransmitters is Oð700Þ lm2 s1 [25].
Table 2 shows the set of parameter values used for vesicle release here.
The parameter c in (23) measures the rate at which vesicles with four calcium ions bound fuse
and release their neurotransmitter. If the intrinsic release probability p is low, c should be small,
whereas for high release probability, c should be large. Hence, we simply postulate that c = 4koﬀp/
(1  p), and this c has the desired properties. Moreover, for p = 0.5, it follows that c = 4koﬀ,
which indicates that there is no preference for a given vesicle with four calcium ions bound to
either fuse with the membrane or to release one calcium ion. Even though there is no direct experimental evidence for the expression chosen, it is appropriate for limiting forms of p. This assumption implies that the mean time vesicles spend in the four-calcium bound state (B4) is (1  p)/
(4koﬀ), and for ﬁxed p, the larger koﬀ is, the harder it is to release a vesicle, i.e., the release of
calcium from the release machinery is the dominant process. If we ﬁx koﬀ, the assumption is
consistent with physiological data for p  0 and for p  1.
3.3. G-protein activation
The equations for the G-protein activation steps are as follows:
d½R
¼ k p1 ½N ½R þ k m1 ½NR;
dt
d½NR
¼ k p1 ½N ½R þ ðk m2 þ k act Þ½NRG  ðk p2 ½G þ k m1 Þ½NR;
dt
d½G
¼ k 6 ½Gbc ½Gia  þ k m2 ½NRG  k p2 ½NR½G;
dt

ð24Þ
ð25Þ
ð26Þ
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Table 3
Parameter for activation of G-protein from [19–21]
Symbol

Value

kp1
km1
kp2
km2
kact
khyd
k6
Rt
Gt

50 lM1 s1
5 s1
103 m2 lmol1 s1
0 s1
1.8 s1
27 s1
105 m2 lmol1 s1
1.67 · 103 lmol m2
1.67 · 103 lmol/m2

d½NRG
¼ k p2 ½NR½G  ðk act þ k m2 Þ½NRG;
ð27Þ
dt
d½Ga 
ð28Þ
¼ k act ½NRG þ k 1b ½PLCa   ðk hyd þ k 1f ½PLCi Þ½Ga ;
dt
d½Gbc 
i
ð29Þ
¼ k act ½NRG þ ap ½RPr
c   ðk 6 ½Ga   bp ½W c Þ½Gbc ;
dt
d½Gia 
ð30Þ
¼ k hyd ½Ga   k 6 ½Gbc ½Gia .
dt
We also have the conservation laws ½R þ ½NR þ ½NRG ¼ Rt ; ½G þ ½NRG þ ½Ga  þ ½Gia  þ ½PLCa þ
½PLC  ¼ Gt and ½G þ ½NRG þ ½Gbc  þ ½W c  þ ½RPr
c  ¼ Gt , where Rt and Gt are the total autoreceptor and G-protein density on the presynaptic face. [PLC*] is the concentration of inactive
PLC and ½RPr
c  is the concentration of channels in the inhibited state (cf. Table 3). The parameter
values are as in [19], except for the G-protein activation rate kact and ATP-hydrolysis rate khyd,
which are at least one order of magnitude higher than in [19] (the values used here are taken from
[21]).
3.4. PLC activation and PKC generation
d½PLCi 
¼ k 1f ½Gaa ½PLCi  þ k 1b ½PLCa ;
dt
d½PLCa 
¼ k 1f ½Gaa ½PLCi  þ k 1b ½PLCa   k 2f ½PIP 2 ½PLCa  þ ðk 2b þ k a Þ½PLC ;
dt
d½PLC 
¼ k 2f ½PIP 2 ½PLCa  þ ðk 2b þ k a Þ½PLC ;
dt
d½DAG
¼ k a ½PLC   k deg ½DAG  k 8f ½PKC ½DAG  k 8b ½PKCa ;
dt
d½PKCi 
¼ k 7f ½PKCi ½Ca þ k 7b ½PKC ;
dt

ð31Þ
ð32Þ
ð33Þ
ð34Þ
ð35Þ
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Table 4
Parameter values for activation of PKC: PLC dynamics from [23], DAG dynamics from [22] and PKC dynamics from
[24]
Symbol

Value

[PLC]0
[PLC]0
[PIP2]
k1f
k1b
k2f
k2b
ka
kdeg
k7f
k7b
k8f
k8b

1.2 · 104 lmol/m2
0–100 lM
0.1 lmol/m2
1.1 · 106 m2 lmol1 s1
1 s1
2.14 · 105 m2 lmol1 s1
5.25 s1
5–10 s1
2–5 s1
5 lM1 s1
50 s1
1.5 · 104 lM1 s1
0.15 s1

We have used hp = 100 lm1 (Cc surface area to active zone volume) to convert concentrations (lM) into surface
densities (lmol m2).

d½PKC 
¼ k 7f ½PKCi ½Ca  k 7b ½PKC   k 8f ½PKC ½DAG þ k 8b ½PKCa ;
ð36Þ
dt
d½PKCa 
ð37Þ
¼ k 8f ½PKC ½DAG  k 8b ½PKCa .
dt
Both PLC and PKC are conserved and therefore [PLCi] + [PLCa] + [PLC*] = [PLC]0 and
[PKCi] + [PKC*] + [PKCa] = [PKC]0, where [PLC]0 is the total PLC density on the presynaptic
face and [PKC]0 is the total PKC concentration in the active zone. Parameter values for these
equations are given in Table 4.
3.5. Neurotransmitter in the cleft
d½N 
¼ cV~ ½B4   t½N  ½N ;
ð38Þ
dt
where V~ depends on the total number of release sites and the number of transmitter molecules
contained in each vesicle. Since the cleft has a width of 10–20 nm and we assume that the release
sites are uniformly distributed on Cc, it takes Oð106 Þ s for a molecule to reach the post-synaptic
membrane (using a diﬀusion coeﬃcient for neurotransmitters of 700 lm2/s, cf. Table 2). Hence,
we may assume that the concentration of neurotransmitters in the cleft is spatially uniform.
The decay rate of neurotransmitters in the cleft is then given by t½N  ¼ Oð10=lsÞ, values for neurotransmitter decay from [26].
3.6. Intracellular calcium
Calcium concentrations as high as 100 lM are needed to trigger exocytosis at fast synapses [27],
and we use this fact to estimate space and time scales for neurotransmitter release. Syntaxin
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(a membrane protein of the SNARE complex necessary for vesicle fusion) has been found to be
functional only when co-expressed with N-type calcium channels [28]. This suggests that we can
assume both the release machinery and VGCCs to be co-localized in the active zone, and this was
the basis for choosing the thickness of the active zone to be Oð10Þ nm. If we assume that calcium
enters into the cytoplasm through a point source corresponding to a single channel, and ignore
boundary eﬀects, we estimate that the time needed to reach 100 lM for distances Oð10 nmÞ is
T ¼ Oð0:1Þ ms, which we choose as a characteristic time scale for vesicle release. On this time scale
the relevant calcium concentration is that in a microdomain surrounding a release site. We assume
that in the intracellular active zone underlying the presynaptic face, the calcium concentration
evolves according to
d½Ca
Gr
ð39Þ
¼ Kð½W O  þ ½RPr
O  þ ½W O Þ  k ½Ca ½Ca;
dt
where K = 106CtNadhp, where Na is Avogadro’s number and d = 5.12 · 1012 lmol s1, which
represents the calcium current through a single channel [29], and [Ca] is measured in lM. We
approximate the calcium eﬄux from this active region into the bulk cytoplasm by the term
k[Ca][Ca], where K 1
½Ca ¼ Oð10 lsÞ is the time constant for this process.
Note that we have neglected other possible regulatory mechanisms such as buﬀering. The rationale behind this assumption is the following: numerical simulations suggest that on space and time
scales given by L and T, respectively, both the excess buﬀer approximation and the pure diﬀusion
approximation [29] are good estimates for the eﬀect of slow buﬀers such as EGTA on calcium proﬁles, whereas the rapid buﬀer approximation only holds for space scales at least two orders of magnitude higher than the one assumed here [30]. This assumption leads to an upper bound for the
dynamics of calcium during synaptic transmission, which for slow buﬀers is a good approximation. The eﬀect of buﬀering and other calcium-regulatory mechanisms such as CICR, are outside
the scope of this work and deserve a careful analysis, which we defer to another paper.

4. Analysis of the model
We shall analyze the dynamics of VGCC-modulation, vesicle release and GPCR-activation separately to determine characteristic time scales for each process, and then compare these time scales
to a characteristic time scale for vesicle release, which we choose to be T ¼ Oð0:1Þ ms, based on
the delay between channel opening and beginning of transmitter release [27]. In the sequel, we
shall call the active phase the time during which the channels are open, and the passive phase
the time during which the channels are closed.
4.1. Channel dynamics
The dynamics of N-type channels during the passive phase (slow time scale) is governed by
d½RPr
c 
¼ bp ½W c ½Gbc   ðap Þ½RPr
c ;
dt
d½W c 
a
Gr
i
¼ ap ½RPr
c  þ apkc ½W c  þ k pm ½W c   ðbp ½Gbc  þ k pp ½PKC Þ½W c ;
dt

ð40Þ
ð41Þ
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d½W ic 
ð42Þ
¼ k pp ½PKCa ½W c   ðk pm þ k cat Þ½W ic ;
dt
d½W Gr
c 
ð43Þ
¼ k cat ½W ic   apkc ½W Gr
c .
dt
Gr
i
We may suppose that ½RPr
c  þ ½W c  þ ½W c  þ ½W c  ¼ C t , since to lowest order during the passive
Gr
Pr
i
i
phase ½RPr
o  ¼ ½W o  ¼ ½W o  ¼ 0. Let us deﬁne R ¼ ½Rc =C t ; W ¼ ½W c =C t ; P ¼ ½W c =C t and P ¼
Gr
½W c =C t , which represent the fractions of channels in the inhibited, willing, intermediate (bound
to PKC), and phosphorylated closed state, respectively. If we take s = apt, where a1
p  T is the
bc-subunit release rate (cf. Table 1), then the non-dimensionalized set of equations for the reduced
channel dynamics (corresponding to (40)–(43)), is given by
dR
¼ gW  R;
ds
dW
¼ R þ P  gW  ~
gW þ P i ;
ds
ð44Þ
dP i
i
¼~
gW  ð1 þ gÞP ;
ds
dP
¼ gP i  P ;
ds
where g = [Gbc]/Kbc and Kbc is the dissociation constant for a bc-subunit from an N-type channel. Note that we have taken apkc = ap and k pm =ap ¼ Oð1Þ. Then ~g ¼ ½PKCa =K PKC where KPKC /
kpm/kpp. Finally, g = kcat/apkc.
The steady state values for R and P obtained from Eq. (44) are given by
8
g
>
>
< R ¼ ð1 þ gÞ þ pkcð1 þ gÞ ;
gpkc
>
>
;
:P ¼
ð1 þ gÞ þ pkcð1 þ gÞ
where pkc = [PKCa]/Km and Km is the Michaelis–Menten constant for PKC. The steady-state
fraction of channels in the inhibited and phosphorylated states depend on g and pkc. Moreover,
the size of g determines the strength of the competition between the two modulatory pathways at
steady state. In fact
R 1 g
¼
P g pkc
gives an estimate, for ﬁxed values of g and pkc, as to whether inhibition or phosphorylation is the
dominant modulation of VGCCs. For the parameter values chosen, g ¼ Oð50Þ, which implies that
small increases in PKC levels would lead to a large increase in the steady levels of phosphorylated
channels. In other words, the rate at which the channel is dephosphorylated determines the levels
of activated PKC necessary to overcome bc-subunit inhibition.
4.2. Vesicle dynamics
There are two distinct time scales, which are determined by the levels of calcium during the
active and passive phases, that are important for analyzing the vesicle dynamics. Both can be

G. Soto, H.G. Othmer / Mathematical Biosciences 200 (2006) 188–213

201

estimated by (kon[Ca])1, which is the mean time between binding of successive calcium ions to
sites on a vesicle. During the passive or resting phase between widely-spaced stimuli the intracellular calcium concentration is ½Ca ¼ Oð0:1Þ lM, and k on ½Ca ¼ Oðk act Þ, which is comparable the
time scale for G-protein activation (cf. Tables 2 and 3). In the active phase calcium is 1000-fold
higher ð½Ca ¼ Oð100Þ lMÞ and k on ½Ca ¼ OðT 1 Þ. Thus the second scale is comparable to the
vesicle release time estimated earlier from the time required for calcium to rise suﬃciently.
If we deﬁne y19 = E/nrs, y20 = B0/nrs, y21 = B1/nrs, y22 = B2/nrs, y23 = B3/nrs and y24 = B4/nrs,
where nrs is the number of release sites, then the vesicle dynamics can represented as
X_ ¼ AX ;
where X = (y19, y20, y21, y22, y23, y24) and
8
a11 ¼ a21 ¼ 3 ;
>
>
>
>
>
aii ¼ i  6 þ ði  2Þ1
>
>
>
>
>
>
>
< ai1i ¼ ði  2Þ1
A ¼ ðaij Þ ¼ aiþ1i ¼ 6  i
>
>
>
>
a16 ¼ 41 2 ;
>
>
>
>
>
a66 ¼ 41 ð1 þ 2 Þ;
>
>
>
:
aij ¼ 0

ð45Þ

2 6 i 6 5;
2 6 i 6 6;
2 6 i 6 5;

otherwise.

Here i = KD/[Ca], 2 = p/(1  p) and 3 = k+/kon, KD = koﬀ/kon.
The ﬁrst case is when k on ½Ca ¼ Oðk act Þ, which corresponds to 1  1. In this case, Eq. (45) can
be approximated to lowest order by
dy 19
¼ 3 y 19
ds
and
y 21 ¼ y 22 ¼ y 23 ¼ y 24 ¼ 0.
This implies that the rate of convergence to X = (0, 1, 0, 0, 0, 0) (B0 ! nrs) depends, to lowest order
on 3 i.e., the rate at which the empty sites are replenished.
The second case obtains when k on ½Ca ¼ OðT 1 Þ, i.e., 1 ¼ O(1). We set 1 = 1, and then the
steady fraction of vesicles with four calcium ions bound is given by
3
3
.
4 123 þ 32 þ 162 3
If 2  1 i.e., the release probability p is small, the steady fraction of vesicles ready to release
is approximately 1/16 = 0.0625. Note that the steady level of B4 is independent of p, which is
an indication that for small p, the synapse may show facilitation. For 2  1 i.e., large release
probability, it follows that to lowest order, y24 = 0. The steady fraction of empty sites y19 is
approximately
3
;
3 þ 163
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which gives an estimate of the number of vesicles released. In particular, when 3  1 (slow
replenishment of vesicles at the active zone), all vesicles attached to the membrane at the active
zone are released and hence repeated stimulation would lead to synaptic depression [16].
The analysis shows that both the release probability and the replenishment rate determine the
dynamics of release sites during the active and passive phase. The rate of replenishment determines how fast the release machinery recovers from the state y20  1 between spikes. With the
parameter values chosen for this scheme, it follows that for small release probability, about 6%
of the total number of vesicles will be available for release. This suggests that synapses with
low release probability can sustain vesicle release without depleting the vesicle pool provided
the frequency of stimulation is greater than or equal to k+[Ca]. For high release probability
(2  1), the fraction of empty sites only depends on 3. This suggests that high-frequency stimuli
(frequencies greater than k+[Ca]) would lead to synaptic depression.
4.3. G-protein activation
The time constant for G-protein activation, k 1
act , can be regarded as a characteristic time scale
for the activation of the modulatory pathways for the VGCCs. Next we analyze the dynamics of
G-protein activation on this time scale, which is Oð1Þ s, and thus much slower than the time scale
for vesicle release.
Let us deﬁne s = kactt, y5 = [R]/Rt, y6 = [NR]/Rt, y8 = [NRG]/Rt where Rt represents the density
of autoreceptors on the membrane (in lmol/m2), and y7 = [G]/Gt, y9 = [Ga]/Gt, y10 = [Gbc]/Gt and
y 11 ¼ ½Gia =Gt where Gt is the density of G-protein (cf. Table 3.) The corresponding non-dimensional system of equations for G-protein activation is given by
8


dy 5
½N 
>
>
>
y þ y6 ;
¼m 
>
>
K aut 5
ds
>
>


>
>
>
dy 6
½N 
k p2 Gt
>
>
¼m
y5  y6 þ y8 
y y ;
>
>
K aut
ds
k act 6 7
>
>
>
>
>
dy 7 k 6 Gt
k p2 Gt
>
>
y 10 y 11 
y y ;
¼
>
>
>
ds
k act
k act 6 7
>
>
< dy
k p2 Gt
8
ð46Þ
¼
y y  y8;
>
ds
k act 6 7
>
>


>
>
dy 9
k 1b ½PLC0
k hyd k 1f ½PLC0
>
>
>
y 28 
þ
y 27 y 9 ;
¼ y8 þ
>
>
ds
k act Gt
k act
k act
>
>


>
>
>
dy 10
ap Rt
k 6 Gt
b Rt
>
>
¼ y8 þ
R
y 11 þ b W y 10 ;
>
>
ds
k act Gt
k act
k act
>
>
>
> dy
>
k hyd
k 6 Gt
>
>
y9 
y y ;
: 11 ¼
ds
k act
k act 10 11
where R and W are as in Section 4.1, and y27 = [PLCi]/[PLC]0 and y28 = [PLCa]/[PLC]0. From the
parameter values given in Tables 1, 3 and 4, we have that khyd/kact  1, k6Gt/kact  1, k1b[PLC]0/
(kactGt)  1, apRt/(kactGt)  1, bbRt/(kact)  1 and k1f[PLC]0/kact  1. Here [N] is the concentration of neurotransmitter in the cleft, and Kaut = km1/kp1 is the aﬃnity of the receptor (since
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k p2 Gt =k act ¼ Oð1Þ, we set it equal to 1). The conservation laws are y5 + y6 + y8 = 1,
and
y7 + y8 + y10 + y11 + Ct/GtR +
y7 + y8 + y9 + y11 + [PLC]0/Gty27 + [PLC]0/Gty28 = 1
Ct/GtW = 1. Therefore, to lowest order we have that the receptor-GPCR, subsystem decouples
from the rest of the system obtaining


8
dy 5
½N 
>
>
> ds ¼ m  K y 5 þ y 6 ;
>
>
aut
>
>


> dy
>
½N 
>
6
>
>
> ds ¼ m K y 5  y 6 þ y 8  y 6 y 7 ;
<
aut
ð47Þ
dy
7
>
>
¼
y
y
;
6 7
>
> ds
>
>
>
>
> dy 8 ¼ y y  y ;
>
>
6 7
8
>
>
: ds
y 9 ¼ y 10 y 11 ¼ 0.
Note that since C t =Gt ¼ ½PLC0 =Gt ¼ Oð101 Þ, we may assume that the conservation laws for the
reduced system (47) are y5 + y6 + y8 = 1, y7 + y8 + y9 + y11 = 1 and y7 + y8 + y10 + y11 = 1.
The ratio m = km1/kact of the release rate of neurotransmitter from the autoreceptor to the
G-protein activation rate will determine how the interaction between neurotransmitters and autoreceptors aﬀects VGCC-modulation. The ﬁrst case is m  1, and in this case we have that
y5 = Kaut/[N]y6 to lowest order in the small parameter m1, i.e., neurotransmitter binding equilibrates rapidly. We can then further reduce (47) to
8
dy 6
>
>
¼ y8  y6y7;
>
>
>
ds
>
<
dy 7
ð48Þ
¼ y 6 y 7 ;
>
ds
>
>
>
>
>
: dy 8 ¼ y 6 y 7  y 8 .
ds
We recall that y5 + y6 + y8 = 1 and y7 + y8 + y10 + y11 = 1, and then use the conservation conditions to obtain
8
dy 6
½N  þ K aut
>
>
¼1
y6  y6y7;
<
ds
½N 
ð49Þ
>
>
: dy 7 ¼ y 7 y 6 .
ds
From the ﬁrst of these equations it follows that signiﬁcant G-protein activation, which requires
occupied receptors, will occur on the time scale k 1
cat only if Kaut = [N]. Under physiological conditions, neurotransmitter release during an action potential is terminated rapidly [31], and neurotransmitter clearance from the cleft occurs on a time scale Oð1Þ ms [26]. Thus, on the time scale k 1
cat
for activation of G-proteins, N  1, which implies that unless Kaut  1 (i.e., high aﬃnity receptors), G-protein activation will be negligible.
The second case is m ¼ Oð1Þ. In this situation, it is possible to estimate a range of frequencies
for which saturation eﬀects would render the VGCC-modulation independent of the stimulation
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frequency. Frequencies that would cause an increase in neurotransmitter concentration such that
[N]  Kaut on the time scale Oðk 1
act Þ, would yield y6  1 (Eq. (47)) and the modulation of VGCCs
would become tonic.
4.4. PLC and PKC activation
PKC activation depends on both DAG and intracellular calcium. DAG-generation occurs on a
time scale Oðk 1
hyd Þ, corresponding to GTP-hydrolysis, and this is faster that G-protein activation
and hence bc inhibition. Therefore signiﬁcant increases in intracellular calcium concentrations on
Oðk 1
hyd Þ would elicit signiﬁcant levels of activated PKC. Thus, depending on the regulatory mechanisms of intracellular calcium such as buﬀering or CICR, it is possible for VGCC up-regulation
by PKC to prevail over bc inhibition [30].

5. Simulations of the model
From the analysis in the preceding section we conclude that modulation of VGCCs by G-protein activation occurs on a slower time scale than the time scale relevant for synaptic transmission.
This suggests that we should investigate how such modulation is aﬀected by repeated stimulation,
since a single spike would not produce any signiﬁcant increase in the levels of inhibited or phosphorylated channels. First we present simulations of the full model with a stimulation protocol
similar to that in [1, Fig. 1, p. 279]. Then we address the dependence of the maximal fraction
of inhibited and phosphorylated channels on stimulation frequency and the kinetic properties
of autoreceptors.
Fig. 6 shows simulations of the full model, using the stimulation protocol depicted in part A of
Fig. 6, for diﬀerent values of the total concentration of PKC, [PKC]0. For low concentrations of
PKC ([PKC]0 = 1 lM), more than 50% of the channels are inhibited after one 10 mV step, which
leads to an approximately 45% reduction in the calcium concentration (cf. Fig. 7). This is in agreement with the percentage reduction in currents through N-type channels observed experimentally
[1]. If we increase the concentration of PKC to [PKC]0 = 10 lM, the peak fraction of inhibited
channels after the second 10 mV depolarization step is about the same as in the previous case,
and there is approximately a 5% decrease in the fraction of inhibited channels after the third
10 mV depolarization compared to the case for [PKC]0 = 1 lM. (cf. left panel Fig. 6). When
[PKC]0 is very high (100 lM), there is a signiﬁcant decrease in the fraction of inhibited channels
compared to [PKC]0 = 1 after the second 10 mV step depolarization (about 10% reduction), and a
40% reduction after the third 10 mV step. This is due to the fact that as we increase [PKC]0, there
is a corresponding increase in the fraction of phosphorylated channels (cf. right panel in Fig. 6).
Note that after the ﬁrst depolarization step, the rate of increase in the inhibited channel fraction is
the same for all PKC levels (cf. Fig. 6). This is an indication of the fact that (bc-subunit inhibition
is a direct modulation, i.e., after G-protein activation, bc subunits directly interact with VGCCs
whereas phosphorylation of VGCCs requires activation of PKC, which in turns is the result of a
long biochemical pathway (see schematic in Fig. 2).
From Section 4.1, the steady fraction of channels in the inhibited and phosphorylated state depends on g = kcat/apkc, the ratio between the PKC catalytic rate and the channel-dephosphorylation
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Fig. 6. Simulations of the full model. (A) Stimulation protocol used in [1]: 100 ms step depolarization to 10 mV
initially, followed by 1 s at rest (90 mV). Then there is a prepulse for 100 ms at 80 mV immediately followed by a
100 ms 10 mV depolarization. After 4 sec at rest (90 mV) there is a third 100 ms depolarization at 10 mV, followed by
return to the resting voltage. (B) The evolution of the fraction of channels in the inhibited (left panel) and
phosphorylated (right panel) for diﬀerent values of [PKC]0, under the stimulation protocol described before. Here we
used high aﬃnity autoreceptors, i.e., Kaut = 0.16 lM (km1 = 5 s1), cf. Table 3.

rate. Because of the value of the calcium decay in the active zone, less than 1% of the total
concentration of PKC is in the active state for time scales Oðk 1
act Þ (not shown). This implies that
the dominant modulation is inhibitory on this time-scale. However, g ¼ Oð50Þ, which indicates that
a small increase in activated PKC concentration would lead to a large increase in the fraction of
phosphorylated channels. Therefore, simulations showed that as the concentration of PKC
increases at the terminal, bc-subunit inhibition of VGCCs can be dramatically reduced, which could
potentially aﬀect vesicle release for long trains of stimulation (Oð10Þ s).
After depolarization, the population of channels returns to steady state [Wc]  1 i.e., all channels are in the closed, unmodulated state. The half-time before transition to another state from
1
0
RPr
c , is given by (a (Vrest) + ap) , where Vrest  90 mV (cf. Fig. 4) i.e., the recovery rate depends
0
on the relative size of a and ap. For the parameters used here, a 0 (Vrest)  ap, which implies that
the probability of a channel switching from the R to the W state is much smaller that the probability of a channel in the R switching between the open and closed states. This suggests that neuronal activity induces a transient modulation (both inhibition and phosphorylation) whose decay
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Fig. 7. A comparison of the evolution of the fraction of inhibited channels when we explicitly consider removal of
bc-subunit inhibition by strong depolarization. Panel A panel shows the evolution of inhibited channels with voltagedependent release from inhibition (VDRI, solid lines), and without VDRI (original model, dashed lines). The 80 mV
prepulse depolarization releases VGCCs channels from inhibition (approximately a 70% reduction of the fraction of
inhibited channels after the prepulse in the VDRI model compared to the fraction of inhibited channels after the
prepulse in the original model. Panel B: the maximal calcium concentration during the 10 mV depolarizations (see part
A in Fig. 6, corresponding to the original model and the model with voltage-dependent release from inhibition. Here,
[PKC]0 = 1 lM. The resting level of calcium is in the nanomolar range.

time depends on the kinetic parameters of the single channel dynamics. For the parameter choice,
such slow decay can be correlated to the so-called tonic inhibition of N-type channels by bc subunits in [32].
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Previous work in [8,33] suggested that release from inhibition of VGCCs by depolarization is
signiﬁcant for depolarizing voltages above 50 mV (in fact, experiments were only done with depolarizations between 100 and 150 mV [8,33]). Moreover, it was found that the release of inhibition
by depolarization followed a sigmoidal-type relationship. To include this feature in our model, we
can replace the constant parameter ap = 0.25 in (11), which corresponds to the rate for the transition from RPr
c to Wc, by ap = 0.25 + 500(1 + tanh(V  50)). (The voltage crossover was set at
50 mV to agree with the experimental ﬁndings and the multiplier set to obtain a signiﬁcant eﬀect
on the rate.) We call this variation of the model the voltage-dependent release from inhibition
(VDRI) model. Fig. 7 shows simulations of the original model and the VDRI model with the stimulation protocol as in Fig. 6(A). Panel A shows, as expected, that the 80 mV prepulse reduces the
fraction of channels in the inhibited state from 40% to less than 10%. If we look at the maximal
calcium concentration during each of the three 10 mV depolarization steps (Panel B in Fig. 7), we
see that there is an 80% increase in calcium inﬂux in the VDRI model, which is in qualitative
agreement with the experimental results in Fig. 1 of [1]. During the third depolarizing pulse (Panel
B in Fig. 7), the inﬂux of calcium is the same in both models, which is also in agreement with
experimental data in [1]. Note that the after the strong depolarization, the fraction of channels
inhibited by bc-subunits returns to levels similar to the ones in the original model on a time scale
Oð500Þ ms, which agrees with the measurements in [33].
Most plastic changes in the strength of synaptic connections are believed to occur after bursts of
stimuli [25]. Since the activation of the modulatory mechanisms presented here occur on a slower
time scale than the corresponding time scale for vesicle release, it is important to study how such
mechanisms are aﬀected by repeated stimulation. We ran simulations for the full model under different stimulation frequency and kinetic properties of autoreceptors to see how the strength of the
modulation is aﬀected. The stimulation protocol consists of periodic stimulation (repeated 1-ms
step depolarizations from 90 mV to 10 mV) of the presynaptic terminal for one second under different frequencies. Fig. 8 shows, for diﬀerent values kinetic properties of GPCRs, the peak fractions of inhibited and phosphorylated channels (parts A and B) as a function of the stimulation
frequency. Part C of Fig. 8 shows how the maximal calcium concentration changes during the stimulation protocol as a function of the stimulation frequency, for diﬀerent kinetic properties of
GPCRs. As expected, the peak fraction of inhibited channels increases as the aﬃnity of GPCRs
increases (i.e., as Kaut decreases) (cf. Fig. 8(A)). Since m ¼ Oð1Þ (km1 = 5 s1), the peak fraction
of inhibited channels is maximal when Kaut = 0.16 lM, because the dynamics of GPCRs is dictated
by [N]/Kaut. Since the decay time constant for neurotransmitter in the cleft is very rapid
ðOð106 Þ s1 Þ, N is very small on average during the stimulation. Note also that there is a saturation
level for the peak fraction of inhibited channels which depends on the aﬃnity of the autoreceptors.
Panel B of Fig. 8 shows the peak fraction of phosphorylated channels, and as in A for inhibited
channels, the peak fraction of phosphorylated channels is the largest when Kaut is smallest. Moreover, note that as Kaut increases the curves shift to the right, which indicates that it becomes harder to obtain signiﬁcant levels of phosphorylated channels as the aﬃnity of the GPCRs decreases,
even under repeated stimulation. Note also that for Kaut = 0.16 lM, the peak fraction of phosphorylated channels remains roughly constant until the stimulation frequency surpasses approximately 40 Hz, which is Oðk hyd Þ, the decay time constant for a-subunits (Ga in the model). Beyond
this frequency there is a net increase in Ga during the stimulation, which leads to an increase in the
level of PKC* and hence of the fraction of phosphorylated channels during stimulation.
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Fig. 8. Numerical simulations of the model when the terminal is periodically stimulated at diﬀerent frequencies for 1 s
(each action potential is modeled as a 1-ms 10 mV step depolarization). Panel A shows the peak fraction of inhibited
channels for diﬀerent values of the kinetic parameters of autoreceptors. Panel B shows the peak fraction of
phosphorylated channels, and panel C shows the change in maximal calcium concentration between the ﬁrst and last
steps in the stimulation protocol. In all panels solid lines represent KD = 0.16 lM, dashed lines represent KD = 1.6 lM,
and dotted lines represent KD = 16 lM. In addition km1 = 5 s1 and [PKC]0 = 10 lM in all panels.

Panel C in Fig. 8 shows how the maximal calcium concentration at the last depolarization step
in the train of stimulation changes with respect to the maximal calcium concentration during the
ﬁrst depolarization step. In all cases, there is a reduction in the maximal calcium concentration
which is due to the fact that the inhibitory pathway directly modulates VGGCs whereas the phosphorylation pathway is indirect. This is also reﬂected in Fig. 6, since after the ﬁrst step depolarization, there is no change in the rate of increase of the fraction of inhibited channels, for diﬀerent
values of [PKC]0.
To date, most experiments in which strong depolarizing stimuli were used to induce release
from bc-modulated inhibition of calcium channels found that stimulation times of the order of
at least 30–40 ms were needed to induce signiﬁcant release from inhibition; for instance in [33],
35-ms step depolarizations were applied at 0.25 Hz. If we repeat the simulations in Fig. 8 with
the VDRI model, there would be no qualitative diﬀerence in the outcome. In fact, the time scale
for release from inhibition by depolarization is of order 10 ms, for the parameters used here,
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which is one order of magnitude larger that the time in which depolarization occurs. Even if we
shift the voltage-threshold for the voltage-dependent release from inhibition in the VDRI model,
the corresponding relationship between frequency and the peak fraction of either inhibited or
phosphorylated channels obtained with the VDRI model will be still qualitatively the same as
the ones presented in Fig. 8. This prediction could be tested experimentally.

6. Conclusions
We proposed a model for modulation of N-type channels located on the presynaptic face Cc
based on the experimental ﬁndings in [1]. Our model consists of a feed-back loop involving neurotransmitters, VGCCs and autoreceptors. Perturbation analysis was used to uncover a hierarchy
of times scales for such processes during neurotransmission. Our model reproduces the levels of
bc-modulated inhibition found experimentally in [1] (Fig. 6). The search for the many parameters
involved in our model was extensive, since the diﬀerent sub-processes involved in our proposed
VGCC-regulation were studied in diﬀerent experimental models, so we chose those parameters
that gave simulation results similar to those observed experimentally.
Modulation of calcium inﬂux through Ga-activation occurs on a slower time scale than the time
scale in which transmitter release takes place, which suggests that under physiological conditions,
only trains of action potentials would trigger such modulation. In particular, the kinetic properties of autoreceptors and the frequency of the stimuli would determine the dynamics of the proposed regulatory mechanism.
Under steady state levels of either bc subunits or activated PKC, the competitive nature of
inhibition and phosphorylation depends on g = kcat/apkc. Since g ¼ Oð50Þ from Table 1, one
can conclude that small increases in activated PKC would lead to a signiﬁcant increase in the
fraction of phosphorylated channels relative to the fraction of inhibited channels. As we decrease
the value of g, by increasing the dephosphorylation rate apkc, the levels of phosphorylated channels decrease accordingly. In particular, when g ¼ Oð1Þ the maximal level of phosphorylated
channels strongly depends on the rate at which calcium decays in the active zone. In particular,
when buﬀer species are present in the cytoplasm, the kinetic properties of buﬀers determine
how fast calcium returns to basal levels, hence it will modulate the levels of activated PKC
[30].
The parameter m = km1/kact (the ratio between the unbinding rate between autoreceptors and
neurotransmitters and the G-protein activation rate) allows us to determine, depending on the
kinetic properties of the autoreceptors, how this modulatory process depends on the frequency
of the stimulation. For m  1, the assumption that neurotransmitters and autoreceptors are in
pseudo-equilibrium holds. However, in physiological conditions, N  1 on the time scale
1
Oðk 1
act Þ (clearance of neurotransmitters in the cleft is faster than k act [26], which implies that only
high aﬃnity receptors (Kaut  1) would trigger VGCC-modulation. If m ¼ Oð1Þ, then neurotransmitters and autoreceptors are no longer in pseudo-equilibrium. In particular, Kaut determines a
threshold value for stimulation frequency such that above this threshold, VGCC regulation would
be tonic (cf. Fig. 8), and depending on whether bc inhibition of PKC phosphorylation are the
dominant modulatory mechanism, it is possible to induce up- or down-regulation of transmitter
release, by increasing stimulus frequency.
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The simulations (cf. Fig. 6) suggest that down-regulation of VGCCs by bc subunits will prevail
for concentrations of PKC of order 10 lM under one or a few depolarizing stimuli. This is a consequence of the fact that VGCC regulation by PKC follows an indirect biochemical pathway (cf.
Fig. 2), whereas bc modulation consists of a single kinetic step after G-protein activation. This
also depends on the fact that calcium decay in the active zone is faster than k 1
hyd , the rate of
GTP-hydrolysis (cf. Eq. (39)). In particular, the intracellular calcium increases on the slower time
scale are not suﬃcient to elicit a substantial increase in activated PKC levels so that it can compete
with bc subunits. But, DAG-generation occurs on a time scale Oðk 1
hyd Þ greater than the G-protein
activation time scale (hence bc modulation), which implies that if signiﬁcant increases in calcium
concentration are sustained on the time scale for DAG-activation, PKC-modulation would prevail over bc subunit down-regulation. Regulation of the intracellular calcium increases depend on
processes such as buﬀering, and depending on the kinetic properties of the species, it is possible to
obtain either up- or down-regulation of VGCCs according to the buﬀer species present in the presynaptic terminal [30].
However, the model also suggests a self-regulatory mechanism for transmitter release under
repeated stimulation. We predict that sustained activity leads to down-regulation of VGCCs,
which results in a decrease in the maximal calcium concentration at the terminal, which in turn
eﬀectively decreases the probability of vesicle release (Figs. 6–8). Nonetheless, the synapse can recover from inhibition by phosphorylation of VGCCs i.e., increase of fraction of phosphorylated
channels, on a time scale determined by the levels of PKC (Fig. 6) and the decay time constant for
calcium ( data not shown, see [30]. This in turn would increase the calcium inﬂux and thereby
increase the probability of vesicle release.
A prediction of our model is that for suitable kinetic properties of GPCRs, there is a particular
frequency at which the peak fraction of phosphorylated channels changes: in our model is 40 Hz,
i.e., k 1
hyd (cf. Fig. 8). Below that frequency the peak fraction of phosphorylated channels remains
constant. Above that frequency, there is a monotonic increase in the peak fraction of phosphorylated channels as the frequency of the stimulus increases (solid line in Fig. 8). This implies that
there would be a decrease in the levels of bc-subunit inhibition of VGCCs as the frequency of
stimulation increases. If we were to deliver a stimulus at the time in which the peak fraction of
modulated channels occurs (the maximal fraction of either phosphorylated or inhibited channels
occur around 7–10 s, data not shown), this will lead to an increase in the calcium inﬂux if the previous stimulation frequency was higher than 40 Hz, whereas if the previous stimulus frequency
was less than 40 Hz, there would be no apparent change in the inﬂux of calcium. This would
be also true if instead of calcium inﬂux, we were measuring neurotransmitter release. In particular,
by changing the speed of hydrolysis of GTP (khyd), one should be able to change the frequency at
which there is a change in the inﬂux of calcium or neurotransmitter release.
It is known that strong depolarizations induce a release from bc inhibition in N-type calcium
channels [32]. When we impose strong depolarizations in our model (80 mV step depolarizations)
we only observe a small reduction in the fraction of inhibited channels, which is not in qualitative
agreement with experimental data [8,33,1]. If we add to our model a voltage-dependent release
from inhibition (Fig. 7), we are able to qualitatively match the eﬀects of strong depolarizing prepulses on the short time scale (i.e., the reduction in the fraction of channels in the inhibited state)
and we also showed that the results qualitatively matched the recovery time scale for the inhibition of VGGCs by bc-subunits. In light of the time scales for the onset and recovery of VDIR, we
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can assert that the simulation results in Fig. 8, i.e., the relationship between peak fraction of modulated channels and the frequency of stimulation, would not be altered if we explicitly consider a
VDIR mechanism. A more detailed model for the voltage dependence of VGCCs, as in [14],
would be needed when addressing how the presence of autoreceptors aﬀects the local excitability
properties of the cell membrane, for instance activation of calcium-dependent potassium and
GIRK currents [34], or whether activation of autoreceptors would lead to better synchronization
properties of neurons in the olfactory bulb [35], which in turn would have an eﬀect on synaptic
transmission. Coupling this biochemical model with a Hodgkin–Huxley type model for generation
of action potentials would give us a way to address the eﬀect of biochemical vs. electrical modulation of calcium inﬂux [36]. There is a large body of experimental evidence that autoreceptors
inhibit vesicle release. On the other hand, recent experiments suggest that autoreceptor activation
induces an increase in vesicle release [13]. We propose an alternative mechanism for modulation of
vesicle release via regulation of calcium inﬂux through VGCCs. One of the predictions from the
analysis of the model was that g = kcat/apkc determines the strength of the competition between
inhibition and phosphorylation. For systems in which vesicle release is mainly regulated by
N-type channels, it would be interesting to see whether changes in the channel dephosphorylation
rate would lead to changes in the levels of inhibition and phosphorylation of calcium channels in
the presynaptic terminal. In this way, it would be possible to elucidate whether small or large increases in activated PKC are needed to remove bc-inhibition under repeated stimulation. The generation of activated PKC was based upon a simpliﬁed kinetic scheme. However, more detailed
molecular mechanisms for PLC-generation, PIP2 cleavage and PKC generation are now available,
and one can obtain a more realistic scheme for the regulation of VGCCs via downstream eﬀectors
of G-protein activation.
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