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Abstract

Abstract. We consider bounded solutions of the semi-
linear heat equation uy = ug, + f(u) on R, where f is of
the unbalanced bistable type. We examine the w-limit sets
of bounded solutions with respect to the locally uniform
convergence. Our goal is to show that even for solutions
whose initial data vanish at x = +o00, the w-limit sets may
contain functions which are not steady states. Previously,
such examples were known for balanced bistable nonlinear-
ities. The novelty of the present result is that it applies to
a robust class of nonlinearities. Our proof is based on an
analysis of threshold solutions for ordered families of initial
data whose limits at infinity are not necessarily zeros of f.
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1 Introduction

Consider the Cauchy problem

Uy = Uz + fu), reR, t>0,
u(z,0) = up(x), r € R,

where f € C'(R) and uy € L*(R).

Problem (1.1), (1.2) has a unique solution u(-,¢, 1) defined on a maximal
time interval (0,7'(ug)). By a solution we mean the mild solution, as defined
in [20, 21], for example. The solution is classical in R x (0,7 (ug)) and if ug
is uniformly continuous, then also u(-, ¢, ug) — up in L*°(R), as ¢t — 0. If u is
bounded on R x [0, T (up)), then necessarily T'(ug) = oo, that is, the solution
is global, and, by standard parabolic regularity estimates, the trajectory
{u(-,t,up) : t > 1} is relatively compact in L2 (R). In this paper we are
concerned with the large-time behavior of bounded solutions in a localized
topology. We thus introduce the w-limit set of such a bounded solution u,

denoted by w(u) or by w(up) if the initial datum of w is given, as follows:
w(u) :={p:u(-t,) — ¢ for some sequence t,, — oo}. (1.3)

Here the convergence is in L{2 (R) (the locally uniform convergence). Thus
we consider the behavior of u, as t — 0o, on arbitrarily large compact sets.
The set w(u) is nonempty, compact and connected in L2, (R), and it attracts
the solution in the following sense:

dist o m) (u(+, 1), w(u)) = 0 as t — oo. (1.4)
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Here we view L2 (R) as a metrizable locally convex space with the topology

and metric derived in the usual way from the countable system of seminorms

PN ‘= H'HL‘X’(*NJV)? N:LQ,

By a theorem of [18] (see also [19]), the w-limit set of any bounded solution
contains an equilibrium, or a steady state, of (1.1). For more specific initial
data a stronger result is available stating that the w-limit set consists of a
single equilibrium. For periodic initial data, such a convergence theorem
can be found in [7]. In [9], the convergence of bounded nonnegative solutions
with compact initial support was proved, assuming that f is locally Lipschitz
and f(0) = 0. See also [10] for an improvement and extension of this result;
earlier convergence results under more restrictive conditions can be found in
[12, 14, 15, 27]). Other convergence theorems can be found in [22]. In [22]
it is also proved that all nonnegative bounded solutions with initial data in
Co(R) are quasiconvergent: their w-limit set consists of equilibria.

Unlike on bounded intervals, the quasiconvergence result for (1.1), (1.2) is
not a consequence of the formal gradient structure of equation (1.1); the usual
energy functional may not even be defined along a general bounded solution.
In fact, it is known that not all bounded solutions are quasiconvergent. This
is illustrated by a construction of [11] (see also [25]) with f(u) = u(1—wu?). If
the initial function ug oscillates between the stable constants —1 and 1, being
identical or close to one of them on larger and larger intervals, then w(uy)
contains the two constant equilibria as well as some functions which are not
equilibria. (See also [8] where such initial data are considered for the linear
heat equation; the corresponding solutions approach a continuum of constant
equilibria in that case). A similar construction works for any nonlinearity f
which is of the balanced bistable type: there are two zeros o < v of f such
that f/(«) <0, f'(7) <0, and the function F(u) = [ f(s) ds satisfies

Flu) < F(a) = F(y)  (u € (a,7)). (1.5)

In [25], we provided further examples of bounded solutions which are not
quasiconvergent. We showed in particular that in the balanced bistable case
there are examples of such solutions with initial data in Cy(R). Of course,
these initial data have to change sign, otherwise the quasiconvergence theo-
rem of [22] applies.

Another example in [25] deals with unbalanced bistable nonlinearities:



(BU) For some a < 0 < 7 one has f(a) = f(0) = f(v) =0, f'(a) <0,
f'(7) <0, f <0in (a,0), f > 0in (0,7), and

F(y) > F(a). (1.6)

As above, .
F(u) = /0 f(s)ds.

Note that, unlike (1.5), condition (1.6) is robust. Consequently, if f satisfies
(BU) and in addition f’(0) > 0, then any small perturbation f of f in the
class of C'-functions vanishing at 0 also satisfies (BU) with some perturbed
zeros & ~ «, 7 ~ ry. Thus the example of [25] shows that the existence of
bounded solutions which are not quasiconvergent is not limited to a meager
class of nonlinearities. Of course, here we fix the middle zero at 0 just for
convenience. If we do not fix it, then the perturbation will have a middle
zero at some [ ~ 0 and the construction of [25] still applies.

The solution found in [25] for the unbalanced bistable nonlinearity does
not have limits at x = doo; its initial value ug satisfies

limsup ug(xz) >0, liminfug(z) = a.
r—+oo |z| =00

Our main goal in the present paper is to give another example in the un-
balanced case, one with uy € Cy(R). Thus we show that even for a robust
class nonlinearities, the decay of uy at oo alone is not sufficient for the
quasiconvergence.
To formulate our main theorem, recall that if f satisfies (BU), then the
equation
Ve + f(v) =0, z€R, (1.7)

has a solution v such that v > o and v — a € Cy(R). We refer to any such
solution as a ground state of (1.7). More precisely, it is a ground state at
level a, but we do not consider any other ground states in this paper. The
ground state is unique up to translations [2] and, if its point of maximum is
placed at the origin, it is even in z and decreasing with increasing |x|.

Theorem 1.1. Let f be a C* function satisfying (BU). Then there exists ug €
Co(R) with o < ug < such that w(ug) contains the constant equilibrium «,
a ground state of (1.7), and some functions which are not equilibria of (1.1).



The proof of this theorem is given in Section 4. It uses similar ingredi-
ents as constructions in [25]: intersection comparison properties, continuous
dependence in LS (R) of solutions on their initial data, and a class of so-
lutions with specific large-time behavior. The specific solutions employed
in the present paper are the so-called threshold solutions for a suitable one-
parameter family initial data. The family is chosen such that for small values
of the parameter u the corresponding solutions converge to the constant «,
whereas for large values of u they converge to 7. By definition, the thresh-
old solutions are solutions which do not exhibit either of these behaviors.
Threshold solutions for reaction diffusion equations on R have been studied
quite extensively by several authors [5, 12, 13, 14, 15, 9, 23, 27]. In all these
studies the initial data in the considered families have their limits at infinity
equal to a zero of f and are bounded below by these limits. Usually they also
coincide with the limits outside a compact set, or other strong monotonicity
and symmetry conditions are imposed on them. In contrast, our method of
proof of Theorem 1.1 necessitates that we deal with more general families
of initial data: their limit at infinity is not a zero of f and, moreover, they
are not necessarily bounded from below or from above by the limits. This is
the main difference from a construction in [25, Section 6], where results on
threshold solutions from [9] are employed. The new results on threshold so-
lutions are formulated and proved in Section 3 and these are of independent
interest. We remark that threshold solutions were also used in a different
setting, but for a similar purpose, in [26].

In the remainder of the paper we assume (BU) to be satisfied.

We use the following notation. The support of a function g € L>®°(R) is
denoted by spt(g) (this is the minimal closed set K such that g = 0, a.e., in
R\ K). For two functions g, g, the relations g < § and g < g are understood
in the pointwise sense; specifically, the latter means that g(x) < g(z) for all
x eR.

The symbol B stands for the space all continuous functions on R taking
values in [a, y]. We equip B with the metric given by the weighted sup-norm

ol = supw(@)lo(@)] (1.9

where w(z) := 1/(1 + |z|*). The topology on B generated by this metric is
the same as the topology induced from Lg% (R).

loc



2 Preliminaries

We start this preliminary section with a brief discussion of the steady states of
(1.1), then we summarize some consequences of the intersection comparison
principle, and recall a useful lemma on the continuity in L2 (R) of solutions
with respect to their initial data.

2.1 Steady states
The steady states of (1.1) are solutions of the equation

Ver + f(0) =0, z€R. (2.1)
The first-order system associated with (2.1),
vy =w, w, =—f(v), (2.2)

is a Hamiltonian system with respect to the energy
H(v,w) = w?/2+ F(v), F(u) = / £(s)ds.
0

Thus the trajectories of (2.2) are contained in the level sets of H. Note that
these level sets are symmetric about the v axis. The following results are all
well known and easily proved by phase-plane analysis of system (2.2) (cp.
Figure 1), therefore we include them without proofs.

Lemma 2.1. Assume (BU).

(1) Let v be a solution of (2.1) with o < v(0) < . Then exactly one of
the following possibilities occurs:

(a) v € B;

(b) there are constants a < 0 < b such that v(a) = v(b) = «a and
a<v<7yon(ab),

(c) there are values a € [—00,0) and b € (0,00], at least one of them
finite, such that o < v(z) <7, |v'(x)| > 0 for all x € (a,b), and
either v(a) = a, v(b) = v with a > —o0, or v(a) = 7, v(b) = «
with b < 0.



(i1) If v € B is a nonconstant periodic solution, then v has infinitely many
zeros (all of these zeros are simple due the uniqueness for the initial
value problem,).

(i1i) Let ¢ be the ground state with ¢.(0) = 0 and v another solution of
(2.1) with v,(0) = 0. Then v € B if and only if a < v(0) < ¢(0)
or v(0) = v. If a < v(0) < ¢(0), then v is a nonconstant periodic
solution. If $(0) < v(0) <+, then v is even, and for some a > 0 one
has v(£a) = « and v, < 0 in (0,a.

=\,
N=—"

Figure 1: Trajectories of system (2.2)

2.2 Zero number

If v=u—1u orv=u,, where u, @ are global solutions of (1.1), then v is a
solution of a linear equation

Vp = Vg + c(z,)v, xER, >0, (2.3)

with a suitable coefficient c. Specifically,

c(x,t):/o F (i, ) + sz, £) — ulx, 8)) ds

if v =u—1a, and c(z,t) = f'(u(z,t)) if v = u,. For an interval I = (a,b),
with —co < a < b < 0o, we define z;(v(+, t)) as the number of zeros, possibly
infinite, of the function x — wv(x,t) in I. If I = R, we usually omit the

subscript I:
2(v(,t)) == zr(v(-, 7).

The following intersection-comparison principle holds (see [1, 6]).



Lemma 2.2. Let v € C(R x [0,00)) be a nontrivial solution of (2.3) and
I = (a,b), where —oo < a < b < 0o. Assume that for some interval [1,T) C
[0,00) the following conditions are satisfied:

(cl) if b < oo, then v(b,t) # 0 for allt € [1,T),
(c2) if a > —oo, then v(a,t) # 0 for allt € [1,T).
Then the following statements hold true:

(i) For each t € (1,T), all zeros of v(-,t) are isolated. In particular, if
a> —oo and b < oo, then zy(v(-,t)) < oo for allt € (1,T).

(ii) ¢ — z7(v(-,t)) is a monotone nonincreasing function on [1,T) with
values in NU {0} U {o0}.

(iii) If for somety € (1,T), the function v(-,ty) has a multiple zero in I and
zr(v(+,tg)) < 00, then for any t1,ts € [1,T) with t; <ty < t2 one has

z1(v(, 1)) > z1(v(-5to)) 2 z1(v(-, t2)). (2.4)

If (2.4) holds, we say that z;(v(,t)) drops in the interval (¢;,t5). If this
holds for all ¢1, ty with ¢; <ty < to, we also say that z;(v(-,t)) drops at .

Corollary 2.3. Under the assumption of Lemma 2.2, the following state-
ments hold.

(i) If £ € (a,b), then the functions v(&,-) v.(&,-) cannot both vanish iden-
tically on any open subinterval of (1,T).

(i1) If z;(v(-, 7)) < o0, then z;(v(-,t)) can drop at most finitely many times
in (1,T) hence it is constant on an interval [10,T). If z;(v(-,t)) is
constant on a compact interval [T, 7] C (7,T), then v(-,t) has only
simple zeros in I for each t € (11, Ts).

Proof. We start with the second statement. Clearly, the monotonicity of
t — zr(v(-,t)) implies that zy(v(-,t)) can drop at most finitely many times in
(1,T) if it is finite, hence it has to stay constant in [y, T) for some 75 < 7.
The second conclusion in statement (ii) follows directly from Lemma 2.2(iii).
Now, to prove the statement (i), assume that for some interval (71, 72) C

(1,T) one has
v(& ) = v (&) =0 on (14, 7). (2.5)
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Using the fact that the zeros of v(-,t) are isolated (Lemma 2.2(i)) and the
continuity of v, we find points @ < b in (a,b) and times #; < fy in (t1, o)
such that v(a,t) # 0 # v(b,t) for each t € (i1,#5). Then, by Lemma 2.2,
2@ V(1)) < ocoforeacht € (t1,12), and relations (2.5) give a contradiction
to statement (ii) just proved above. O

2.3 Continuity with respect to initial data

At several places we use the continuous dependence of the solutions of (1.1)
on their initial data. A standard result is the following one.

Lemma 2.4. Given constants T > 7 > 0, p € [1,00], there is a constant
L(7,T,p) such that if ug, iy € L= (R), a < g, tg < 7, then for eacht € [1,T]
one has

”U,(',t,UO) - u('ataﬁO)HL‘X’(R)v ||ux('7t7u0) - ux('at>ﬂ0)||L°°(R)

< L(7,T,p)|luo — to| e (w)-

The estimate for v := wu(-,t,ug) —u(-, t, %) is a standard LP — L> estimate
for the linear equation satisfied by v (see (2.3) and note that the coefficient ¢
is bounded independently of ug, @y since the solutions stay between o and 7).
The estimate for the derivatives then follows, enlarging L(7, T p) if necessary,
from parabolic regularity estimates.

The following lemma gives a continuity result with respect to the norm
defined in (1.8).

Lemma 2.5. Given any finite T > 0 there is a constant L(T) such that for
any ug, uy € B, one has

[u(- 1) = a(, )]l < L(T)[Jul-,0) = a(-,0)[l, (¢ €[0,77).

This continuity result is proved easily by considering the linear parabolic
equation satisfied by v(z,t) := w(x)(u(x,t) — u(z,t)), see [15, Lemma 6.2].
Lemma 2.5 and standard parabolic estimates give the following result.

Corollary 2.6. Given any ug € B, T >ty > 0, R > 0, and € > 0, there
exist p > R and 6 > 0 with the following property. If ug € B satisfies

sup |ug(z) — to(z)| <0,
xe[fpvp]



then
sup |u(z, t,up) — ulx, t, )| <e,
z€[—R,R], t€[0,T

sup |z (z, t,ug) — ug(z, t,0o)| < €.
z€[—R,R], t€[to,T]

3 Threshold solutions

In this section we examine threshold solutions of (1.1) for families of initial
data which are identical to a constant outside a compact interval (the con-
stant is not necessarily a zero of f). The main result is Proposition 3.2 below.
In its formulation, the following is used.

Lemma 3.1. For each 0 € (0,7], there exists { = £(0) such that if uy €
L>®(R), o < ug <7, and ug > 0 on an interval of length £, then u(-,t,uy) —
v, as t — oo, in LS (R).

loc

This result is proved in [16] (proofs and extensions can also be found in
[9, 10, 15, 24)).

Proposition 3.2. Let 0 € (0,v) and n € («,0) be arbitrary, and let ¢ = {(0)
be as in Lemma 3.1. Assume that ¢, pn € [0, 1], is a family of even functions
in B with the following properties:

(al) For each p € (0,1}, ¥, —n has compact support, ¢ > 6 on an interval
of length £, and there is so > 0 such that

u(+, S0, o) < 0. (3.1)

(a2) The function p — 1, : [0,1] — L'(R) is continuous and monotone
increasing in the sense that if p < v, then v, < 1, with the strict
inequality on a nonempty (open) set.

Then there is p* € (0,1) with the following two properties:
(t1) If ug = 1, with p € (0, u*), then limy o u(-, t,up) = a in L=(R).
(t2) If ug = Yu~, then limy_,oo u(-, t,up) — ¢o in L3S (R), where ¢q is the

loc
(unique) even ground state of (1.7).
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We assume that the functions 1, are even for the sake of convenience
and because it is sufficient for the proof of Theorem 1.1. The result appears
to be valid, without the evenness of the limit ground state, if the evenness
assumption on the v, is dropped, but would require extra technical work to
prove the convergence for p = p*. At the end of this section (see Remark
3.7), we shall discuss another issue commonly considered in connection with
threshold solutions, the sharpness of the threshold value.

In the introduction we already mentioned several earlier papers concern-
ing threshold solutions of (1.1). In particular, the case n = « is covered in
greater generality in [9)].

We prepare the proof of Proposition 3.2 by several lemmas. In the whole
section, y(t,n) denotes the solution of

Lemma 3.3. Given any n € |o,7], h € R, assume that uy € L®(R), a <
uy <7, and ug = n on (h,00). Then for any positive constants 6 < T one
has

lim u(x,t) = y(t,n) uniformly fort € [0,T], (3.2)
T—r00
lim w,(z,t) = 0 uniformly fort € [9,T]. (3.3)

An analogous conclusion holds, with the limits at —oo in place of the limits
at 0o, if ug =n on (—oo, h).

Proof. We prove the first statement, the second statement then follows by
reflection in z. If is sufficient to prove (3.2); relation (3.3) follows from (3.2)
and standard parabolic estimates. Without loss of generality, we may also
assume that ug satisfies one of the relations ug > n or uy < 7. Indeed, if
(3.2) is proved for such initial data, then one obtains the general result from
the comparison principle. We only treat the case uy > 7, the other case is
completely analogous.

Consider the function v(z,t) := u(x,t) —y(t,n). It is a solution of a linear
equation (2.3) and v(+,0) = up —n > 0. Hence, v is nonnegative. Since both
u and y(-,n) are bounded, we have |f(u(z,t)) — f(y(t,n))| < Mv(z,t) for
some constant M > 0. Therefore, by comparison,

v(z,t) < Mo, t) (3.4)

11



where v is the solution of v; = v,, with 9(-,0) = v(-,0) = up — 1. Since
0(+,0) =0 on (h,00), for each z € R and ¢ > 0 one has

e 5\2

0 <oz, t)=

\/R 0(8) - 77) ds.

The substitution r = (s — 2)/v/4t then yields

The last integral converges to zero, as x — oo, uniformly for ¢ € (0, 7], which
gives (3.2). O

Lemma 3.4. Assume that ug € L®(R), a < uy <y, and for some constants
p >0 and ny,ne € [, 0) one has

uy =m on (—oo,—p) and uy =1y on (p,o0). (3.5)
Then either
tlim u(-,t,ug) =y in L3 (R), (3.6)
—00

or the following conclusion holds. Any sequence {(x,,t,)} in R x (0,00) with
t, — 00 can be replaced by a subsequence such that u(-+x,, -+t,) — ¢, where

© =« or g is a ground state of (1.1), and the convergence is in L;2 (R?).

Saying that the u(- + x,,- + ,) converges in L;° (R?) is a slight abuse
of language, for the functions are not defined on R?. However, for each
compact set K C R?, omitting a finite number of terms we obtain a sequence
of functions defined on K and we require it to converge uniformly on K.

Similarly we understand the convergence in the spaces CL (R?), C2!(R?).

Proof of Lemma 8.4. Assume that (3.6) does not hold. Also we assume that
ug, as an element of L>°(R), is not identical to a, otherwise the statement is
trivial. Thus, by comparison principle, o < u(-,t) <« for all ¢t > 0.

Let {(zn,t,)} be any sequence in R x (0,00) with ¢, — oo. Using
parabolic estimates and a standard diagonalization procedure (as for w-
limit sets) one shows that if {(x,,t,)} is replaced by a subsequence, then

u(- + xp, - + ty,ug) — U, where U(z,t) is an entire solution of (1.1) and
the convergence is in L}? (RQ) as well as in C2}(R?). (Recall that an entire
solution refers to a solutlon defined for all ¢ € R).

12



Our goal is to prove that U(x,0) is a steady state; ultimately, we want to
show that it is either identical to a ground state or the constant a. To a large
extent, we do this by adapting some arguments from [9] (extra difficulties
come from the space translations). A prerequisite for these arguments is the
following claim.

Claim. Let ¢ be a solution of (2.1), different from any ground state, such
that o < ¥(zg) < 7y for some zg. Let J be the connected component of the
set {z : o < ¥(x) < v} containing the point xy. Then for all sufficiently
large ¢, the function u(-,t,ug)) — ¢ has only finitely many zeros in J, all of
them simple.

To prove the claim, it is sufficient to show that for some ¢ > 0 one has
|u(-,t,up)) — 1| > 0 outside a compact subinterval of J. (3.7)

The conclusion then follows from Lemma 2.2 and Corollary 2.3(ii).

Shifting both ¢ and u in x, we assume without loss of generality that xy =
0. Thus one of the statements (a)—(c) in Lemma 2.1 applies. If either (b) or
(c) holds, or if ¢ is a constant solution, then the relations o < u(-,t) < v and
Lemma 3.3 imply that (3.7) holds for each ¢t > 0. If ¢ € B is a nonconstant
periodic solution, then ¥ > « + € for some € > 0. Then Lemma 3.3 and
the assumption that 7y, 7, € [, 0) imply that for all large enough t one has
u(£o00,t,up) < o + €, which gives (3.7).

Having proved the claim, we return to the entire solution U. We have
a < U <7, since a < u(-,-,up) <. Remember that we want to prove that
Up := U(+,0) is identical to a ground state or the constant a.

First of all we show that Uy cannot be identical to any other steady state.
Indeed, assume that Uy = ¢, where ¢ is a steady state different from o and
any ground state. Then ¢ € B, hence either ¢ = 7, or ¢ = 0, or @ is
a nonconstant periodic solution. The possibility ¢ = 7 is easily excluded:
it would imply that wu(-,t,,ug) is close to v on arbitrarily large intervals
as n — oo. But then, by Lemma 3.1, (3.6) would hold contrary to our
assumption. Thus either ¢ = 0 or ¢ is a nonconstant periodic solution of
(2.1). Set p = 01if ¢ # 0. If ¢ = 0, pick a nonconstant periodic solution
@ of (2.1) with @ < ¢ < . Then ¢ — ¢ has infinitely many simple zeros
(see Lemma 2.1(ii)). Consequently, since u(- 4z, t,, ug) — Uy = ¢, we have
z(u(-, ty, ug) — @) — 0o as n — oo. On the other hand, as seen in the proof
of the Claim, Lemmas 3.3 and 2.2 imply that z(u(-,t,up) — @) is finite and
independent of ¢ for large ¢, a contradiction.

13



If U = «, there is nothing else to be proved. Assume U # «. Since we
have just shown that U # ~, the comparison principle yields a < U < 7.

The rest of the proof is by contradiction. Assume that Uj is not identical
to any ground state. For a fixed zy € R, to be chosen below, we let ¢ be
the solution of (2.1) with ¢(x¢) = Up(xg) € (o, 7y) and ¢'(x0) = Uj(xo). We
want to apply the Claim to ¢. For that we need make a choice of x4 so that
© is not a ground state. To see that this is possible, recall that all ground
states (at level «) are shifts of one fixed ground state ¢. Therefore, if no
xo with the given property existed, the following statement would hold: For
each z € R there is £ such that

Uo(z) = d(z +¢), Up(x) =¢'(z+¢). (3.8)
Clearly, £ = &(x) is uniquely determined (y — (¢(y), ¢'(y)) is one-to-one)
and is of class C' by the implicit function theorem (¢ and ¢’ cannot simul-
taneously vanish). Elementary considerations using the identities (3.8) now
show that £ = &, for some constant &y, hence Uy = ¢(- + &) in contradiction
to our assumption on Uj.

Thus we have verified that with a suitable choice of x( the solution ¢ is
not a ground state. We can also assume that ¢ # 0 (otherwise, we make a
different choice of xy, which is possible due to Uy # 0). Obviously, ¢ # «,
p Z7v,as a < U < . Thus ¢ is a nonconstant solution. As, we proved
above, Uy — ¢ # 0.

Hence, U — ¢ is a nontrivial entire solution of a linear equation 2.3 and
U(-,0) — ¢ has a multiple zero at x = xy. We derive a contradiction from
this conclusion.

First we consider the case when ¢ € B, which means, by the above
choices, that ¢ is a nonconstant periodic solution. Let p > 0 be the minimal
period of ¢. For each n, write z, in the form z, = k,p + (,,, where k,, € Z
and ¢, € [0, p). We may assume, passing to a subsequence if necessary, that
Cn = Co € [0, p]. Then u(- + kpp + Co, - + tn,uo) — (- + Ty, - + Ly, u) — 0 in
CL (R?) and, consequently,

loc
u(- + kpp + Co, -+ tn,ug) — @ = U — @ in C} (R?). (3.9)

Using this and the fact that U(-,0) — ¢ has a multiple zero at = = x, it is
not difficult to prove (see [9, Lemma 2.6]) that for all large enough n, the
function u(- + knp + (o, s + tn, ug) — ¢ has a multiple zero (near x() for some
s € (—1,1). Therefore, the function

U(', S+ tn, UO) - 90(' - knp - CO) = u(-, s+ tna“O) - 90(' - CO)
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has a multiple zero for all large n. Since s + ¢, — oo, this contradicts the
Claim with ¢ = ¢(- — ().

Next we consider the case when ¢ ¢ B, hence one of the statement (b),
(c) in Lemma 2.1(i) applies. Let I be the connected component of the set
{z:a < p(r) < B} containing x.

We distinguish two cases:

(i) x, can be replaced by a subsequence such that x, — yo € R,
(ii) |zn| — oo.
In the case (i), we use a similar argument as for the periodic . We have
U(ey -+t ug) = u(- — xp + Tpy - + o, u) = U(- — yo, 1)

in C} (R?). Therefore, similarly as above, [9, Lemma 2.6] implies that if n
is large enough, then u(-, s + t,, ug) — ¢(- — yo) has a multiple zero in I + yo
for some s € (—1,1). This contradicts the Claim with ¢ = (- — yp).
Finally, we derive a contradiction in the case (ii). Passing to a subse-
quence, we may assume that x,, — oo or x, - —oo. We just consider the
former, the latter can be treated in the same way. Once again, we use the

property that for all large n

u(- + xp, S + tn, ug) — ¢ has a multiple zero in I for some s € (—1,1).
(3.10)
Remember that one of the statements (b), (c) of Lemma 2.1(i) applies to
the solution ¢. Fixing any ¢y > 0, we have

U(ZE,to,Uo) - ?J(t07772)7 U’ac(x)t(hu()) — 0asz— o0

(see (3.5) and Lemma 3.3). Therefore, it is easy to show that if n is sufficiently
large, then one of the following statements holds:

(zb) wu(-,to,ug) — (- — z,,) has exactly two zeros in I + x,, both of them
simple (this holds if (b) applies to ).

(zc) wu(-,to,ug) — (- — x,) has a unique zero in I +z,, and the zero is simple
(this holds if (¢) applies to ¢).
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Choose any n so large that one of these statements applies and such that,
in addition, t, — 1 > ¢, and (3.10) holds. By the monotonicity of the zero
number, we have zy, (u(-,t,ug) — (- —x,)) < 1or zpp,, (u(-,t,up) — (- —
xn)) < 2, for all t > ty, according to whether (zb) or (zc) holds.

By Lemma 2.2 and (3.10), 2714, (u(+, t,up) —p(-—x,)) drops at t = s+t,, >
to. This is clearly impossible if (zc) holds (in this case, the zero number is
at least 1 at all times since o < u(-, g, uo) < ). Thus (zb) holds and in this
case we necessarily have u(-, s + t,,u9) > ¢(- — x,). Then, by comparison,

u(e,tyug) > ult—(s+1t,),0%) (> s+t,), (3.11)
where 1* is defined by

. olr —x,), ifzxel+x,,
Pi(z) = .
«, ifx e R\ (I + z,).

It is a well-known fact that, since @ and 1 are both solutions of (2.1), the
function * is a strict generalized subsolution of (1.1). This is to say that
u(-,t,9*) > * for all t > 0 and u(-,t,v*) is increasing in ¢. Thus, as t — oo,
u(t, -,1*) converges to a steady state, say ¢*. This steady state is in B and
above 1*, thus the only possibility is ¢* = v (see Lemma 2.1(iii)). Thus
(3.11) implies that (3.6) holds, contrary to our starting assumption. Thus
we have derived a contradiction in this last case as well. This concludes the
proof Lemma 3.4. O]

In the next lemma, we consider a 3-step function g defined by

ﬁ (.CU € <_007 _Q)u

glx)=¢ 9 (z€[=q,0]), (3.12)
a (z € (0,00]),

with suitable constants £ € («,0), ¢ > 0, and ¥ € (0,7) (see Figure 2).

Lemma 3.5. Let q := ((y/2) (the constant ¢ in Lemma 3.1 corresponding
to 0 = v/2). Given arbitrary 8 € («,0), there exists 9 € (0,7) with the
following property. If g is as in (3.12), then lim;_,o u(-,t, g) = @, where ¢ is
a ground state of (1.1) and the convergence is in L(R).

Remark 3.6. We will use the solution u(-,t,g) in intersection comparison
arguments below. For that purpose it will be useful to have noticed that
u(+,t, g) has the following features (regardless of the specific value of ¥ €

(0,7)).
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Figure 2: The graph of the function g

(i) For all sufficiently small ¢ > 0, the function wu(-,¢,¢g) has a unique
critical point, which is its global maximizer.

(i) If ug € B, ugp = 1 € («,) near oo, and § := g(- + xo) with a
sufficiently large xg, then

Z(u<'7t07g) - u(~,t0,u0)) =1 (313)
for all sufficiently small ¢y > 0.

These properties are verified easily by considering smooth approximations of
the function g. To prove (i), take smooth functions g, with a unique critical
point such that g, — g — 0 in L*(R). Each function u,(-,t, g,) has a unique
zero by Lemma 2.2. Approximating u,(-, ¢, g) by u.(+,t, g,) (see Lemma 2.4)
and applying Lemma 2.2 to u,(-,t, g), we see that u,(+,t, g) has at most one
zero for any t > 0 and that zero, when it exists, must be simple. Statement
(ii) is proved by a similar approximation argument, using g, with a sharp
transition from positive values to values less than 7.

Proof of Lemma 3.5. We find ¥ € (0,7) as a threshold value. To simplify the
notation, let u? = u(, -, g), where g is as in (3.12). Consider the following
two statements regarding the solution u”:

(LO) There is T > 0 such that u?(z,T) <0 (x € R).

(G0) There is T > 0 such that u?(-,7) > v/2 on a closed interval of length
q.

17



Set

Ky :={v €10,7] : (LO) holds},
K, = {0 €10,7] : (GO) holds}.

Lemma 3.3, and the continuous dependence of solutions on their initial data
(see Lemma 2.4) imply that the sets Ky and K; are both open in [0,v]. By
the definition of g, we have 0 € Ky and (v/2,7] € K;. By Lemma 3.1,
KoNK; = (. Thus there is ¢ € (0,), for which neither (L0) nor (G0) holds.
Fix any such 1. We show that it has the property stated in Lemma 3.5.
First we note that, since (L0) does not hold, for each ¢t > 0 the function
u?(-, ) assumes positive values. At the same time, it is negative near £oo, by
Lemma 3.3. Hence u”(-,¢) has a global maximizer £(t). Actually, £(t) is the
unique critical point of u?(-,t). This is obvious for small ¢ (cp. Remark 3.6)
and for any ¢ it follows from the nonincrease of the zero number z(u?(-,t)).
Thus for each t > 0
ul (-, 1) >0 (x < (1), ul (-, 1) <0 (x> &(t)). (3.14)

x x

The next information on u?(-,¢) is obtained from Lemma 3.4:

lim w/(- + (1), 1) = 6 in LES(R), (3.15)
where ¢y is the even ground state. Indeed, since (GO) does not hold, Lemma
3.4 guarantees that any sequence t,, — oo has a subsequence such that u”(-+
&(tn),tn) converges in L2 (R) to a steady state ¢, either a ground state or
the constant «.. Since u’(- +£(t),t) assumes a positive value at x = 0, which
is its global maximizer, necessarily ¢ = ¢. And since this is true for any
sequence t, — 00, (3.15) holds.

The convergence in (3.15) is in fact uniform, that is, LS

7o (R) can be re-
placed by L>®(R):

lim u’ (- +£(1),t) = ¢o in L=(R). (3.16)

This follows easily from the monotonicity of u?(- + £(t),t) and ¢y in the
intervals (—o0,0), (0,00) and the relations

u’ (- 1) > a = ¢o(+o0) (t>0).
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Our final step is to prove that u”(-, ) converges to a ground state, a shift of
P, in L°°(R). In particular, this will prove that u?(-, ) cannot drift to infinity
along the manifold {¢¢(-+¢) : ¢ € R}. (It is worthwhile to mention that such
drifts do occur for equations on a half-line with Dirichlet or Robin boundary
conditions, see [5, 13]). Our proof uses the normal hyperbolicity of this
manifold of steady states in a similar way as in some proofs of convergence
of localized solutions [4, 15, 17]. A minor additional difficulty is that here
the solution is not a priori known to converge to a fixed steady state along a
sequence of times. This is dealt with by space-shifting the solution suitably.

We introduce the time-one map for equation (1.1). Take X := L*(R)
and for vy € X set I(ug) := u(-, 1,up). Without loss of generality, modifying
the nonlinearity f outside the interval [a, 7] if necessary, we may assume that
all solutions are global, hence II is well defined on X. Also, it is a C! map
on X (see [21]). Obviously, I[T"(ug) = u(-,n,ug), n =0,1,....

To prove the desired convergence result, it is sufficient to show that the

sequence
II"(g) = uﬂ(-,n), n=0,1,...,

converges to a ground state ¢; since ¢ is a steady state, the continuity with
respect to initial data then implies that u”(-,#) also converges to ¢. In fact,
it is sufficient to prove that {II"(g)} is convergent in L>*(R). By (3.15), its
limit is then necessarily a shift of ¢q (and £(t) is also convergent).

We prove the convergence by contradiction. Assume that the sequence
{ITI"(g)} in not Cauchy in X: there are ny, my, k = 1,2, ..., such that

lim inf [|TT™ (g) — TI™ ™ (g)||x > 0, ni — oc. (3.17)
Denote
xp =E&(ng), ug:= u§(~ + xp, ).

By (3.16), ux — ¢o in X. Also, by (3.17) and the translation invariance of

(1.1),
liminf ||u, — II™* (ug)||x > 0.

Therefore, given any small € > 0, for all sufficiently large k there is py with
the following property:

Igo — TV (ui)llx <€ (5 =0,1,....p); o =T )| x > € (3.18)

This is the setup of Lemma 1 of [3], which we intend to apply. We recall here
a special case of that lemma using the present notation:
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Lemma BP. Let I be a C' map on a Banach space X and ¢ a fized point
of Il. Assume that the following hypotheses are satisfied with a sufficiently
small € > 0:

(a) o(Il'(¢g)) = 05 U 0. U 0y, where o5, 0. and o, are closed subsets of
{A A <1} X DA =1} and {\ 1 |A| > 1}, respectively. Moreover,
the range of the spectral projection of 1'(¢g) associated with the spectral
set o, U o, is finite-dimensional.

(b) ¢o is stable for the restriction I|we , where Wi, is a local center mani-

fold of ¢q.

(c) There are sequences uy, and py such that ux, — ¢o and (3.18) holds.

Then there is a subsequence of {I1P**(uy)} which converges to an element
of W\ {¢} where W* is the (strong) unstable manifold of ¢, relative to the
map II.

Hypotheses (a), (b) are verified in the present situation in a standard way
using spectral properties of Schrédinger operators and the spectral mapping
theorem (see for example [4, 15, 17]). For the one-dimensional problem con-
sidered here, the local center manifold W, is one-dimensional and consists
of shifts of ¢ (so the stability requirement holds trivially). It is not neces-
sary to recall the precise meaning of the unstable manifold W*" here; the only
property we will use is that W* \ {¢} does not contain any fixed point of II.

Thus, Lemma BP implies that passing to a subsequence one has

1P+ ()} — w in X, (3.19)

where w is not a a steady state of (1.1). Recalling that uy = u’(- + x5, ny)
and using the translation invariance of equation (1.1), we obtain

P4 (ug) = (- + g, e + pr + 1),
Since the convergence in X is the uniform convergence on R, (3.19) implies
u? (-4 E(ng + pr+ 1), g + i+ 1) — w(- — 2+ E(ng + pr + 1)) = 0.
Using this and (3.16), we obtain

G0 —w(- —x + (N +pp +1)) = 0
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in X, which is clearly impossible as w is not a fixed point of II (in particular,
it is not a shift of ¢y).

This contradiction shows that the sequence {II"(g)} in Cauchy in X,
completing the proof of Lemma 3.5. O]

Proof of Proposition 3.2. To simplify the notation, we set u* = u(-,-,1,).
Similarly as in the proof of Lemma 3.5, we consider the following two state-
ments:

(LO) There is T' > 0 such that u*(z,7) <0 (z € R).
(GO) There is T such that u#(-,T) > 6 on a closed interval of length ¢.

If p € [0,1] is such that (LO) holds, then, by Lemma 3.3 one has ¢ :=
sup,eg v (x, 7) < 0. Therefore, by comparison with the ODE solution y(t, ¢),
we obtain limy_,o u#(-,t) = a in L>°(R). If, on the other hand, (GO) holds,
then lim; o u”(-,t) = v in L2 (R) by Lemma 3.1.

Set

My = {pn € [0,1] : (LO) holds},
M, = {u € [0,1] : (GO) holds}.

Assumption (a2), Lemma 3.3, and the continuous dependence (in L*(R))
of solutions on their initial data imply that the sets My and M; are both
open in [0,1]. Also, by (a2) and the comparison principle, these sets are
intervals. Now, assumption (al) implies that 0 € My and 1 € M;. Obviously,
Mo M; = (. Thus the set of u € [0, 1] for which none of (L0), (GO) holds is
a nonempty closed set J in (0, 1) containing in particular p* := sup My. To
complete the proof of Proposition 3.2, we prove that for each u € J one has

lim u#(-,t) = ¢ in L>(R). (3.20)

t—o00

First we show that (3.20) holds with L>(R) replaced by L;° (R):

loc

1tlirn ut(-,t) = ¢o in Ly, (R). (3.21)
—00

We start by showing that u*(-, ) has a limit in L;? (R) or, in other words,
that w(u*) consists of a single function. Clearly, w(u*) consists of even func-
tions. Therefore, by a straightforward application of Lemma 3.4 one shows
that w(u*) can only contain the constant steady state o or the ground state
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¢o (note that (3.6) is excluded, as (GO) does not hold). The connectedness
of w(u”) implies that either w(u*) = {a} or w(u") = {¢o}.

Thus, to prove (3.21), we just need to rule out the possibility w(u*) =
{a}. Assume it holds. Then, since (L0) does not hold (remember that
p € J) and w”(-,t) is even, for each ¢ > 0 there is ((t) > 0 such that
u*(£((t),t) > 0. From the assumed convergence u#(-,t) — a in L2 (R) it
follows that ((t) — oo as t — co. We now employ the solution u(-, ¢, g) from
Lemma 3.5, where we choose 5 € (n,0). Take a shift § = g(- + x¢) so that
u(+,to, ) — u(-, to, up) has a unique zero for some ty > 0 (cp. Remark 3.6).
Then, by the monotonicity of the zero number, z(u(-,¢,g) — u*(-,t)) < 1 for
all t > ty. By the translation invariance of (1.1), we have u(-,t,§) = u(- +
Zo,t, ), hence u(-, t, §) converges in L®(R) to the ground state ¢ = (- + 1),
¢ being the limit ground state of u(-,t,g) (cp. Lemma 3.5). Let z; be the
maximizer of ¢. Since ((t) — oo and w*(x1,t) — a, for large enough t one
has —((t) < x; < ((t) and

WHECH), 1) > 0> G(£C(1),  dla1) > 0> uwi(z,b).  (3.22)

These relations and the fact that u(-, ¢, §) — ¢ in L®(R) imply that u(-, ¢, §)—
u”(-,t) has at least 2 zeros for large ¢, which is a contradiction.

Thus we have proved that w(u*) = {¢o}, that is, (3.21) holds.

The last step is to prove that the limit is in fact uniform on R: (3.20)
holds. Assume it is not. In view of (3.21) and the relations u* > o =
¢o(£00), there must then exist a constant ¢, > 0 and sequences t, — o0,
An, — 00 such that

u (N, tn) > d(EN) +eo>a+e (n=1,2,...)). (3.23)

We employ the solution u(-,¢,g) from Lemma 3.5 one more time. Fix § €
(n,0) and let g be as in Lemma 3.5. Let ¢ be the limit ground state of the
solution u(-,t,g). Next take a shift § = g(- + zo) with a large zo such that,
first,

z(u(e,t,g9) —ut(-,t) <1 (3.24)

for all small ¢ (cp. Remark 3.6) and, second, the maximizer x; of the ground
state ¢ = ¢(- + x¢)) is negative. The latter implies that

g < qg on (—oo, 1],

~ (3.25)
¢o > ¢ on [0, 00).
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Now, relations (3.23) and the fact that gz~5 ~ « near —oo imply that for large
n one has 3
uH (=X, tn) > a4 € > d(—Ay).

Using this, (3.25), and the facts that u(-,t,§) — ¢ in L¥(R), u*(-,t) = ¢

in L9 (R), we obtain the following relations for all sufficiently large n:

u (=X, t) > u(=Np, tn, §), ut (21, t,) < u(xy, ty, g), u(0,t,) > u(0,t,, g).

Consequently, for all large enough n the function wu(-,t,,g) — u*(-,t,) has
at least two zeros, one in (—oo,z;) and another one in (x1,0). This is in
contradiction with (3.24) and the monotonicity of the zero number.

This contradiction proves (3.20) and completes the proof. O

We refer to p* as the threshold value (relative to the family v, p € [0, 1]),
to the solution in (t2) as the threshold solution, and to the solutions in (t1)
as subthreshold solutions.

Remark 3.7. Although this is not needed below, we mention that the
threshold value p* in Proposition 3.2 is sharp: for all u € (u*, 1] one has
limy o u#(+,t) = v in L2 (R). Indeed, we have proved in the proof of Propo-
sition 3.2 that (3.20) is the only alternative to (L0) and (GO). Now one can
prove in a number of ways that (3.20) cannot hold for g > p*. One possibility
is to use an argument based on the zero number as in [9, 27] (the case n = «
is covered by [9] and the case 7 € («,0) is even simpler to handle by similar
arguments). Alternatively, one could use the linear instability of ¢y and in-
variant manifold techniques, or arguments based on exponential separation

similarly as in [24].

4 Proof of Theorem 1.1

The proof of Theorem 1.1 is based on a recursive construction. The idea is,
similarly as in [26], to define uy € B successively on a sequence of larger and
larger intervals. The definition on each of the intervals guarantees a certain
subthreshold behavior of the solution u(-,t, ug), regardless of the values of ug
outside that interval. This allows us to prescribe the behavior of the solution
along two sequences of times approaching infinity. This way we show that
the constant steady state o as well as a ground state are contained in w(uy).
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Zero number arguments are then used to prove that w(uy) does not contain
any other nonconstant steady state.
Our recursive construction is detailed in the following lemma.

Lemma 4.1. Let {ng }x, {0k }r be monotone sequences in (o, 0), (0,7), respec-
tively, such that np 0 and 0, 0. Let ¢y be the ground state of (1.7) with
maximum at x = 0. There exist to € (0,1) and a sequence (ug, Ry, px, tk, Ox),
k=1,2,...,in B x (0,00)* such that the statements (i)-(iv) below are valid
forallk=1,2,..., and statements (v), (vi) are valid for all k =2,3....

(i) tox > tog—1 > 1, pp > Ry > 2,
(ii) wy, is piecewise linear and even, and spt(uy — ) C (— Ry, Ry)-

(iii) The solution u(-,-,ux) has the following properties:

B e ) = sy = 0. (@1

u(a:,t,uk) <0 (.73 € R\ (—Rk, Rk), t e [O,tQk]), (42)
1

s tar—1, ur) — @oll Loy, Ul tar, ur) — ol ooy < o (4.3)

u(+, tog_2, ug) has exactly four zeros, all of them simple, (4.4)

u(z, tog, ug) <0 (z €R). (4.5)

(iv) For each ug € B with |[uy — Uol|Loo(—pype) < Ok, the following relations

hold:
u(z, t,ug) <0 (v ==xRy, t €[0,ta]), (4.6)
2
”u('thk—l?uO) - ¢0||L°°(*Rk,Rk)7 ||U(‘,t2k,U0) - aHL‘X’(*Rkka) < E7
(4.7)
u(+, tog—2,u0) has exactly four zeros in (— Ry, Ry), all of them simple,
(4.8)
2Ry ki) (U(, tug)) <4 (€ [ton—2, toi]), (4.9)
u(z, tog, up) <0 (z € [—Ry, Rgl). (4.10)

(V) tor—1 > tok—2 + 1, Rp > Ry + 1, Spq1 < 0p/2.
(Vi) u = up—1 on [—pr—1, px-1] and gy < uy < O on R\ [—pr_1, pr-1].
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Figure 3: The graphs of 41, 9+, and u;. One has u; = 1), for some p < p*,
W

Proof. We shall repeatedly use Lemma 3.1 and Proposition 3.2 with 6 = 6y,
n = k. The symbol ¢(0) has the same meaning as in Lemma 3.1.
STEP 1. Let k = 1. Set ¢; := £(6,). For each p € [0,1] define an even

piecewise linear function 1), as follows (see Figure 3):

(a+ (ufh — )z (z € [0,1]),
L (x € [1,6, +1]),
Yu(x) = (o —m)(b+2—z)+m (z €[ +1,0+2]),
m (x>0 +2),
Yu(—z) (z <0).

\

It is straightforward to verify that the family ,, p € [0, 1], satisfies the
assumptions of Proposition 3.2 with 6 = 6, n = n;; we just remark that
condition (3.1) is satisfied due to the comparison principle, as ¢y < 0 and
1o = m < 0 near +oo. Let p* € (0, 1) be the threshold value, as in Proposi-
tion 3.2. Since the 9, are all even in z, the limit ground state of the threshold
solution u(-, -, 1,+) is ¢o:

1tlim u(-,t, ) = ¢o in L(R).
—00

Now, by the continuity of solutions with respect to initial data (in L*(R)),
if ;1 < p* is close to p*, then the subthreshold solution u(-, -,1,) gets close to
¢o at a large time ¢, and then approaches o in L>®(R), as t — co. Thus we
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can choose 11 € (0, ") and times ¢, > t; > 1 such that for uy := 1, relations
(4.1), (4.3), and (4.5) are valid. Next, Lemma 3.3 and the assumption 7; < 0
imply that relation (4.2) holds for each sufficiently large R;. We pick such R;
satisfying also Ry > {142 so that spt(u; —n1) C (— Ry, R;) and statement (ii)
holds. Finally, since uf; > 0, the definition of u; implies that z(u(-, ¢, uy)) >
4 = z(u(-,0,uq)) for all small £ > 0. By the monotonicity of the zero number,
the equality must hold there. Using Corollary 2.3, we pick ¢, € (0,1) such
that (4.4) holds.

Relations (4.2)-(4.5) and Corollary 2.6 clearly imply the existence of con-
stants p; > Ry and ¢; > 0 such that statement (iv) holds with (4.9) excluded.
Relation (4.9) follows by an application of Lemma 2.2(ii) with I = (=R, Ry),
which is legitimate by (4.6).

STEP 2 (the induction argument). Suppose that for some n > 1,

(Uk,Rk,pk,tk,dk) € B x (O, 00)4, k= 1,...,n,

have been defined such that statements (i)-(iv) hold for all K = 1,...,n, and,
in case n > 2, statements (v), (vi) hold for all £ = 2,...,n. We need to
define (uny1, Rnt1, Prs1s tust, Ons1) in such a way that statements (i)-(vi) are
valid for k =n + 1.

e Vi

0 // \\é1+2 Py / Uz \\'p1+€2+2

Ny
1”|1/
oV

Figure 4: The graphs of ¥4 and uy, with the graph of v,- in between. They
all coincide with the graph of u; on [0, p1].

Set lp11 = €(0,41). For each p € [0, 1] define an even piecewise linear
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function 1, as follows (see Figure 4):

(un(z) (z € [0, pnl),
(HOns1 = M) (@ = po) + 100 (2 € [pn; pu +1]),
M9n+1 ($ € [pn + 1 » Pn + €n+1 + 1])
w#(m) = (Men—&-l - 77n+1)<pn + En—&-l +2 - :E) + Mnt1
(x S [pn + Al + 1,0+ lpyr + 2])7
Tn+1 (m > Pn + €n+1 + 2)7
[ Gu(—2) (x < 0)

Since spt(u, — 1n,) C (—Rn, Ry) C (—pn, pn), this definition implies that
Y, € B.

Since 1, = u,, on [—py, p,], statement (iv) with k& = n applies to uy = 1,
for each p € [0, 1]. In particular, (4.6) and (4.10) give

W(Rp,t, 1) <0 (t € [0, L20], p € [0,1]), (4.11)
w(x, ton, ¥,) <0 (v €[=Ry,, Ry, pe0,1]). (4.12)

We first use these relations to verify that the family ¢, p € [0, 1], satisfies
the hypotheses of Proposition 3.2 with 0 = 6,1, n = 1n,.1. We just need
to prove that condition (3.1) holds, all the other hypotheses are obviously
satisfied. Since spt(u, — n,) C (=R, R,), the definition of 1y gives 1y < 0
in (R,,oc0). Combining this with (4.11) and using the comparison principle,
we obtain

w(z, ton, o) <0 (x> R,).

This, (4.12), and the evenness of u(-,t, 1) show that (3.1) holds with sy =
ton-

Thus Proposition 3.2 applies. Let p* € (0, 1) be the threshold value as in
that proposition. Again, by the evenness of 1,,, the limit ground state of the
threshold solution u(-, -, ,+) must be ¢.

We claim that for each p < p* sufficiently close to p*,

u(-, tan, ¥,,) has exactly four zeros, all of them simple. (4.13)
To prove this claim, we first show that for each ¢ € [0, t,,]

u(-,t,v,+) > 0 somewhere in (R, 00). (4.14)
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We proceed by contradiction. Assume that, to the contrary,
u(-, 7,9,+) <0 on (R,,00) at some 7 € [0, ta,]. (4.15)

Then (4.11) and the comparison principle give u(x,t,v,~) < 0 for all (z,t) €
(R, 00) X [T, to,]. Combining this with (4.12) and the evenness in x, we obtain
u(, ton, ¥u+) < 0. But then the comparison principle shows that (-, -, 1,)
cannot converge to ¢g, a contradiction.

Hence we have proved that (4.14) holds for each ¢ € [0,ts,]. In view of
(4.11) and Lemma 3.3 (which we use to show that v < 0 near z = 00),
relation (4.14) means that

R0y (U, 1)) 22 (€ [0,13,]). (4.16)
Now, by (4.11) and Lemma 2.2,

z(anw)(u('vtvw#» S Z(anoo)(d)lJ S 2 (t € [O7t2n]> 1% S [07 1]>7 (4'17>

where the last inequality is by the definition of +,,. In particular, the equality
holds in (4.16). Therefore, by Corollary 2.3, u(-,t2,,1,+) has exactly two
zeros in (R, 00) both of them simple. The same is then true for all u ~ u*,
by (4.17) and the continuity with respect to the initial data. This, the
evenness in z, and (4.12) imply (4.13).

Asin STEP 1, we use the continuity with respect to initial data in L>(R),
to find p € (0, u*) so close to p* that (4.13) holds and that the subthreshold
solution u(-,-,1,) is close to ¢y at a large time ¢, 41 > 2, + 1 and close to a
at a later time ¢5,,19. Relations (4.3), (4.5) are then valid with w,1; := 1, and
k =n+1. Of course, (4.1) is valid for the subthreshold solution w(-,-,1,).

Having defined w,, 1 and 5,12 > t2,,1, we use Lemma 3.3 to pick R, so
large that (4.2) holds with & = n+1 and, in addition, R, 11 > pn+¥n11+2 (the
latter gives spt up1 C (—Rp11, Rut1)). Hence statements (i)-(iii) hold with
k = n+1. We next use Corollary 2.6 to find p,, 41 > R,y and 6,41 € (0,9,,/2)
such that statement (iv) holds (to verify (4.9) one uses Lemma 2.2 and (4.6)).

Relations (v) and (vi) hold by construction and the monotonicity of the
sequences {n,}, {0.}.

This completes the induction argument and thereby the proof of Lemma
4.1. 0

Completion of the proof of Theorem 1.1. With ¢g, ng, Ok, and (ux, Rk, pk, tk, Ox)
as in Lemma 4.1, take any uy € B with

||Uk — UOHLOO(*Pk,Pk) < 6k: (k‘ = 1, 2, . ) (418)
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For example, set
up(z) = up(x) (x| < pg, k=1,2,...), (4.19)

which is a correctly defined function, in view of (vi), and it is in B, as uy, € B.

Since ng, Ok, 0 — 0, and pr, — oo (see statements (i) and (v)), relations
(4.18) and (vi) imply that ug € Co(R).

By (4.18), statement (iv) applies to ug for each k. Since Ry, tp — oo,
from (4.7) we obtain that the equilibria o and ¢, are contained in w(ug). We
next show that if ¢ is a nonconstant equilibrium of (1.1), then ¢ & w(uyg).

First of all, no ground state other than ¢ can be contained in w(ug) by
the evenness of ug. If ¢ € B is a nonconstant equilibrium of (1.1) which
is not a ground state, then it is periodic and ¢ has infinitely many zeros,
all of them simple (cp. Lemma 2.1). Assume ¢ € w(u). Then there is a
sequence s — oo such that u(-, sg) — ¢ in L2 (R). Consequently, if b > 0

loc

is sufficiently large, then there is kg such that
2oy (Ul se,u0)) =5 (k=kho ko +1,...).

On the other hand, relations (4.9), (i), and (v) imply that for each b > 0
there is 7, > 0 such

Z(—byb)(u<'7t7 UO)) <4 (t > Tb)-

This contradiction shows that no nonconstant periodic equilibrium can be
contained in w(ug). Thus, since «, ¢y € w(uyg), the connectedness of w(up)
implies that it contains some functions which are not equilibria of (1.1). The
proof is now complete. O
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