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Abstract
We consider the equation

Au+uyy + f(u) =0, (z,y)€ RY x R, (1)

where N > 2 and f is a smooth function satisfying f(0) = 0 and f'(0) < 0. We show
that for suitable nonlinearities f of this form equation (1) possesses uncountably many
positive solutions which are quasiperiodic in y, radially symmetric in «, and decaying
as |z| — oo uniformly in y. Our method is based on center manifold and KAM-type
results and involves analysis of solutions of (1) in a vicinity of a y-independent solution
u*(x)—a ground state of the equation Au + f(u) = 0 on RY.
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4 Completion of the proof of Theorem 2.1 14

1 Introduction
In this article, we consider the semilinear elliptic equation

Au+uyy + fu) =0, (z,y) € RV xR, (1.1)
where N > 2, A is the Laplace operator in z, and f : R — R is a smooth function satisfying

f(0) =0, f'(0)<o. (1.2)

We are mainly concerned with positive solutions of this equation which decay to 0 in the
z-variables uniformly in y:
lim supu(z,y) =0. (1.3)
|z|—00 yeR

Equations of the above form arise in a number of problems. For example, one arrives at
such equations when looking for solitary waves or stationary states of various nonlinear evo-
lution problems including the Klein-Gordon, Schrédinger, and nonlinear heat equations (see
[4] for more details). Depending on the motivation, one may want to study solutions with
additional properties, such as nonnegative solutions or finite-energy solutions. Nonnegative
solutions of (1.1) are the only relevant steady states for the dynamics of the solutions of
the corresponding nonlinear heat equation u; = Au + uyy + f(u) with positive initial data.
Indeed, by the comparison principle, these solutions stay positive at all times, as long as
they exist.

Best understood among positive solutions of (1.1) are the solutions which are (fully)
localized in the sense that they decay to 0 in all variables, including y. A classical result
of [18] says that such solutions are radially symmetric about some origin in R¥+!, When
the decay condition is removed, the structure of solutions becomes very complicated and
their general classification is probably out of reach. Several authors have exposed possible
complexities in the solutions, such as the existence of infinitely many bumps forming along
some directions [28], saddle-shaped solutions [6, 12] and more general multiple-end solutions
[14, 15, 25], as well as positive solutions having both fronts (transitions) and infinitely many
bumps [41]. There is also extensive literature on solutions which are periodic in the first N
variables and in the remaining variable they exhibit one or multiple transitions (homoclinic
or heteroclinic behavior) between periodic solutions (see, for example, [31, 39] and references
therein). Solutions with symmetries instead of the periodicity in the first N variables have
also been found and examined for elliptic equations and systems (see [3] and references
therein).

Positive solutions of the kind we study in this paper, namely, solutions of (1.1) that
decay in all but one variable and do so uniformly with respect to the remaining variable—
occasionally, we refer to such solutions as partially localized solutions—form a class some-
where between fully localized and general bounded solutions. The decay in x rules out
most of the complexities mentioned above. Also, it is likely that the decay in = implies the
radial symmetry in z about some center in RY: although this has not been proved in the
full generality, interesting results in this direction can be found in [5, 16, 20]. Thus, the



behavior in the y-variable is the only source of possible complexities in partially localized
solutions. To discuss this behavior, and quickly skipping over the simplest case—partially
localized solutions constant in y, we first recall Dancer’s seminal work [11], where he con-
sidered equations of the above form, with special focus on the nonlinearities g(u) = u? — u
with a Sobolev subcritical p > 1. Using bifurcation analysis he proved the existence of par-
tially localized solutions which are periodic (and nonconstant) in y. By a different method
based on variational techniques, such periodic solutions were also found in [2]. In fact, a
one-parameter family, global in a sense, of such solutions was exhibited in that paper.

Looking beyond periodic solutions, the existence of quasiperiodic (partially localized)
solutions in equations of the form (1.1) is perhaps the next most natural problem to address.
We show that for suitable nonlinearities such solutions do indeed exist. Moreover, since our
theorem is derived from KAM-type results, it automatically yields an uncountable family
of quasiperiodic solutions with mutually distinct frequency vectors (see the next section for
a precise statement).

Our method of proving the existence of quasiperiodic solutions, partially localized or
other, of elliptic equations on the entire space has its grounding in our earlier work [37]. It
builds on spatial dynamics and center manifold techniques for elliptic equations (see [24] for
the origins of this method, and, for example, [7, 17, 19, 21, 29, 30, 34, 36, 45] and references
therein for further developments) and KAM-type results in a finite-differentiability setting
(similar methods had been previously applied to elliptic equations on the strip, see [42, 44]).

In general terms, the method of [37], used also in our subsequent paper [38], consists in
the following. We consider equations of the form

Au A+ uyy +a(x)u+ fi(z,u) =0, (z,y) € RY xR =RV (1.4)

where
fi(z,u) = as(z)u® + ag(z)u® + u'lg(z, u), (1.5)

and all the listed functions are sufficiently smooth. First we verify that, under suitable
spectral assumptions on the operator A + a(x), equation (1.4) admits a class of solutions
comprising a finite dimensional manifold, a center manifold of (1.4). Moreover, these so-
lutions are in one-to-one correspondence with solutions of an ordinary differential equation
(ODE) on this manifold, the variable y playing the role of time. The ODE has a Hamilto-
nian structure [29], and we use a sequence of transformations—a Darboux transformation,
a normal form procedure, and action-angle variables—to bring it to a form suitable for an
application of the KAM theory: it becomes a Hamiltonian system in a neighborhood of the
origin (in a Euclidean space R?") with the canonical symplectic structure, and in this neigh-
borhood it is a small perturbation of an integrable Hamiltonian system. The main issue
in applying a suitable KAM theorem is then the verification of a nondegeneracy condition
for the integrable Hamiltonian system. Of course, for this to be applicable to equations of
the form (1.4), one needs to do all the aforementioned changes of coordinates with some
care, so that the nondegeneracy conditions can be formulated as some verifiable hypotheses
on the functions in (1.4), (1.5). This then yields sufficient conditions for the existence of
y-quasiperiodic solutions of (1.4). The papers [37], [38] both give such sufficient conditions,
with the following key difference. In [37], the cubic term is given some prominence. When
a small parameter is introduced in the coefficients a9, ag, the coefficient ay vanishes, as the



parameter approaches 0, at least at the same rate as ag. In particular, it is essential that
a3 is not identical to 0. In [38], we considered the complementary case: the coefficient as
is dominant and there is no condition on a3, which may well vanish identically. Technically
this case is more involved and, for this reason, our conclusion in [38] is weaker in that
quasiperiodic solutions with only two frequencies are considered ([37] contains results on
quasiperiodic solutions with any given number n > 2 of frequencies).

Our conditions on ag in [38], or on ag, ag in [37], require integrals of certain polynomial
expressions involving eigenfunctions of A + a and the functions as or as to be nonzero. The
conditions are robust and they are particularly easy to achieve if as, ag can be perturbed
independently of a and of each other. This may not be possible in some specific classes of
equations, such as the homogeneous equations (1.1). Indeed, as we elaborate in the next
section, the only way to apply the general scheme from [37], [38] to (1.1) is by taking the
Taylor expansion of the nonlinearity f at some nonconstant solution of (1.1). The resulting
coefficients a, ag, asg then all depend on f (and the nonconstant solution of (1.1)), and they
change simultaneously when f is perturbed. The verification of nondegeneracy conditions
for a given nonlinearity is therefore a highly nontrivial task; this will be our main technical
hurdle in the paper.

Let us comment on the condition N > 2, which we assume here (we had no such
restriction in [37], [38]). A key prerequisite for our method in this paper is the existence of
a ground state (a localized positive solution) of the N-dimensional problem

Au+ f(u) =0, zecRY, (1.6)

with Morse index greater than 1 (see Section 3.2 for details). It is well known that no such
ground state exists if N = 1, hence this case has to be excluded. By the same token, our
method does not apply to equations with some specific nonlinearities where the ground state
is known to be unique (up to translations) and to have Morse index 1. This is the case, for
example, if f(u) = uP — u with p satisfying p > 1 and, if N > 2, also p < (N +2)/(N — 2)
(see [26]). It is an interesting question, which we do not address here, whether partially
localized quasiperiodic solutions may exist for such specific equations or in any equation
(1.1) with N = 1.

The rest of the paper is organized as follows. Our main result and an outline of the proof
are given in Section 2. Nonlinearities for which quasiperiodic solutions exist are found using
Schrodinger operators whose eigenvalues and eigenfunctions satisfy certain conditions, as
described in Section 3. In Section 4, we complete the proof of our main result by showing
the existence of potentials in the Schrodinger operator such that all the needed conditions
are satisfied.

2 Statement of the main result

In this section we introduce some terminology and state our main result. Afterward, we
give an outline of the proof.

Throughout the paper, for k € N:= {0,1,2,...} and N > 2, the space L2 ;(R") is the
closed subspace of L?(RY) consisting of radially symmetric functions (that is, the common

fixed points of the bounded linear maps u + u o R, R € O(N)), and H*(R") is the usual



Sobolev space on RY. The space Cp,q(RY) is the space of continuous, bounded, radially
symmetric real-valued functions on RY, while Cfad (R™N) is the space of k times differentiable,
radially symmetric functions on RY with bounded, continuous derivatives up to order k.
When needed, we assume that these spaces are equipped with standard norms. At several
places, we abuse the notation slightly by viewing radially symmetric functions as functions
of z € RN or functions of r > 0, depending on the context. This should cause no confusion.
Given integers n > 2, k > 1, a vector w = (wy,...,wy) € R™ is said to be nonresonant

up to order k if
w-a#0 for all @ € Z™ \ {0} such that |a| < k. (2.1)

(Here |a| = |ai| + -+ + |aw|, and w - a is the usual dot product.) If (2.1) holds for all
k=1,2,..., we say that w is nonresonant, or, equivalently, that the numbers wy,...,w,
are rationally independent.

A function u : (z,y) — u(z,y) : RN xR — R is said to be quasiperiodic in y if there exist
an integer n > 2, a nonresonant vector w* = (wf,...,w}) € R”, and an injective function
U defined on T" (the n-dimensional torus) with values in the space of real-valued functions
on RY such that

u(z,y) =UWly,...,wiy)(z) (zeRY, yeR). (2.2)

The vector w* is called a frequency vector of .

We emphasize that the nonresonance of the frequency vector is a part of our defini-
tion. In particular, a quasiperiodic function is not periodic and, if it has some regularity
properties, its image is dense in an n-dimensional manifold diffeomorphic to T".

We can now state our main result.

Theorem 2.1. For suitable C* functions f : R — R with f(0) =0, f'(0) < 0 the following
holds. There exists a positive solution u(x,y) of equation (1.1) such that u(z,y) is radially
symmetric in x, uw(z,y) — 0 as |z| — oo uniformly in y, and u(x,y) is quasiperiodic in
y. In fact, there exist uncountably many such solutions of (3.4) (disregarding translations),
their frequency vectors forming an uncountable subset of R2.

The theorem is proved in the sections below. It can be observed from the details of the
proof that the class of nonlinearities for which the conclusion is valid contains nonempty
open sets in suitable topologies on spaces of sufficiently smooth functions f satisfying f(0) =
0, f/(0) < 0.

The outline of our proof is as follows. First, to make use of a result in [38], as recalled in
Section 3.1, we write equation (1.1) in the form (1.4). This is achieved by taking the Taylor
expansion of f at a ground state of (1.6). From [38], we obtain a sufficient condition on
f and the ground state for the existence of quasiperiodic solutions, see Section 3.2. In the
next step, we invoke a construction from [35]. It shows a relation between eigenfunctions
of the Schrédinger operator A + a(r) with a suitable radial potential and a ground state of
a nonlinear equation (1.1) with f determined by a. This will allow us to reformulate the
sufficient conditions in terms of the potential a and some eigenfunctions of A + a(r), see
Section 3.3. The last and most difficult step is the verification of the sufficient conditions
for some potentials a. This will be achieved by taking small perturbations of a specially
designed potential a(r), see Section 4.



3 Sufficient conditions for the existence of quasiperiodic so-
lutions
3.1 A theorem from [38]

We recall a theorem on the existence of quasiperiodic solutions of non-homogeneous elliptic
equations on RV from our previous paper [38]. To that end, consider the equation

Au+uyy+a1(r;s)u+f1(1“,u;s) :Oa JZGRN, yER? (31)
where r = |z|, s € (=4, 0), with § > 0, is a parameter, and f; is of the form
fi(r,u; s) = aso(r; s)u? + ulg(r, u; s), (3.2)

with a1, as, g sufficiently smooth, as specified below. Fix constants K and m satisfying

N

The smoothness assumptions on a1, ae, and g are as follows:

(S1) a;i(-;s) € C™Y(RN) for each s € (—4,0), and the map s € (—8,8) — ai(-;s) €

rad

CMHHRN) is of class CHFL.
(S2) as(;s) € O (RN) for each s € (—4,), the map s € (—4,8) — az(-;s) € CTTHRY)

is of class CK+1 g € CEHM (RN x R x (=46, 0)), it is radially symmetric in z € RY,
and for all ¥ > 0, the function g is bounded on RY x [—,9] x [0, §) together with all
its partial derivatives up to order K + m + 4.

The next hypotheses concern the Schrodinger operator Ai(s) := —A — aq(r;s) acting
on L? (RY) with domain H2(RY) N L2 ;(RY):

rad

(A1l)(a) There exists L < 0 such that limsup,_,. ai(r;s) < L for all s € (=46, 0).

(A1)(b) For all s € [0,9), Ai(s) has exactly 2 nonpositive eigenvalues p;(s) < pz2(s), and
one has p2(s) < 0 for all s € (0,6), and p2(0) = 0.

(NR) Denoting w;(s) := +/|i;(s)]|, 7 = 1,2, the frequency vector w(s) = (wi(s),wa(s)) is
nonresonant up to order K for all s € (0,0).

Note that, by the radial symmetry, the eigenvalues p1(s), u2(s) are automatically simple
[40]. For s € [0,0) and j € {1,2}, we denote by ¢;(+; s) the eigenfunction of A;(s) associated
to uj(s), normalized in the L?-norm. The normalization determines ¢; uniquely up to a
sign; we select ¢; such that ¢;(0;s) > 0 for each s € [0,0).

Our last hypothesis concerns both the coefficient as and the eigenfunction o when
s=0:

(A2) One has
/ as(x;0)p3 (z;0)dz # 0.
RN

6



The main theorem proved in [38] is the following:

Theorem 3.1. Suppose that the hypotheses (S1), (S2), (Al), (NR) (with K, m as in (3.3))
and (A2) are satisfied. Then the following statements are valid for each s € (0,0), possibly
after making 6 > 0 smaller. There exists a solution u(x,y) of equation (3.1) such that
u(x,y) is radially symmetric in x, u(z,y) — 0 as |z| — oo, uniformly in y, and u(x,y) is
quasiperiodic in y. In fact, there is an uncountable family of such quasiperiodic solutions
(disregarding translations), their frequency vectors forming an uncountable subset of R?.

We remark that [37, Theorem 2.2] has a similar—and even stronger—conclusion to
Theorem 3.1: it yields quasiperiodic solutions with any n > 2 number of frequencies if
certain conditions on as, as, and the eigenfunctions of A; are satisfied. However, the fact
that both as and as are involved in the hypotheses—unlike in Theorem 3.1 above—makes
[37, Theorem 2.2] more difficult to apply in the context of homogeneous problems such as

(1.1).

3.2 Taylor expansion at a ground state on RY

In order to apply Theorem 3.1, we consider the Taylor expansion of a (parameter-dependent)
nonlinearity f around a solution of the N-dimensional problem (1.6). We want the expan-
sion to yield an equation of the form (3.1)—(3.2) such that the hypotheses of Theorem 3.1
are satisfied. Clearly, it would be of no use to take the expansion at the trivial solution
u = 0: since —A — f’(0) has only continuous spectrum, hypotheses (Al)(a) and (A1)(b)
would not be satisfied. Instead, the expansion will be taken at a ground state of (1.6).

By a ground state of (1.6) we mean a positive solution u* of (1.6) such that u*(x) — 0 as
|z| — oco. Assuming (1.2), a classical result of [18] implies that, after a suitable translation,
u* is a radially symmetric (around 0) and radially decreasing function. Thus, u* depends
on z € RY via r = |z only.

To recall a few other relevant concepts, assume u* is a ground state of (1.6) and consider
the Schrodinger operator L(u*) := —A — f'(u*(r)). Unless stated otherwise, we always con-
sider such operators as unbounded operators on L2 ;(RY) with domain H?(RV)NL2 ;(RY).
It is well known—see, e.g., [40] for all the basic properties of L(u*) listed below—that L(u*)
is a self-adjoint operator bounded from below whose essential spectrum, oess(L(u*)), is con-
tained in [—f’(0), 00) (the latter uses the fact that u*(oo0) = 0). In particular, the condition
17(0) < 0 implies that o(L(u*)) N (—o0, 0] consists of a finite number of isolated eigenvalues,
all of which are simple as L(u*) is acting on radial functions only. We define the Morse
indez of u* as the number of negative eigenvalues of L(u*). Further, we say that u* is a
degenerate ground state if 0 is an eigenvalue of L(u*), otherwise, we say it is nondegenerate.

We now introduce a small parameter s in equations (1.1) and (1.6). Namely, we consider
the equations

Au A+ uyy + flu;s) =0, (z,y) € RVTL (3.4)

and
Au+ f(u;8) =0, xRN, (3.5)

where, for some § > 0, f : R x (—6,8) — R is a function of class C? (at least) with

f(0,8) =0, fu(0;5) <0 (s€(=6,9)). (3.6)



Even though we will only deal with positive solutions, it will be convenient to assume also
that
flu;s) >0 (u<0, s€(—=0,0)). (3.7)

Assuming that, for each s, u® is a ground state of (3.5), set

ai(r;s) == fu(u®(r); s),

@2 (r38) 1= 5 Fun (W (7)),

SUE0) ) = [ (1)) — an(rsshu — an(rs shi?), i £

g(r,yu;s) := ud
0, ifu=0.

(3.8)

Then
f@i(r) 4+ u;s) = ar(r; s)u + ag(r; s)u2 + ugg(r,u; s) (weR, r>0, se(—0,0)), (3.9

and, for any s € (—4,0), u = u(x,y) is a solution of (3.4) if (and only if) v = u® + @
for some solution u of (3.1). Moreover, since u® is a radial function with u®(oc0) = 0, the
function u(z, y) is quasiperiodic in y, radially symmetric in z, and decaying to 0 as |z| — oo,
uniformly in y, if 4 has all these properties. These remarks lead to the following sufficient
condition for the existence of quasiperiodic solutions of (3.4).

Theorem 3.2. Assume that for some § > 0, f : Rx (—68,0) — R is a C%-function satisfying
(3.6), (3.7), and for each s € (—0,9), u® is a ground state of (3.5). Assume further that the
functions a1, as, and g defined by (3.8) satisfy hypotheses (S1), (S2), (A1), (NR), and (A2)
with K, m as in (3.3). Then, possibly after making 6 > 0 smaller, the following statements
are valid for each s € (0,0). There exists a positive solution u(x,y) of (3.4) such that
u(z,y) is radially symmetric in x, uw(z,y) — 0 as |z| = oo, uniformly in y, and u(z,y) is
quasiperiodic in y. In fact, there is an uncountable family of such quasiperiodic solutions,
their frequency vectors forming an uncountable subset of R2.

Proof. All these statements, except for the positivity of the solution u, follow directly from
Theorem 3.1 and the above remarks. To prove the positivity of u, we use the maximum
principle. It is sufficient to show that w > 0. Indeed, u, being quasiperiodic in y, is a
nontrivial solution. Therefore, the relations u > 0, f(0;s) = 0, and the strong comparison
principle give v > 0 in RV+1,

Suppose now, for a contradiction, that © < 0 on some nonempty open set Q C RV*+1,
We take © maximal, so that also u = 0 on 99Q2. Since u(z,y) is quasiperiodic in y and
u(x,y) — 0 as |x| — oo, uniformly in y, u has a local minimum at some point in 2. At that
point, equation (3.4) cannot be satisfied since f(u(x,y);s) > 0 for (z,y) € Q, due to (3.7).
This contradiction proves the positivity of w. O

Let us ponder the sufficient conditions given by this theorem. First of all, for the
smoothness hypotheses (S1), (S2) to be satisfied by the functions in (3.8), the functions
(u,s) — f(u;s) and (z, s) — u®(x) have to be sufficiently smooth.

Next, hypothesis (A1)(b) dictates that u® has to be a nondegenerate ground state of
(3.5) with Morse index 2 when s > 0, while for s = 0 it has to be a degenerate ground state



of Morse index 1. We have already mentioned in the introduction that no ground state
with Morse index 2 exists if N = 1, or if N > 1 and the nonlinearity is of some specific
form, such as f(u) = uP — u with a subcritical p > 1 [26] (references [8, 9, 27, 33, 43] give
other structural conditions on the nonlinearity which imply that the ground state is unique
up to translations and has Morse index 1). The existence of a degenerate ground state is
also a nontrivial issue. Typically, the uniqueness of the ground state comes along with its
nondegeneracy (see, for example, [32]).

Examples of nonlinearities f for which (1.6) possesses a ground state of Morse index 2
are given in [10, 13]; nonlinearities with ground states of an arbitrary Morse index k > 2
were found in [35]. Among these examples, the most explicit one is that of [13], where (1.6)
is considered on R3 and f is given by

f(u) = AP +u? —u, (3.10)

p, q being suitable exponents satisfying 1 < ¢ < p < 5 and A > 0 is sufficiently large. As
shown in [10, 35], once a nonlinearity which gives a ground state of Morse index greater
than 1 is found, taking a homotopy to another nonlinearity with a unique ground state of
Morse index 1, one obtains a nonlinearity with a degenerate ground state somewhere on
the homotopy. Thus, in principle, nonlinearities from any of the papers [10, 13, 35] could
be used as a starting point in our method. The results of [35], which we actually use here,
give us enough flexibility to verify all the hypotheses of Theorem 3.2. It is not clear to us
if our method, or a modification thereof, could be applied with specific nonlinearities, such
as the ones in (3.10). Letting the regularity issues aside, hypothesis (A2) is probably very
hard to verify for such nonlinearities.

3.3 Sufficient conditions in terms of a Schrodinger operator

As mentioned in the previous section, the results of [35] which yield nonlinearities f such
that (1.6) has degenerate and nondegenerate ground states with a prescribed Morse index
(see Theorems 1.1 and 1.3’ in [35]) are relevant for our method. However, we shall mainly
use two results from [35], Lemmas 2.1 and 3.1 in [35], which tell us how such nonlinearities
are found using a certain Schrédinger operator. We recall these results in Lemmas 3.3, 3.4,
and 3.5 below.

Lemma 3.3. Assume the following hypotheses.

(a) a(r) is a continuous function on [0,00) which converges to a megative limit as
r — 00.

(b) w € CL([0,00)) is a positive solution of

N -1 N -1

Wyp + ——wy + | a(r) = —5— Jw=0, 7>0, (3.11)
r r

which satisfies the following conditions:

(i) w(0) =0, w,(0) >0,

(ii) ePrw(r) = 0, e w.(r) = 0 as r — oo for some > 0.



Then -
u*(r) ::/ w(t)dt, r=|z|>0, (3.12)

defines a ground state of (1.6) for a C' function f that satisfies (1.2) and for which

flw(r)) =a(r) (r=0). (3.13)
On the interval [0,u*(0)], f is given explicitly by

)= | Ca(é(r)dr, (3.14)

where & is the inverse of u* : [0,00) — (0,u*(0)].

For a little bit of intuition about this statement, consider an equation of the form (1.6)
with a ground state u*. In spherical coordinates, the (radial) function u* satisfies the

equation
-1

uIr—FN u, + f(u*) =0, r>0.

Differentiating this equation, we see that w(r) = —u; is a positive solution of equation (3.11)
with a(r) given by (3.13). The statement in Lemma 3.3 goes in the opposite direction: given
a(r) and a positive solution w(r) of (3.11), it yields a nonlinearity f and a ground state u*.

Note also that the function w represents an eigenfunction of the operator —A — a(r)
if it is considered on the full space L*(RY) with domain H?(RY) (not restricted to the
space of radial functions). In fact, w(r) being a positive solution of equation (3.11) means
that 0 is an eigenvalue of this operator and it is the minimal eigenvalue with a nonradial
eigenfunction. This can be seen using separation of variables. The nonradial eigenfunctions
corresponding to the eigenvalue zero are the functions w(r)x;/r, j = 1,..., N, and their
linear combinations. Another interpretation of w is that w(r)z;/r is the principal eigen-
function for the operator —A — a(r) on the half-space RY := {z € RY : z; > 0} with
Dirichlet boundary condition on 8]Rf .

Now, if the ground state u* given by Lemma 3.3 is to have a given Morse index k,
then the operator —A — a(r) must have exactly k negative eigenvalues. In particular, the
first k eigenvalues with radial eigenfunctions must come before the first eigenvalue with a
nonradial eigenfunction. Potentials with this property, and some additional useful features,
are provided by the following lemmas:

Lemma 3.4. For any integer n > 2 there exists a C* function ag(r) on [0,00) such that
the following statements are valid:

(a) There exist constants kg > 0, koo > 0, and £ > 1 such that ag = ko on [0,1/¢] and
ag = —koo on [€,00).

(b) Equation (3.11) with a = ag has a positive solution w as in Lemma 3.3(b).

(¢) The nth eigenvalue of —A—ag(r) (viewed as an unbounded operator on L2 (RN with
domain H*(RN) N L2 ,(RY)) is equal to zero.

This is the first part of [35, Lemma 3.1]; the result was proved there with kg = koo = 1.
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Lemma 3.5. Let ¢ and ag be as in Lemma 3.4. Then there exist 6 > 0 and a smooth
function b(r;s) on [0,00) X (—0,9) satisfying the identities

b(r;0) =0 (r>0), b(r;s)=0 (rel0,1/¢]Ul,00), s€ (=0,9)), (3.15)

and the following statement. For each s € (—9,0) statement (b) of Lemma 3.4 holds with
ag replaced by a(-;s) := ag + b(+; s), and, denoting by us the nth eigenvalue of the operator
~A —a(-s) (on L2 ;(RY)), one has

rad

d

— < 0. 3.16
dSlLLTL 50 ( )

Perhaps a word of explanation for the last statement is due here. Note that the first
identity in (3.15) implies that statement (a) of Lemma 3.4 holds with ag replaced by a(+; s) :=
ap + b(-; s). In particular, the essential spectrum of —A — a(-; s) is contained in [k, 00) for
all s ~ 0. Therefore, o(—A — a(-;s)) N (—o00, ko) consists of simple isolated eigenvalues,
which we number in an increasing manner. For s = 0, a(+;s) is a small perturbation of
ap. Hence, due to statement (c) and the simplicity of the eigenvalues (in the present radial
setting), the nth eigenvalue pf is well defined and it is a smooth function of s (see [23] for
the underlying perturbation results).

Lemma 3.5 is essentially the second part of [35, Lemma 3.1]. Although it was not
emphasized there that the function b with the indicated properties exists for any smooth
function ag satisfying (a)—(c) (from Lemma 3.4), this is how the lemma is proved in [35].
The only other difference of the present statement from [35, Lemma 3.1] is that in [35] the
constants kg, ko, were specifically taken to be equal to 1. This makes almost no difference
in the proof; the only minor modification one needs to make is a rescaling of the Bessel
functions as in the following remark.

Remark 3.6. For s € (—6,6) and a = a(+; s) as in Lemma 3.5, the solution w = w(+; s) of
(3.11) as in Lemma 3.3(b) is not unique (it is unique, up to a scalar multiple), but it can
be chosen in such a way that w(r;s) is a C*° function on [0, 00) X (=9, ) satisfying

w(r;s) = wi(r) (rel0,1/¢], s € (—0,0)),

w(r;s) =y(s)wa(r) (r€l,0), s € (—0,0)), (3:.17)

where v : (—0,0) — R is smooth (see [35, Remark 3.2] for details), and wq(r), we(r) are
independent of s: since the functions a = a(-;s), for s € (—0,9), satisfy the identities

a(rys) =ko (re€[0,1/4)), a(r;s) = —ks (r>14), (3.18)
w1 (1), wa(r) are explicitly given by

wy(r) = ClrlfNﬂJN/z (7“\/%)7 wa(r) = CQTI*NHKN/Q (rvVkso ), (3.19)

where c1, c2 are nonzero constants and Jy 9, K /o are, respectively, the Bessel function (of
the first kind) and the modified Bessel function (of the second kind) of index N/2.

11



Let now ag, a = a(r;s) be as in Lemmas 3.4, 3.5 with n = 2, and take the solution
w(r;s) of (3.11) as in Remark 3.6. Lemma 3.3 yields a family of nonlinearities f(u;s),
s € (—6,0), along with corresponding ground states u® of (3.5), to which we want to apply
Theorem 3.2.

In accord with (3.12), we first set

u(r;ys) == /oow(t; s)dt (r>0, se€(=0,9)). (3.20)

By Remark 3.6, u is a smooth function on [0, 00) X (—d,0) and one has

u(r; s) = v(s)ua(r) (rell,o00), se€(-4,9)),

u(rys) =ui(r)+ B(s) (rel0,1/¢], s € (—6,0)), (3:21)
where
us(r) = /OO ws(t)dt (r > 1),
T1/z
uy(r) :/ wi(t)dt (rel0,1/4]), (3.22)

l 9]
B(s) = / w(ts s) dt +(s) / ws(t) dt.
1/¢ ¢
From this it also follows that u is smooth when considered as a function of z € R and
s € (—9,9), radially symmetric in z (obviously, just the smoothness near x = 0 is an issue
here). Indeed, using (3.22), (3.19), and the Frobenius expansion for the Bessel function,
one can see that uq(r) is analytic near r = 0 and its Taylor series involves only even powers

of r.
Next, for each s € (—4,6), we use (3.14) with a = a(r;s) and u* = u(r; s). This defines
a function f(z,s) on

U:={(z,8) € R?: 2 € [0,u(0; )], s €(=6,0)}

Clearly, f is smooth in the interior of U. Moreover, relations (3.14), (3.13), and (3.18) imply
that, for any s € (—0,0), f(u;s) = —ksou for u near 0, and f,(u; s) = ko for u near u(0; s).
It is therefore easy to extend f to R x (—4,9) in such a way that the extension (which we
still denote by f) is of class C*°, f(u;s) > 0 if u < 0, and, possibly after making § > 0
smaller, f and all its derivatives are bounded.

Consider the functions a1, as, g as in (3.8):

ai(r;s) == fu(u(r;s);s), (3.23)
as(r;s) = %fuu(u(r§ 5); 8), (3.24)
1 .

o s 5) = ug(ff(u(r; s)+u;s) — flu(rys)) —ar(r; s)u — as(r; s)uQ), if u # 0, (3.25)

0, ifu=0.

According to our convention, when needed, the functions a1 (+; s), a2(-; s), g(-, u; s) are viewed
as functions of z € RY (depending on x via r = |z|). As we now demonstrate, the hypotheses
of Theorem 3.2, with the exception of (A2), are satisfied for these functions.
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Lemma 3.7. Making 6 > 0 smaller, if necessary, one achieves that the functions ai, as,
and g defined above satisfy hypotheses (S1), (S2), (A1), (NR) with K, m as in (3.3).

Proof. Using (3.23), (3.24), (3.13), and the definition of f (cp. (3.14)), we find the following
identities for a1, as:
ay(r;s) = a(r;s),
a'(rys)  d(r;s) (3.26)

2@2(7“; 8) = u’(T' S) = _w(r- s)a

where the prime denotes the derivative with respect to r. In particular, ai(r;s) = ko,
as(r;s) = 0 for r near 0, and a1(r;s) = —koo, a2(r;s) = 0 for all large enough 7. It follows
that the regularity hypotheses (S1), (S2) with K, m as in (3.3)—in fact, with arbitrary
finite K and m—are satisfied by aj, ag, and also (Al)(a) is satisfied with L = —k. To
verify the regularity hypothesis (S2) for the function g, we use the Taylor expansion for
f(:;8) to write g in the integral form:

g(r,z;s) = ;/1(1 — 1) frwu(u(r; 8) + tz; 8) dt.
0

As noted above, u is smooth when considered as a function of z € RY and s € (-4, ).
Moreover, in view of (3.21), (3.19), all derivatives of u are bounded (we may need to make
d smaller here so that the derivatives of ~y(s) are all bounded on (—d,0)). Using this and
the above definition of the (extended) function f, one shows easily that (S2) is satisfied.

Next, (3.16) and Lemmas 3.4 and 3.5 imply that u = 0 and p§ < 0 for s > 0, s ~ 0
(remember that we have taken n = 2, and the eigenvalues below the essential spectrum of
—A —a(+; s) are numbered in an increasing manner). Making § > 0 smaller, we achieve that
for s € [0,6) the operator —A — a(+;s) has exactly two nonpositive eigenvalues, pj < 3,
which are strictly negative for s € (0,6). Hypothesis (A1)(b) is thus satisfied.

Finally, consider the frequency vector w(s) = (wi(s),wa(s)), w;(s) :== y/Iujl, 7 = 1,2.

Since 1§ < pY = 0, appealing to the continuity of the eigenvalues in s, we infer that

wi(s)

0 <wa(s) < 5K

for all s € (0,9), possibly after § > 0 is made smaller. This implies that hypothesis (NR) is
satisfied. O

Before proceeding further, we summarize where we stand in terms of the applicability
of Theorem 3.2:

Corollary 3.8. Let ao(r), a(r;s) be as in Lemmas 3.4, 3.5 with n = 2, and w(r;s) as in
Remark 3.6. Let u® := u(-;s) and f(u;s) be defined (and extended) as above. Assume that

/000 ;?T(’T())) cp%(r)rNﬁl dr #0, (3.27)

where @9 is an eigenfunction of —A—ag(r) corresponding to the eigenvalue u3 = 0 (cp. state-
ment (c) of Lemma 8.4). Then all hypotheses of Theorem 3.2 are satisfied.
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Proof. Lemma 3.7 verifies all the hypotheses of Theorem 3.2 except for (A2). In view
of (3.26) and the relation a(-;0) = agp (see Lemma 3.5), hypothesis (A2) is the same as
(3.27). O

Remark. The integral in (3.27) is well defined, since w is positive in (0,00) and q has
compact support (cp. Lemma 3.4(a)(b)).

4 Completion of the proof of Theorem 2.1

For the proof of our main result, we need to find a function satisfying the conditions of
Corollary 3.8. Specifically, we seek a smooth function a(r) on [0,00) with the following
properties:

(al) There exist constants kg > 0, ks > 0, and ¢ > 1 such that a = ko on [0,1/¢] and
a = —ke on [¢,00).

(a2) Equation (3.11) has a positive solution w as in Lemma 3.3(b).

(a3) The operator —A —a(r) (viewed as an unbounded operator on L2 j(R") with domain
H?RM)n Lfad(RN )) has exactly two nonpositive eigenvalues p; < po with pg = 0.

(a4) One has

| ar 2o,

where w is as in (a2) and ¢y is an eigenfunction of —A — a(r) corresponding to the
eigenvalue u = 0.

Proposition 4.1. There exists a smooth function a on [0,00) such that statements (al)—
(ad) above are all satisfied.

Before taking on the proof of this proposition, we show how it is used to complete the
proof of Theorem 2.1.

Proof of Theorem 2.1. For the purpose of this proof, we denote the function provided by
Proposition 4.1 by ag. Then (al)-(a3) are the same as statements (a)-(c) in Lemma 3.4
with n = 2. Let now a(r;s) be as in Lemma 3.5, w(r;s) as in Remark 3.6; and let u® :=
u(+;s), f(u;s) be defined as in Lemma 3.3 (cp. Corollary 3.8). Recall from Lemma 3.5 that
a(;0) = ag. Therefore, the function w(r) in the above statement (a2) and the function
w(r;0) differ only by a scalar factor (cp. Remark 3.6). Thus, from statement (a4) we infer
that (3.27) holds. Corollary 3.8 now tells us that all hypotheses of Theorem 3.2 are satisfied.
Using that theorem, we conclude that the statement of Theorem 2.1 holds with f = f(-; ),
for any s € (0,9). O

The remainder of this section is devoted to proving Proposition 4.1. The outline is
as follows. We know that if we take a = ag with ap as in Lemma 3.4, statements (al)-
(a3) are satisfied. If statement (a4) happens to be satisfied by this function, we are done:
Proposition 4.1 is proved. Otherwise, our goal is to find a suitable perturbation a of ag
such that all statements (al)—(a4) are valid. Note that statements (a2) and (a3) are not
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robust. Therefore the perturbation has to be made carefully for (a2) and (a3) to remain
valid (we will perturb ag in a compact subinterval of (0, c0) only, so there are no issues with
statement (al)).

For the rest of this section, we fix a constant £ > 0 and a function ag with the following
properties:

(A0) ap(r) is a smooth function on [0, 00) such that conditions (al)—(a3) are satisfied with
a=ag and kg = koo = 1.

The existence of such ag is guaranteed by [35, Lemma 3.1] (cp. Lemma 3.4 in this paper).
We took ky = koo = 1 just for simplicity, it is not essential.

In our perturbation arguments, we use the following notation. For a € Ciaq(RY),
S(a) denotes the Schrodinger operator —A — a(r) on L2 4(RY) with domain D(S(a)) =
H2RN) N L2 ((RM). If S(a) has at least two eigenvalues below its essential spectrum
(which is in particular the case if a is close to ag in the supremum norm), usfa] stands for
the second smallest eigenvalue. By ¢sla] € D(S(a)) we denote the eigenfunction of S(a)
corresponding to pofa] normalized in the L?-norm. The normalization determines @s[al
uniquely up to a sign; for definiteness, we choose pa[a] such that ps[a](0) > 0. We remark
here that, by a Sturm-Liouville property in the radial setting [40], the function r — @sal(r)
has a unique zero, which is positive (in particular, ¢s]a](0) # 0). As above, without fearing
confusion, we abuse the notation slightly and use the same symbol for the function y2[al,
and other radial functions below, viewed as a function of x € RY and as a function of
r € [0,00). Also, we may omit the argument a from ug, ¢, and related functions, for the
sake of notational simplicity.

For a € Cpaq(RY) close to ag, psla) € R and pola] € HX(RN)NL2 ,(RY) are well defined
and are smooth functions of a [23]. The eigenfunction psla] € D(S(a)) is a solution of the

following equation (with r = |z|):
Ay + a(r)p + pelale =0, z eRY; (4.1)

as a function of r, it is a solution of the following problem:

N —1 () [] S
Prr + ———r +a(r)p + p2jale =0, r >0,
rr r 2 (2)

©r(0) =0, @2 —0asr— oc.

We shall also need to perturb the function w as in statement (a2). For that we introduce
the following eigenvalue problem:

{Aw—l—a(r)w—i—l/w:(), z e RY = {(x1,2') e Rx RV 1y > 0}, (4.3)

$(0,2") =0, ¢ e RN7L.
Any eigenfunction ¢ € H?(RY) of this problem can alternatively be viewed as an eigen-
function of the operator —A — a(r) considered on the closed subspace L2(RY) of L?(RY)

consisting of all functions odd in x1 (with domain H2(R™) N L2(RY)). We temporarily
denote this operator by A,(a).
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As noted in Section 3.3—and as one can see by separation of variables—if a satisfies
statements (al), (a2), then v = 0 is the principal (minimal) eigenvalue of (4.3) and it has
an eigenfunction

(@) =w(r)a/r (r=|z)).

Here w is a positive solution of the equation (with v = 0)

N -1
2

wT+<a(r)+V >w=0, r>0, (4.4)

Wy +

r r

satisfying w(0) = 0, w(r) — 0 as r — oo. Since ¥ > 0 and a(o0) = —ks < 0, it is a
standard consequence of the maximum principle that v = 0 is a simple eigenvalue. Also,
v = 0 is an isolated eigenvalue of the operator A,(a): statement (AO) implies that v = 0 is
below the essential spectrum of this operator. Applying these remarks to ag, we conclude
that for any a € Craq(R™Y) close enough to ag the minimal eigenvalue v[a] of (4.3) is defined
and it is a smooth function of a [23]. Moreover, there is a (uniquely determined) L?(RY)-
normalized eigenfunction v[a] of A,(ag) with ¥[a] > 0 in RY (the positivity can be proved
by standard variational arguments [40]). The function a +— v¥[a] € H2(RY) N Lo(RY) is
smooth on a neighborhood of ag in Crad(}RN ). Separation of variables gives

Yla] = wla](r)z1/r, (4.5)

where wla] is a positive solution of (4.4) with v = v[a] (we take this as the definition of
wlal).
For brevity, we set

(p270 = @2[@0], wo = w[ag], and 1/J0 = w[ao]. (4.6)
We take a sufficiently small neighborhood U of ag in Craq(RY) so that

(U) wp2la], p2lal, v(a), ¥]a] are defined and have the smoothness properties with respect
to a € U, as specified above.

If a € U is of class C! as a function of r € [0,00) and such that the support of @’ is a
compact subset of (0,00), we denote

* d(r) N-1
E, := “dr. 4.7
o= | el (17)
This is the integral that we want to made different from zero by taking a suitable perturba-
tion of the function ap (assuming E,, = 0). Note that E, € R is well defined, as w[a] > 0
on (0,00).

We will look for a within a two-parameter family of potentials

a(t,7) =ao+7bo+thy (t=0,7~0), (4.8)

where ¢t and 7 are so small that a(-;¢,7) € U and by, by are suitably chosen smooth radial
functions. Specifically, we want by, b1 to satisfy the following set of conditions (with ¢ > 1
as in (AO)):
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(B1) The support of the function by(r) is a compact subset of (1/¢, 7).

(B2) The support of the function by (r) is a compact subset of (£, c0).

(B3) —/ bops oda > —/ bobadz, or, equivalently,
RN ’ RN

_/ bo(r)(p%,o(r)T‘N—ld/)" > —/ bo(r)wg(T)TN_ldr
0 0

(B4) / bip3 odx = / bypada.
RN ’ RN

Moreover, for a suitable constant Cjy determined by ag, as specified below (see Lemma 4.6),
we want the following condition to be satisfied:

oo 3 r
(B5) /é by (r) <Co(p%70(’l“)T‘N_1 — (% (@2,0( )T‘N_1>> dr # 0.

wo(r)

Note that if (B1) and (B2) hold, then the integrals in (B3), (B4)—written in spherical
coordinates—and (B5) are in effect integrals over compact subintervals of (0, 00) and are
thus well defined.

The existence of functions by, by with the above properties, as guaranteed by the next
lemma, is key to our method.

Lemma 4.2. For any given constant Cy (and function ag as in (A0)), there exist smooth,
radially symmetric functions by, by, such that (B1)-(Bb5) are satisfied.

We give a proof of this result, based on properties of modified Bessel functions, at the
end of this section.

Without specifying the constant Cj yet, assume that smooth radial functions by, b;
satisfying (B1)—(B5) have been chosen. We take g9 > 0 such that for ||, |7| < ¢ one has
a(t,7) €U, so pela(-;t,7)], p2la(-;t, 7)), v[a(-;t, 7)], and ¥[a(-; ¢, 7)] are all well defined and
depend smoothly on (¢,7). A priori, the eigenfunctions yo[a(+;¢,7)] and ¢[a(-;t, 7)] depend
smoothly on (t,7) as H2(RY)-valued functions, but combining this with elliptic regularity
results (and the smoothness of ag, bg, b1) we also have the smoothness in many other
spaces, for example C™(RY) for any m > 0. This is useful for justifying some computations
below. Note also that since we are dealing with eigenvalues below the essential spectrum,
the corresponding eigenfunctions always decay exponentially as |x| — oo (see [1, 22|, for
example).

Lemma 4.3. Let g be as above. There exists € € (0,e9) such that the following statements
hold:

(a) £ (palalst,7) = vlast,7))) > 0 for all (t.7) € [~2, ]2,

(b) There exists 61 € (0,€) such that pela(-;t, —e)] — via(-;t,—¢)] < 0 < pola(-;t,e)] —
via(;t,e)] for allt € (—61,01).
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(c) For each t € (—01,61), with §1 as in (b), there exists a unique solution T = 7(t) of
IMQ[EL('; t, T)] - I/[ZL(-; t, T)] =0. (49)
Moreover, t — 7(t) is a smooth function on (—d1,01) satisfying 7(0) = 7/(0) = 0.

Remark 4.4. A consequence of statement (c) of the lemma is that the one-parameter
family of potentials
a(;t,7(t)) — pela(t,7(1)),  t~0, (4.10)

satisfies that the second eigenvalue of (4.1) and the principal eigenvalue of (4.3) (both
equations considered with a given by (4.10)) do not change with ¢ and remain equal to
zero. (This is also true for (4.4).) Hence, for all potentials in this family statements (a2),
(a3) are satisfied. By (B1), (B2), statement (al) is also satisfied, after adjusting ¢, with the
constants kg = 1 — pala(;t,7(t))], koo = 1+ pofa(-;t,7(t))]. These constants are close to
1if t = 0, due to pz[a(-;0,7(0))] = pelag] = 0. In a subsequent step, we will address the
validity of statement (a4) for some potentials in this family. Note that the eigenfunctions
pala(-;t,7)], wla(-;t,7)], and hence the integral in (a4), are unaffected when the potential
is shifted by po.

We following result will be used in the proof of Lemma 4.3.

Lemma 4.5. Denoting by “ " the derivative of a given function with respect to either t or
T, one has:

(i) = —/ agadz, and py is given by the unique solution (in the radial space) of
RN

Ao + apa + pops = —aps + @2 /N aps dz,

R (4.11)
/ (,ngOQ dr = 0.
RN

(ii) v = —/ a’dz, and v is given by the unique solution (in the space of functions odd
RN
in x1) of

A+ app + vy = —a¢+w/ ay? dx,
RN
¥ dz = 0.
RN
Proof. For statement (i), recall (cp. (4.1)) that 9 satisfies

Apa + aps + aps = 0,

/ @3 dr = 1.
RN
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Differentiating these equations with respect to either ¢ or 7, we find

Apy + apa + pope + aps + fiapr =0,

/ papg dx = 0.
RN

Multiplying the first equation by @9 and integrating by parts, we obtain

/:LQ = _/ C_LC,D% dCE,
RN

and the rest of statement (i) follows easily. Statement (ii) is proved in a similar way, using
(4.3) instead of (4.1). O

Proof of Lemma 4.3. By definition, ps[a(-;0,0)] = p2lap] = 0 and via(-;0,0)] = viag] =
0 (cp. (A0)). Similarly, @o[a(0,0)] = w20 and ¥[a(;0,0)] = o (cp. (
a%d(-;t,r) |_r:0 =bo. At (t,7) = (0,0) we have

9 (wola:t,7)] - viat;t, )

= —/ b3 dx+/ bod dx >0, (4.12)
(t,7)=(0,0) RN RN

by Lemma 4.5 and (B3). Since ps and v depend smoothly on (¢,7), the 7-derivative is
positive for all (t,7) € [—¢,¢]? if & > 0 is sufficiently small. This proves statement (a).
Applying statement (a) with ¢ = 0, and replacing € by a smaller positive number, /2 say,
we obtain in particular that

pzla(0,—¢)] — via(;0,—-¢)] <0,
pzla(;0,e)] — vla(-;0,¢)] > 0.

Consequently, by continuity, there is 6; € (0,¢) such that

pala(st, —e)] —via(st,—)] <0, (|t < d),
pala(st,e)] —via(;t,e)] >0, (|t < 61).

This proves statement (b). The above relations and the positivity of the 7-derivative imply
that for each ¢ € (—d1,01) there is a unique 7 = 7(t) satisfying (4.9). The implicit function
theorem gives the smoothness of the map ¢ — 7(¢). By uniqueness, 7(0) = 0. Expanding
the equality

=0
t=0

%(M[a(-;tﬁ(t))] — vla(st,7(1))))

and rearranging, we obtain

0 _ _ 0 _
~ (e mlat:0.m] = viat:0.00) | ) 7'0) = 5 (safaC1.0)] - vlaCs )
7=0 t=0
= —/ bips o da +/ bipg da
RN RN
=0,
where we have used the formulas from Lemma 4.5, the relation %(‘1(-; t,0) ‘t:() = b1, and the

relation in (B4). Since the 7-derivative in the left hand side is positive by statement (a),
necessarily 7/(0) = 0. O
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With 6; and 7(¢) as in the previous lemma, consider the family
a(st) :=a(t,7(t)) = ao + 7(t)bo + tby, t € (—=d1,01). (4.13)
Note that, since 7(0) = 7/(0) = 0, we have

a(+;0) = ap,

d d (4.14)
dta(7)t:0 T()0+1 1 dta(77)t:0

We examine the integral E, () given by (4.7), with «(-;t) in place of a. Observe that by
conditions (A0), (B1), and (B2), the functions o/(+;t), |t| < e, (the derivative with respect
to r) have support contained in a fixed compact subinterval of (0,00). Thus the integral in
(4.7) is in effect an integral over this compact interval, which implies that E, (. is (well
defined and) a smooth function of t. Our goal is to show that E..;) # 0 for all sufficiently
small £ > 0. This is obvious by continuity if E,, # 0. If E,, = 0, that is,

/OOO ZE;((:)) gag’o(r)rN*ldr =0, (4.15)

we want to show that the derivative of E, () at ¢ = 0 is different from zero. We compute
the derivative in the following result.

Lemma 4.6. Assume that (4.15) holds. Then, regardless of how the functions by, by are
defined, as long as they satisfy (B1)—(B4), one has

0o 3 r oo
) (4.16)

. d
Bi=rBat

where Cy is a constant determined only by ag (and independent of by, by ).

Remark 4.7. Again, by (A0), (B1), and (B2), the integrals in (4.16), as well as similar
integrals in the proof of Lemma 4.6 below, are in effect integrals over a compact subinterval
of (0,00).

In the proof of the lemma, the following elementary relations are used. If v is a radial
(integrable) function, then

/ v(z)dr = cN/ v(r)yrNtdr,
RN 0

and if 0(z) = w(r)r/x; with r = |z|, then

@) de =cx ” w(r)yrNtdr.
R 0

Here ¢y, ¢y are positive constants depending only on the dimension N.
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Proof of Lemma 4.6. As in (4.16), we use “ 7 to indicate the derivative of the functions
Eosys p2la(5t)], ¥lalst)], and wla(;t)] with respect to ¢ at ¢ = 0. Clearly, w(r)z1/r =
¥(z) (cp. (4.3), Lemma 4.5).

We first carry out the proof assuming the integrals in (B4) are different from zero. The
simpler special case when they are equal to zero is considered at the end.

Noting that

GOy =30pe G (lalO) )]y = —ug,

with (920 and wg as in (4.6), we find (cp. Remark 4.7, and recall that w(r) > 0 for r > 0)

: o 50(1) n_
E= / b (r) £2,0 PN ldr +
0 wo(7)
+3/oo /( )(P%,O(r) . N_ld . o / 90%,0(70) . N_ld 417
; ag(r wo(r) Ho(r)r r /0 ag(r) w%(r) w(r)r r. (4.17)

We now write ¢» and w in terms of by, 2, and wg. Since pafag] = 0, v[ag] = 0, from
(4.14), (4.11) we obtain

Ao + appr = —bipa o + 20 /N bl%og,o dx
R

/ 2,042 dx = 0.
RN

Writing the equation in (4.18) in spherical coordinates and using that b; = 0 on [0, /], we
obtain the following equation for ¢9 on (0, ¢):

(4.18)

. N ) . & _
(92)rr + T(wz)r + appr = @2,00N/ bigs o™ tdp, 1€ (0,0), (4.19)
l

with ¢9 bounded near r = 0.
Let now ¢ be any solution of

N -1
r
¢ bounded near r = 0.

Grr + G+ aoC =cnpao 1€ (0,4),

(4.20)

The existence of ( can be shown by standard ODE techniques, but it also follows from
the boundedness of ¢y (simply divide (4.19) by the nonzero integral appearing on the right
hand side). Whichever way ( is found, it is a function determined only by ag, which we fix
for the rest of the proof.

Observe that up to a scalar multiple, the function ¢ is the only bounded solution of
the homogeneous equation associated with (4.19), that is, equation (4.19) with the right
hand side replaced by 0. This comes from the fact that ap =1 on (0,¢) (cp. (A0)), which
implies that the bounded solutions are all scalar multiples of r1=V/2.J N/2—1, Jnj2-1 being
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the Bessel function (of the first kind) of index N/2 — 1. This fact and the special form of
the right hand side of (4.19) imply that for r € (0, /) one has

¢xm:amA b1 oo™ dp + Cpan(r), (4.21)

where C¢ is a constant (depending on ¢ and by).
We can write w in a similar form using analogous arguments: the equation for w in
spherical coordinates is

. N-1, N-—-1)\ . ~ o _
Wyy + — Wy + <a0(7’) T2 ) w = —bjwy + @27061\[/ blwgpN ! dp, (4.22)
¢

which on (0, ¢) reduces to

. N-—-1. N -1\ . - ° _
Wy + by + (ao(r) -3 > W = 902,00N/ biwgp™tdp,  re(0,0). (4.23)
¢

Since wyq is, up to a constant multiple, the unique bounded solution of the homogeneous
equation associated with (4.23)—this time the bounded solutions are scalar multiples of
rl_N/2JN/2(r), cp. (3.19)—we have

w(r) = ’y(r)/ brwgp™ "tdp 4 Cowg(r)  for r € (0,4), (4.24)
l
where 7 (unrelated to the function v in Remark 3.6) is a particular solution of
N — N -1 .
Yor b <a0(7“) - > Y =ENp2,0 (4.25)

which is bounded near » = 0 and C is a constant (depending on b; and ). The function
v, which is determined by ag alone, is fixed in the rest of the proof.
Substituting (4.21) and (4.24) in (4.17), and using Remark 4.7, we have

E— /b’ %O ) N-1g,
N /
+3/ m<wwmm-ﬂm/ dh(r)
¢ 1/¢

) 14 3 (r
—A bi(p)uw lew/awW?<

1/¢ wy(r)

)( (4.26)

0 2 ‘
+ 3CC / alo(r) (,02,0(7’) @2,0(T>7‘N_1d7a _ C'y / CLE)(’I") @2,20(7”) UJ(](T‘)’I"N_ld’r'
1/t wo(r) /e

Since supp ag C (1/4,¢), the last two integrals coincide with the integral in (4.15), so they
vanish. Also, using (B2) and (B4),

o0 _ 1
| @t o= [ oo o= - [ b
14 0 CN JRN
1 & _
=— | bipsode = / b1(p)es o(p)p™ ~dp.
CN JRN 0
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Using these relations in (4.26) and integrating by parts in the first integral in (4.26), we
obtain the desired result, (4.16), with

o ¢ / @%,O(T) N-1 ¢ I QD%,O(T) N—1
Co = 3/1/€ ag(r) wo(r) Cr)yr™ " Hdr — /1/£ ag(r) wg(r) ~y(r)r T dr.

This concludes the proof in the case the integrals in (B4) do not vanish.

If the integrals in (B4) are equal to 0, one can take ( = 0 = ~. The relations (4.21)
and (4.24) are then valid and the above computations still apply. They lead to (4.16) with
Co =0. O

We can now complete the proof of Proposition 4.1.

Proof of Proposition 4.1. Assuming (A0), Lemma 4.2 guarantees the existence of smooth
radial functions by, by satisfying conditions (B0)—(B4), as well as condition (B5) with Cj
as in Lemma 4.6. For such functions we have, according to Lemma 4.6, E, () # 0 or
E # 0. In either case, Eq(y) # 0 for all sufficiently small ¢ > 0. Therefore, using Lemma
4.3 and Remark 4.4, we conclude that statements (al)—(a4) are satisfied by a = «a(+;t) =

ag + 7(t)bg + tby if t > 0 is sufficiently small. O
It remains to prove Lemma 4.2.

Proof of Lemma 4.2. To simplify the notation, we set
P2 = P20 = P2lag], w = wp = wlag).

Let Cp be an arbitrary constant.

We start by noting that the functions @9 and w are linearly independent on any interval
in (0,00). This is obvious from equations (4.2) and (4.4) (with a = ap) satisfied by @2 and
w, respectively. Therefore also the functions ¢3 and w? are linearly independent on any
interval in (0, 00). Using this observation with the interval (1/¢, ), we infer that the linear
operator

¢ ‘
bo € L*(1/4,0) ( bo(r)@5 (r)r™ ~tdr, bo(r)wZ(T)rN_ldr> eR?
1/¢ 1/¢

is surjective onto R2. The surjectivity and the density of D(1/¢,¢)—the space of smooth,
compactly supported functions—in L?(1/¢,¢) clearly imply the existence of a smooth radial
function by satisfying (B1), (B3).

By a similar surjectivity argument, if the functions

() = o - () (.27

w(r)

are linearly independent on (¢, c0), we can find a smooth radial function b; such that (B2),
(B5) hold simultaneously with

/EOO bi(r) (93(r) — w?(r)) vV tdr = 0. (4.28)
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Since (4.28) and (B2) imply (B4), the proof will be completed once we show that the
functions (4.27) are linearly independent on (¢, o).

We prove this by contradiction. Assume that, to the contrary, there is a constant C
such that

3( !
o = (2 ) ) - )T e ). (420
Dividing the equation in (4.29) by V=1, we get
o - (AD) - Y180 60y - ) (e (o). (@0
092 w(r) r w(r) 1\%2 ’ ' '
Since ag(r) = —1 for r > £ and uslag] = v|ag] = 0, we can explicitly solve equations (4.2)

and (4.4) for r > . In view of the boundedness of the functions y2, w, we obtain that for
r € (£,00)

where ¢, ¢ are constants, and K; stands the modified Bessel function of the second kind of
index j, j € {N/2—1,N/2}. The constants ¢, ¢ are both nonzero as none of the functions
2, w can vanish identically on (¢,00): since each function is a solution of a second order
ODE, if ¢ = 0 or ¢ = 0, then y2 or w would vanish identically in (0, c0), in contradiction
to the definition of the eigenfunctions o (r) and g (z) = w(r)zy /r.
The above relations show that the identity (4.30) is valid with ¢9 and w replaced by
P9 and w, respectively. In addition to this identity holding on (¢, 00), we have, for some
Cs # 0,
w(r) = Cs@h(r) (r>40). (4.31)

This (well-known identity between the modified Bessel functions) is obtained by differenti-
ating both sides of equation (4.2) (cp. (4.4)).

From (4.31) and (4.2)—the equation satisfied by ¢, on (¢,00)—we find the following
relation (which, again, is just one of well-known identities in the theory of Bessel functions):

N -1 N -1
W' = ngZ?/QI =C3 (— - gblg + @2) = _Tﬂ) + C3p9. (4.32)
Expanding the derivative in (4.30),
o 3w@Rgh — g3w’ N —1¢3 DR
Co@ — 2r2 T2 2 = Cy(g5 — %),
W roow

and substituting from (4.31) and (4.32), we find

. 3 o, & N-—-1_ B N—-1p3 N -
Cods — 5390% + w% <_rw + C3§02> - 52 = C1(¢5 — 0°),
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or, rearranging,

3 N-1¢3 b
<C’0 - — = C'1> gé% — 27(’%2 + C’gﬁ = -2
Cs roow W

Dividing by @? and letting

3 Go K /o
h(r) := SD?(T) S e/ 1(7’)’
w(r) ¢ Kyylr)
we obtain 5 N1
(Co - = Cl> h? —2———=h3 + C3ht = —C. (4.33)
Cs r

A priori, this identity holds on (¢, 00). However, recalling that @ and ¢ extend to analytic
functions on C\ (—o0,0] (see [46], for example) which are also continuous from above on
(—00,0) (that is, from the upper portion of the complex plane), the identity holds in C\ {0},
save for the (isolated) points where Ky /o = 0.

We will use a few additional properties of the modified Bessel functions, all of which
can be found in [46]. If 0 < 2n € N, then, as 7 — 0+ (on the real axis), one has

Kn(r)=Cr "4+ 0@,
Ko(r) =—Clogr+ O(r).

This implies

if N >2
JOER S
rlogr if N =2;

in either case, h — 0, h3/r — 0 as r — 0+. Using this fact and (4.33), we deduce that
C,=0.
Dividing (4.33) by h?, we get the following identity for h:
3 N -1
Co— = ) —2——h+C3h* =0. 4.34
( " C3) P “39
If N = 2, taking r — 0+, the second term in (4.34) diverges, while the others remain

bounded, so (4.34) cannot hold. This contradiction completes the proof in the case N = 2.
Now assume N > 3. Dividing (4.33) by h*, we obtain the following identity

3\-, N—1-
Co— —)h2=2——h+C5=0 4.35
( 0 C3> —h+Cs (4.35)
for the function o Knlr)

h(r) = 1_ ¢ Bwpl)
h ¢y Knja—i(r)

Similarly to (4.33), this identity may be assumed to hold on C \ {0}, save for the isolated
points where Ky/o_; is equal to 0.
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Since N/2 > 3/2, the function K/, has at least one zero r* € C\ {0} (see [46, Section
15.7] for results concerning the zeros of the functions K,). At the same time, r* is not a
zero of K/5_1. This follows from the following recurrence relation

K 1(r) — Kot (1) = _T%Kn(r) (n>0, reC\ (=o0,0]) (4.36)

and the fact that K, has no zeros for 0 < o < 3/2. (If Ky/p_1(r*) = 0, a successive
application of (4.36) leads to either Ki(r*) = 0 or Ky y(r*) = 0.) Evaluating (4.35) at
r=r* (if 7 € (—o00,0), which is necessarily the case for N = 3, the evaluation goes by
taking the limit of the values at 7* + it as ¢ — 0+), we obtain Cs = 0. This and (4.31) give
w = 0, which is a contradiction. With this contradiction, we have completed the proof in
the case N > 3. O
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