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Abstract

We consider linear nonautonomous second order parabolic equa-
tions on RY. Under an instability condition, we prove the existence
of two complementary Floquet bundles, one spanned by a positive en-
tire solution - the principal Floquet bundle, the other one consisting
of sign-changing solutions. We establish an exponential separation
between the two bundles, showing in particular that a class of sign-
changing solutions are exponentially dominated by positive solutions.
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1 Introduction
In this paper we consider the linear nonautonomous parabolic equation
w = Au+a(z,t)u  in RY x J, (1.1)

where a € L*(RY x R) and J = (s,00) for some s € R or J = R. We have
chosen (1.1) as a model for a class of more general equations of the form

uw = L(z,t)u in RY xJ, (1.2)

where L(x,t) is a time-dependent second-order elliptic operator of divergence
form with sufficiently regular coefficients. While the simple form of (1.1)
allows us to explain our results and methods without a notational burden, it
is representative enough for the whole class (1.2). Indeed, as we demonstrate
in the last section, our methods are straightforward to adapt to the more
general setting.

If RY in (1.1) is replaced by 2, a bounded domain in RY, and (1.1) is com-
plemented with a suitable boundary condition, there is a number of papers
devoted to properties of solutions of (1.1) analogous to properties of princi-
pal eigenfunctions of time-independent (elliptic) or time-periodic parabolic
problems, see for example [11, 12, 14, 15, 16, 24, 25, 26, 29, 32, 33]. Typical
results can briefly be summarized as follows. Let X be a suitable state space
for (1.1) (a Banach space in which the initial-boundary value problem is well
posed). Then X can be written as the direct sum

X=X't)o X*(t) (teR), (1.3)



where the time-dependent subspaces X'(t), X?(t), t € R, have the follow-
ing properties. The space X!(t) is the (one-dimensional) span of a positive
function, X?(¢)\ {0} does not contain any nonnegative function; the families
Xi(t), t € R, i =1,2, are invariant for (1.1): if uy(-,t), us(-,t) are solutions
with u;(-,s) € X(s), then w;(-,t) € X'(t) for all ¢ > s. Finally, for any
such solutions, assuming u; is nontrivial, we have the exponential separation
estimate

sl _ pealliat sl s ) w

[lua (- )] x [lua (-, 9)l]x
where C,y > 0 are positive constants. The one-dimensional bundle X(t), ¢ €
R, referred to as the principal Floquet bundle, is uniquely determined; it is an
analogue of the principal eigenfunction for elliptic operators. The exponential
separation is a generalization of the fact that the principal eigenvalue of an
elliptic operator is larger than the real part of any other eigenvalue. See
[14, 16, 25, 26] for a more detailed discussion of the connection of principal
Floquet bundles with principal eigenvalues and eigenfunctions.

The study of principal Floquet bundles and exponential separation in
nonautonomous parabolic equations with general time-dependence originated
in [21], [33]. This research was motivated by some open questions in nonlinear
parabolic equations, in particular, the problem of typical asymptotic behavior
in periodic-parabolic equations (see [32, 33, 9]). Other applications can be
found in [15, 16, 17, 22, 23, 24, 25, 26, 37]. We also mention that in one
space dimension Floquet bundles corresponding to any nodal number can
be established, thus extending the classical Sturm-Liouville theorem (see
4, 5, 38]).

On unbounded domains, similar results for nonautonomous equations do
not seem to be available. Of course, one does not expect the exponential sep-
aration between positive and sign-changing solutions to be valid in general
(consider the Laplace operator on R, for example). Even in the autonomous
case, for the existence of a principal eigenvalue with exponential separation
one needs an assumption that the “top of the spectrum” of the underlying
operator be larger than the “top of the essential spectrum”. In case the es-
sential spectrum is known to be contained in the left half-plane, one needs to
assume the existence of a positive eigenvalue, or equivalently, an instability
condition on the corresponding semigroup. Under such additional conditions,
the existence of a principal eigenvalue and eigenfunction with similar prop-
erties as on bounded domains can be proved; see [35] for classical results on
autonomous operators and [6, 7] for extensions to time-periodic parabolic
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operators.

In this paper, we give sufficient conditions under which principal Floquet
bundle exponentially separated from a complementary invariant bundle can
be established for equations with general time-dependence. The conditions
involve an instability assumption on (1.1) as well as a sign condition on the
function @ (a < 0 near |z| = 00). Note that in the time-autonomous case,
the latter condition guarantees that the essential spectrum of A + a is in the
left half-plane.

At this stage we are not attempting to prove the results in their most
general form. Rather, our main goal is to understand the effects of the
nonautonomous structure of the equation in combination with the unbound-
edness of the domain on the relative behavior of positive and sign-changing
solutions. Even in the simplest example of the nonautonomous equation on
RY, the extension of available results on exponential separation (for bounded
domains or for autonomous or time-periodic equations on RY) is far from
straightforward. We carry out a natural approach - obtaining the principal
Floquet bundle as the limit of the principal Floquet bundles for Dirichlet
problems on large balls. The key issues in this approach are uniform (radius
independent) estimates of solutions on large balls, which facilitate the pas-
sage to a montrivial limit solution and guarantee that the exponent in the
separation does not shrink to zero as the balls expand.

The paper is organized as follows. In Section 2 we collect our standing
hypotheses and formulate the main results. Section 3 contains reference ma-
terial which will be used in the proof of the main theorems. These proofs
occupy Sections 4-7. In Section 8 we give an example illustrating the impor-
tance of some of the hypotheses. Finally, in Section 9 we state our results in
a more general setting of equation (1.2) and indicate the necessary modifica-
tions of the proofs.

2 Main results

2.1 Standing hypotheses and some terminology

Throughout the paper we assume that either conditions (A) and (H1) below
hold simultaneously or that (A) and (H2) hold. We will specify which of these
assumptions are imposed, but as we shall later show, they are equivalent.

(A) There are positive constants dy and pg such that ||a|| e @y xr) < do and
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a(z,t) <0 for almost all (z,t) € RY x R with |z| > po.
To state the next assumption consider the following problem

w = Au+a(x,t)u in  Bg X (sg,00), (2.1)
u=20 on 0Bgr X (sg,00), ‘

where sy € R, R > 0, and Bp, stands for the ball in RY centered at the origin
with radius R.

(H1) There exist positive constants Cy, €y, Ry with the following property.
For each sy € R, problem (2.1) with R = R, has a positive solution u
with initial value u(-, sg) € L>(Bg,) such that

U+, t)||Loo
1€y OlleBry) o o oo (t> 5> s). (2:2)
s )| (Br, )

We remark that it can be proved that (H1) holds for all large Ry if it
holds for some Ry, see Lemma 4.1.

(H2) There exist positive constants Co, € with the following property. For
each sy € R there exists a (possibly sign-changing) solution ¢ of (1.1)
on J = (sg,00) such that ¢(-,t) € L>°(RY) for t > sy and

o, Lo ®myy _ & = (oo
> Coe® =9 (£t > 5> 5). (2.3)
H¢(’>S)HL°°(RN) ° ’

Hypotheses (H1) and (H2) are the “instability” conditions mentioned in
the introduction; (H2) is formulated in terms of (1.1) and (H1) in terms
of the approximation of (1.1) by the Dirichlet problem on a large ball. In
Theorem 2.4 we will show that (H1) and (H2) are equivalent.

To simplify the exposition we will adopt the following terminology. The
statement “the constant C' depends on the given quantities” means that C'
is determined by (some of) the constants appearing in the conditions (A),
(H1), and (H2) above. More specifically, if we assume that (A) and (H1)
hold then C' may depend (at most) on N, dy, po, Co, €0, Ry and if we assume
that (A) and (H2) holds then C' may depend on N, dq, po, Co, &.

We will frequently make use of the adjoint problem to (1.1)

—vy=Av+a(z,thv in RY x J (2.4)



and the adjoint problem to (2.1) (with sy = —o0)

—v; = Av+a(x,t)v in B xR,

2.5
v=20 on 0B xR. (2:5)

Replacing ¢t with —¢ in (2.4) we obtain a new equation of the same form as
(1.1). We will see below that if conditions (A) and (H1) (or (A) and (H2))
are satisfied for (1.1) then the same is true for this new equation. Thus any
result which is stated for equation (1.1) (or (2.1)) can be reformulated to
apply to (2.4) (or (2.5)) by replacing ¢t with —¢. We will use this observation
in the sequel, often without notice.

2.2 Statement of the main results

We call a solution of (1.1) (and similarly for other equations in this paper)
an entire solution if it is a solution on J = R. The first result establishes the
existence of “well behaved” positive entire solutions of (1.1) and (2.4).

Theorem 2.1. Assume (A) and (H1). Then there exist positive entire solu-
tions o, ¥ of (1.1) and (2.4), respectively, such that for all (x,t) € RY x R

o (s )] ooy (- )] oo )

and for allt > s
(-, )| Loo ) > 609 and [ (, )| oo ) < eyeeo =),
[1o(+ 8)]| oo (mvy 19 (- 8)|] oo mv)

Here, € is as in (H1) and ¢y, ¢z, c3 are positive constants depending only on
the given quantities.

(2.7)

Our main result is the following theorem on exponential separation and
principal Floquet bundles. We denote by u(-,t; s,up) € L>®(RY) the solution
of (1.1) with the initial condition u(,s) = ug € L>®(RN).

Theorem 2.2. Assume (A) and (H1). Let @, ¢ be as in Theorem 2.1 and
let

X'(t) = span{p(- 1)},
X%(t) :={ve L®RY): /RN Y(z, t)v(x) =0} (t € R).

Then the following statements hold true.
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(i) X'(t) and X*(t) are closed subspaces of L*(RYN). They are invariant
under (1.1) in the following sense: if i € {1,2}, ug € X'(s), then
u(-,t;s,u0) € Xi(t) (t > s). Moreover, X*(t), X?(t) are complemen-
tary subspaces of L>=(RN):

L¥RY) = X' (t) @ X2(t) (teR). (2.8)

(i) There are constants C,y > 0 depending only on the given quantities
such that for any ug € X*(s) one has

Hu('at357u0)||L°°(RN) < et HuoHLoc(RN)
o (5 )] oo @y [10(-, )] Lo (g

(t>s). (29)

We refer to the collection of the one-dimensional spaces X!(t), t € R,
as the principal Floquet bundle of (1.1) and to X%(t), t € R, as its comple-
mentary Floquet bundle. Property (ii) is an exponential separation between
these two bundles, C' and v are referred to as the constant and exponent of
the separation. As discussed in the introduction, the existence of the Flo-
quet bundles with exponential separation extends in a natural way properties
of the principal eigenvalue of time-independent (or time-periodic) parabolic
problems. The positive entire solution ¢ serves as an analogue of the princi-
pal eigenfunction. It is worth mentioning that its exponential spatial decay is
related to the exponential decay of eigenfunctions corresponding to isolated
finite-multiplicity eigenvalues of elliptic operators (cp. [1, 2, 34]).

Remark 2.3. In statement (ii), the L>-norms can be replaced by L*norms.
More precisely, the following statement holds true. There are constants
C,5% > 0 depending only on the given quantities such that for any uy €
X2(s) N L*(RY) one has

||U0| |L2(RN)
(-, 3)||L2(RN)

[luC, t: s, uo)l[2@y) _ G o (t=9)
1o (-, Ol 2@y

(t>s). (2.10)

We include the proof of this fact at the end of Section 5. Since L?*(R™) N
L®(RY) is dense in L*(RY), one can replace L>®(RY) by L*(RY) in the

formulation of Theorem 2.2.

Note that by Theorem 2.1 the conditions (A) and (H1) imply that (H2)
is satisfied with Cy = ¢y and €y = ¢y. Our next result shows that in fact the
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conditions (H1) and (H2) are equivalent (assuming (A)). To state it let us
recall that it has been proved in [16] that for any R > 0 there exists a unique
positive entire solution ¢p of (2.1) such that ||¢r(-,0)||r~By = 1.

Theorem 2.4. Assume (A) and (H2). Then (H1) holds. More precisely,
assume that for some sy € R there exists a solution ¢ of (1.1) satisfying
(2.3). Then for each ¢y < €& there exist Ry and Cy such that

)| o
||S0R0( )HL (BRO) Z CO 660 (t—s) (t Z S Z SO)' (211)
||90R0(',3>||L°°(BR0)

The constants Ry and Cy depend gnly on €y — €y and the given quantities
(which in this case are N, dy, po, Co, €0). Consequently, hypothesis (H1) in
Theorems 2.1 and 2.2 can be replaced by (H2).

It is natural to ask whether the positive entire solution given by The-
orem 2.1 is a unique positive entire solution, up to scalar multiples. The
following result gives the uniqueness in a class of localized solutions. This
is hardly an optimal result, although restricting the class of admissible solu-
tions is probably necessary for the uniqueness. Similar uniqueness problems
for bounded domains have been addressed in several papers, see for example
(11, 13, 14, 16, 23, 24, 29]. A different result for nonautonomous equations
on time-dependent domains can be found in [28].

Proposition 2.5. Assume that (A) and (H1) or (A) and (H2) hold. Let ¢
be as in Theorem 2.1 and let ¢ be a positive entire solution of (1.1) such that

(-, t) € L®(RYN) for all t and for some positive constants R, k one has

190, Dlle@ny < EIGC,E)llLesr) (¢ € R). (2.12)

Then there exists a constant ¢ > 0 such that ¢ = qo on RN x R. An
analogous conclusion holds for positive entire solutions of (2.4).

Theorem 2.4 can be interpreted as a robustness of the instability condi-
tion when R¥ is replaced by a large ball. There are many other robustness
results that one can address in connection with exponential separations, see
[16] for an account of such results for bounded Lipschitz domains. Many of
these results can be carried over to the problem on RY using the methods of
the present paper. To keep the length of the paper within reasonable limits,
we only prove one of the most basic results, the robustness of the instability
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condition (and hence the existence of the principal Floquet bundle and ex-
ponential separation) for equations with a perturbed coefficient a. We thus
consider the problem

uy = Au+a(z,t)u  in RY x J, (2.13)
with @ € L®(RN x R).

Theorem 2.6. Assume (A) and (H2). Then (H2) also holds for (2.13)
provided ||a—a|| Lo mn xr) 15 sufficiently small. More precisely, for each e < &
there exist positive constants 0, ¢s, ¢4 depending only on N, dy, po, Co, € and
€0 — € such that if a € L°(RY x R) and ||a — a||p~@vxgr) < 0 then equation
(2.13) has a positive entire solution ¢ satisfying

@(z,t)
(5 )] oo vy
1B( )] oo mvy
1B(+, 8)[| oo )

<ége Vel (z eRY, teR) (2.14)

> ée79) (—oo < s <t < o00). (2.15)

Remark 2.7. (i) If € is close to & and ¢ is chosen small enough, specifi-
cally, if § < €,/2 < ¢, then (2.15) and Theorem 2.4 imply the existence
of an exponential separation for (2.13) with constant C and exponent ¥
depending only on the indicated quantities. Indeed, to apply Theorem
2.4, one first uses the transformation u — e %w. This produces the
coefficient @ — §, which is negative outside B,, (by (A) and the condi-
tion ||a — al| Lo (rr xr) < 0) and the transformed positive entire solution
©(-,t)e™® still has an exponential growth.

(ii) Once (H2) holds for some exponent €, > 0, so that an entire positive
solution ¢ is given by Theorems 2.4 and 2.2, the maximal exponential
growth in (H2) is achieved by taking ¢ = ¢. In particular, we can
choose €, arbitrarily close to (but smaller than) the exponent

| -t o —1 . .
o) o= liming P IECDle@y = 1oC, 5) ey

t—s—00 t—s

. (2.16)

usually referred to as the lower singular exponent (or sometimes, the
lower Lyapunov exponent) of .



3 Preliminary results

In this section we collect results that will be used frequently throughout the
paper. First, we state the interior Harnack inequality ([3, 27]).

Theorem 3.1. Given a domain Q C RY, let v be a nonnegative solution of
ur = Au+a(x, t)u on Qx (0,00). Assume that0 < 6 <T,d >0, and D is a
bounded subdomain of ) such that dist(D,d2) > d. Then there is a positive
constant C' depending only on 6, T, D, d and the given quantities such that

sup v(z,s) < C inf v(z,t) (3.1)
z€D xeD

for each t,s € R such that s > 6% and T >t — s > §°.

The next result is a generalization of the previous theorem; it has been
proved in a more general form for supersolutions of second order linear
parabolic equations in [30, Lemma 3.5]. Here, we state it in a simplified
form tailored to our needs. In the following text we denote by f* (f7) the
positive (negative) part of a real valued function f.

Theorem 3.2. Given R > 0, 7 < 11 < T» < 73 < T4, there is a positive
constant k determined only by R, 71 — T, To — T1, T3 — To, T4 — T3, and the
given quantities such that the following holds. Let u € C(Bgry1 X [1,00)) be
a solution of uy = Au+ a(x,t)u on Bryy X (1,00), T € R. Then

do(14—T) [|u™| |Loo(BR+1 X(7,74))s

((.T,t) € BR X (T3,7'4)). (32)

u(x,t) > “||U+HL"°(BRX(T1J2)) —€

Consider now the following initial value problem

u = Au+a(z,t)u  in RY x (0,00),

u(z,0) = ug(x) r € RY, (3:3)

with ug € L°(RY). The unique solution u(-,t) € L>®(RY) of (3.3) has the
integral representation

(1) = /R P 0wy (0 €RY X (0,00),  (34)
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where I'(x, t;y, s) is the weak Green’s function [3]. We refer to [3, Theorem
10] for basic properties of I'(+,+;+,-). In particular, a simple comparison ar-
gument with the heat kernel shows that for any ¢t > s, s € R, it satisfies the
following inequality

0 < D(a,tiy,s) < €0 (dr(t—s)) N2 ((2y) € RYxRY),
(3.5)
where dj is as in (A). As a consequence we obtain the following lemma.

Lemma 3.3. Let u be a solution of (3.3) with ug € L*®(RY) such that
ug(z) = 0 for |z — 0| < o, where xy € RN and o > 0 are fived. Then for
any t > 0 we have

c(N) tN/2 gdot

[u(xo,t)| < N |[uo|| oo vy, (3.6)

g

where ¢(N) depends only on N.

Proof. First an elementary computation for 5 > 0 shows that
| etric<amp (37)
1€1>6

where ¢(NN) > 0 depends only on V.
Suppose t > 0. Using (3.4), (3.5), and our assumption on uy we obtain

O A e [ P
|€—z0|>0

Substituting n = (& — x¢) /v/4t in the integral above and using (3.7), we
conclude

C(N)2N ¢N/2 et
o, ] < L2 ey,
which implies (3.6) with ¢(N) = &(N)2N /xN/2, O

The following result is an immediate consequence of the standard maxi-
mum principle ([18]).

Proposition 3.4. Let u be a solution of (3.3) with ug € L>®(RY). Then
()L @ny < e® [Juol| ey (£ > 0). (3.8)

Replacing RN by Bg, the same estimate holds for solutions of the initial value
problem associated with (2.1).
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As in this proposition, we often shorten the notation and suppress the
argument z of solutions; thus we write u(t) or u(-,t) with the same meaning.
Next, we state another version of the maximum principle.

Lemma 3.5. Suppose (A) holds. Let u be a solution of (3.3) with uy €
L®(RY) N C(RYN). Then for all t > 0 we have

sup u(z,s) < max{ sup wug(z); sup u(z,s)} (3.9)
|z|=po ||=po |z|=po
s€[0,¢] s€[0,t]

Proof. Denote the right hand side in (3.9) by M. Then the condition (A)
guarantees that w — M is a bounded (continuous up to the boundary) sub-
solution of (1.1) on (RV\ B,,) x (0,t), which is nonpositive on the parabolic
boundary of that set. If the solution u were classical then [18, Theorem 8.1.4]
would guarantee that v < M on (RY \ B,) x (0,t). Even though u may
not be classical, since we only assume that a is bounded, due to the more
general version of the maximum principle for strong solutions [20, Theorem
7.1], the proof of [18, Theorem 8.1.4] also works in our more general setting.
Therefore u < M on (RV \ B,,) x (0,t), as claimed. O

For future use we formulate here the following corollary which readily fol-
lows from Lemma 3.5 and a continuity argument. Note that in this corollary
we only assume uy € L>®°(RY) but of course u(-,t) € L>®°(RY) N C(RY) for
all positive times.

Corollary 3.6. Let u be the solution of (3.3) with ug € L>®°(RY) and uy > 0.
Assume that [|[u(-,t)|| @y > b > ||uo||poo@ny for some b,t > 0. Then there
exists to € (0,t] such that [|u(-,to)|[e@n) = [[u(:;t0)||L=(B,,) > b.

Remark 3.7. (i) Obviously, there is nothing special about the interval
(0,00) in the above results. These results hold in the same way on any
interval (s,o00) with s € R.

(ii) Lemma 3.5 and and Corollary 3.6 apply equally well to solutions of the
initial value problem associated with (2.1).

4 Proof of Theorem 2.1

Throughout the section we assume that hypotheses (A) and (H1) are satis-
fied. We first collect some known properties of positive entire solutions of the
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homogeneous Dirichlet problem on bounded domains. For R > pg + Ry + 1
(po as in (A) and Ry as in (H1)) consider the problems

uy = Au+a(x,t)u in B xR,

4.1
u=">0 on 0B xR, (4.1)

and
—vy = Av+a(x,t)v in Br xR,

4.2
v=20 on O0Bp xR. (4.2)

It is proved in [16] that there are unique positive entire solutions ¢gr, ¥g of

(4.1) and (4.2), respectively, with [|@r(-,0)||r~Br) = [|¥r(-,0)||eBr) = 1.
Moreover, by [16, Lemma 3.9] one has

ler( Ol < C(R) inf gr(z,t) (tER), (4.3)

where C'(R) > 0 depends only on R and the given quantities, and the same
estimate holds for ¢ g.

We want to prove the existence of entire solutions of (1.1) and (2.4) by
taking the limits of pr and ¢ g as R — co. We prepare the limiting procedure
by a sequence of lemmas in which we prove that ¢g and ¥g have properties
similar to those stated in Theorem 2.1 for ¢ and .

We start by proving that the growth of u in (2.2) forces a similar growth
of pg for all R > pg+ Ry + 1 (independently of R).

Lemma 4.1. There is a positive constant cg depending only on the given
quantities such that for all R > pg+ Rg+ 1 one has

.’t o
[Pr( Olliewn) ot (t>s), (4.4)
[lor(s )l L= (Br)

where € is as in (H1).

Proof. We first prove that estimate (4.4) holds with ¢y replaced with some
1. Take the solution u as in (H1). We will repeatedly use a comparison
between (multiples of) v and ¢g, with R > Ry. This is legitimate (on Bpg,)
as they solve the same equation and ¢ > 0 = u on 0Bg,.

Fix € R. By (4.3) we have

C(R) og(x,t) u(z, ) )
Tont-Dllimm = = Dl o 49
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This implies, by comparison and (2.2), that for 7 = (1/¢y) In(2C(R)/Cy) we
have
C(R) |ler(- T+ Tr) || Lo (BR) S (-, T+ TR)HLOO(BRO

)
! > _ > Cpe™ = 20(R).
R, )L (Br) |, ) Lo (Bg,)

(4.6)
Hence [[pr(+,t + Tr)||1o(Br) = 2[|¢R( E)|[L(By). By Corollary 3.6 (cf. Re-
mark 3.7(ii)), there exists ¢y € (¢,t + 7] such that

ler( to)llz=(Ba) = l9r( to)llze(B,y) = 21l0R( D)l (B2)-

The Harnack inequality (3.1) then implies

lor (s to)llee(Br) = llR(s o) ||z (B,,) < C(Po)xégi or(r,to+1), (4.7)
0

where C(pg) > 1 is independent of R. By Proposition 3.4, we also have
ler(- to+ )| (Br) < €™ ||@r(:,to)||Lo(y)- Combining this fact with (4.7),
we obtain .
ller(-to + 1|z < C inf gz, to+ 1),
ZEGBRO

where C = C(po) e is independent of R. Thus (4.5) holds with C(R) re-
placed by C and £ replaced by to+1. We now take 7 = (1/eg) In(2C(po)C/Cy)
(with C'(po) as in (4.7)) and obtain, estimating as in (4.6), that

lpr (- to + 1+ 7)1 (8r) 2 2C(po)ll@r (- o + Dl (B5).

Arguing as above, we consequently establish the existence of ¢; € (to+ 1,1t +
1+ 7] such that [|¢r(- t1)l[LeBr) = [l€r(s t1)llL=(8,,) and

[lor(- 1) zoe(Br) = 2C (po) [|0r (s to + 1)||Loo(Br) = 2[l9R(; t0)|| Lo (BR),

where we used (4.7) in the last inequality. We can repeat this process (from
now on 7 stays fixed) indefinitely to find a sequence {¢;}3°, with the fol-
lowing properties. For each ¢ > 0, we have t;1; € (t;, + 1,t; + 1 + 7|,
lpr (- i)l oo Br) = [l0R (- i)l Loe(B,,) and

lor (s tiva)ll=(Br) = 2llor(ti)|l Lo (Br)- (4.8)
By the maximum principle (Proposition 3.4), we also have
ler( Ol Br) = TR tivr)llLoo(Br) (¢ € [ti; tita])-
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This and (4.8) imply that estimate (4.4) holds for any t > s > t; and
some positive constant c¢g and some exponent €; € (0, €] replacing 5. The
constants cg and €; depend only on the given quantities. Since t, € (f,f+7g],
the estimate holds for any t > s > t+7g and, since there was no restriction
on t, it holds for any ¢ > s.

We still need to show that (4.4) holds with the specific exponent ¢, (and
a possibly larger c¢g). We first claim that inequality (4.5) still holds for each
t if the constant C'(R) is replaced by some constant ¢;' > 0 depending only
on the given quantities. If this is true then we are done, for replacing in (4.6)
t by s and 75 by t — s we get (4.4) with cg = ¢; Cy. Let us now prove the
claim. Using (4.4) (with €y replaced by ¢;) we find 7, determined by ¢g and
€1 such that

lor(t+ T)lle(Br) > [ler( )llr>ma  (EER). (4.9)

We then use similar arguments as at the beginning of the proof. By Corol-
lary 3.6 (cf. Remark 3.7(ii)), (4.9) implies that for each £ € R there exists
s € [t,t 4 7] such that ||og(-, s)||e(Bz) = ll¢r(, 5)||L=(B,,)- Then, by the
Harnack inequality and Proposition 3.4, we have for t = + 27 and z € Bp,

vr(r,t) = allor( )|,y = aller(, )llixsr) = crllor( e Br),

where ¢, and c; are positive constants determined by the given quantities.
Since t is arbitrary, this implies the desired estimate. The proof of the lemma
is now complete. O

For future use, we display here the following property established in the
proof of Lemma 4.1.

Corollary 4.2. There exists c; > 0 depending only on the given quantities
such that for all R > py+ Ry + 1

inszBRO PR (fﬂ, t)

[lpr (s )L Br)

>c¢ (teR). (4.10)

Let us remark that by [16, Lemma 3.9 and (7.2)]

¢s' < 1@porrot (3|8, 4 mp s ) 1Yo+ Rot1 (5 O LB s ) < € (t(i R)),
A1
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where cg > 0 depends only on the given quantities. Obviously, inequalities
(4.11) and (4.4) (with R = pg + Ry + 1) imply

||77Z)po+Ro+1 (" t) | |L°°(Bp0+R0+1)

<cegle =) (t>5). (4.12)

’ ’wpo-‘rRo-i-l ('7 S) ’ |L°O(BPO+RO+1)

In view of (4.12), the above arguments adapted to the adjoint problem (4.2)
give the following lemma.

Lemma 4.3. There exists a positive constant cg such that for all R > pg +
Ry + 2 the following inequality holds

1R (, )|l Lo (Br) < g0 (t-9)
HwR(‘,S)HLw(BR)

where €y is as in (H1) and ¢y depends only on the given quantities. Moreover,
estimate (4.10) also holds with pg replaced by Vg.

(t>s), (4.13)

Estimates (4.4) and (4.13) will enable us to prove (2.7) for a suitable
limit ¢ of pr. We now prove a spatial exponential decay estimate for g
(¢ r) which will enable us to prove (2.6).

Lemma 4.4. For any R > py + Ry + 2 the following inequality is satisfied

t
Pr(T,t) (V@ [es)eValel  ((z.4) € Br xR),  (4.14)
[lpr (s D)l|oe55)

where cg and €y are as in Lemma 4.1. The same estimate holds if pr is
replaced by Y and cg is replaced by cgl, with cg as in Lemma 4.35.

Proof. Replacing pg(x,t) by e “*pg(x,t) (which does not affect (4.14)), we
can assume for a while that a(x,t) < —¢y < 0 for (z,t) € RY x R with
|z| > po. Given any ty < t we define

Cr(x,s) = ge =) 4 g = Veollel=po) (x € RY, s e [to, t]), (4.15)

where ¢ = (1/c6)||¢r(-,t)||L(Br) and cg is as in Lemma 4.1. It is a routine
calculation (similar to that in [31, Proof of Lemma 2.4]) to verify that for each
to < t the function (g is a supersolution of (4.1) on the set @ = {(x,s) €
(Br \ B,,) X (to,t)} dominating g on the parabolic boundary of ). By
the maximum principle, (g then dominates g on all of (), in particular,
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Cr(z,t) > @r(x,t) for all 2 € B\ B,,. Sending ¢, — —oo we obtain
or(r,t) < gevealal=r0) for all ¥ € Br \ B,,. By the definition of ¢ and
since ¢g < 1 (take t = s in (4.4)), the same estimate is trivially satisfied for

x € B,,. This proves the lemma. ]
We are now ready for the proof of Theorem 2.1.

Proof of Theorem 2.1. Let R, — 0o as n — oo and let ¢r  be the unique
positive entire solution of (4.1) with R = R, satisfying ||¢og, (-, 0)||z~(Bg,) =
1. Corollary 4.2, Harnack inequality, and the maximum principle imply that
for some ¢ > 0 we have ||¢g, (-, t)|| 125, ) < celf forallt € Rand all n € N.
More specifically, for ¢ > 0 this is a direct consequence of Proposition 3.4.
To prove it for ¢ < 0, one combines the maximum principle with (3.1) and
(4.10). We next use a standard limiting argument (see [3], for example) to
find a limit of pr,_ in Ci.(RY xR). Tt goes as follows. The bound on pg, just
established and parabolic interior estimates imply that on any fixed compact
subset K of RY x R the functions pp, with n sufficiently large are Holder
continuous and have a Holder norm bounded by a constant independent of
n. Consequently, passing to a subsequence if necessary, g, (+,-) converges
locally uniformly in RY x R to a nonnegative solution ¢ of (1.1). Corollary
4.2 and the normalization assumption on ¢g imply that ¢ is nontrivial and
hence (by Harnack inequality) positive on RY x R. Moreover, Lemma 4.4
shows that the convergence of pg, (+,+) to ¢ is uniform on RY x [—¢,¢] for all
t > 0. Using this fact, Lemma 4.4, and Lemma 4.1, one immediately obtains
(2.6) and (2.7) for ¢. The same arguments apply equally well to ¥g, and
we establish the existence of a positive entire solution ¢ of (2.4) with the
properties as stated in Theorem 2.1. The proof is thus complete. O]

5 Proof of Theorem 2.2

Let ¢ and ¢ be as in Theorem 2.1. The proof of statement (i) uses the
following identity for solutions of (1.1) and its adjoint equation (2.4).

Lemma 5.1. Let a < b. Let u be a solution of (1.1) on RY x (a,00) with
u(-,a) € L¥(RN) and let v be a solution of (2.4) on RY x (—o0,b) with
v(-,b) € L¥(RY). Then
(e £), (e 1) ;:/ o ) ol £ do = const. (€ [a ),  (5.1)
RN
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provided one of the functions u(-,t), v(-,t) is in L*(RYN) for each t € [a,b].

Proof. Suppose, for example, that v(-,t) is in L'(RY) for each t € [a,b].
Using (3.4), the Fubini theorem, and [3, Theorem 10|, we can compute for
any t € (a,b]

/RN u(z,t)v(x,t)de = /RN /RN C(z,t; ¢ a)u(, a)v(x, t) dédr

_ /RN w(é, ) (/RN Tz, t:€,a) v(, 1) dx) de
- [ uecade

completing the proof. m

Proof of Theorem 2.2(i). The fact that X(t), 1 = 1,2, are closed subspaces
of L®(RY) is clear. The invariance of X?(t), t € R, as stated in (i), follows
from (5.1). The invariance of X'(¢), t € R, is obvious. Since 1(t) > 0,
the space X?(t) contains no (nontrivial) nonnegative function. On the other
hand, X*(¢) is spanned by a positive function, hence X'(¢t) N X?%(t) = {0}
(t € R). This in conjunction with a dimension-codimension count yields
(2.8). O

The next result follows from Lemma 5.1 and the maximum principle. The
details of the proof are the same as for bounded domains [14, 29] and are
therefore omitted.

Lemma 5.2. Let u be a solution of (3.3) with ug € L®(RY) such that
(uo,(0)) = 0. Then &(t) := (Ju(t)|,¥(t)) is a nonincreasing function on
0, 00).

The proof of statement (ii) of Theorem 2.2 was inspired by some ideas of
[12]. We feel that it may be helpful for the reader if we first give a heuristic
outline. Let u be as in Theorem 2.2(ii). Define

§(t) == (lu(®)], ¥ (1)),

where t > s. Lemma 5.2 states that the function £(¢) is nonincreasing. It has
been proved in [29], where equations on smooth bounded domains  C RY
are considered, that the corresponding function is in fact exponentially de-
creasing (uniformly for all u). It was also shown in [29], that this exponential
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decay can be used for the proof of an exponential separation estimate. In
the case of O = RY, £ may fail to be exponentially decreasing (uniformly
in u), however, it is still useful in our analysis. To establish estimate (2.9)
we use the following strategy. For a specified unit of time, 75, we analyze
the relative decrease of u with respect to ¢ during that time. More pre-
cisely, if |[u(t+ 70) | < vy /| [1(8) | ey < |98+ 70) | poe vy /1[0 (8) ]| oy
then we simply move on from ¢ to ¢t + 79. If, on the other hand, ||u(t +
7o)l ey ) ey = 1ot + 70) ey /o (8| ey, that s, if
does not drop “too much” compared to ¢, then Lemma 5.4 below guarantees
that {(t479)/&(t) < 1—e for some fixed € > 0 and Lemma 5.5 guarantees that
in that case {(t) ~ ||u(t)||poo®mn)/||©(t)]|Loo(mr). This “trade off” between the
relative decay of u with respect to ¢ and the decay of ¢ is sufficient for the
exponential separation estimate.
We start with some useful estimates on the functions ¢ and ).

Lemma 5.3. (i) There is a constant Cy depending only on the given quan-
tities such that

O < oo Dl w0 )llpe@n) <G (FER).  (5.2)

(i) For any r > 0 there is a positive constant Cy(r) depending only on r
and the given quantities such that

p(z,1) (1)

> Co (1), > Cy(r) (xz € By, t €R),
Tl lomem = 0 TG ey = 20 ( | )
5.3
Proof. We first prove (ii). By Proposition 3.4 and (2.7), we have
.7t o
Co' < Pl <C, (tselr,7+1], TeR), (5.4)

I, S)HLOO(RN)

where C, > 0 depends only on the given quantities. Referring to the Harnack
inequality (Theorem 3.1), we see that estimate (5.3) for ¢ is a consequence
of (5.4), (2.6). The arguments for ¢ are similar.

Now, by Lemma 5.1, (o(-,t),%(+,t)) = const. This in conjunction with
(5.3), and (2.6) readily imply (5.2). O

In the following text we denote by f, (f_) the positive (negative) part of

a real valued function f. For the remainder of this section we define C' and
To by

C=cel, cyeo™ =402 (5.5)
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where ¢y and €y are as in Theorem 2.1. Note that 75 depends only on the
given quantities and that inequalities (2.7), (3.8) (applied to ¢, with s = 0,
t =1) force 7o > 2.

Lemma 5.4. Let u be a solution of (3.3) with uy € L*®°(RY) such that
(uo,1(0)) = 0 (so that (u(t),1(t)) = 0 for all t > 0). With 79 and C
as in (5.5), suppose that ||u(7o)||pe@nyy > C? |[uo||p@n). Then there is a
positive constant p < 1 depending only on the given quantities such that if
(1) = (Ju(t)], (b)) then

&(70) < 1 €(0). (5.6)

Proof. Let uy, uy be the positive solutions of (3.3) with initial conditions
equal to upy and wug_, respectively. Note that by uniqueness of solutions of
(3.3) we have u = u; — us.

Our first goal is to prove the following claim. For all » > 1 sufficiently
large there exists cio(r) > 0, depending only on r and the given quantities,
such that

() < % <en(r)  (z€B,). (5.7)

First note that our assumptions and Proposition 3.4 imply that

C o = D=z 2 o) llzey > C2 luollieeny 2 O (V).

(5.8)
These inequalities and Corollary 3.6 imply the existence of ¢ty € (1,79 — 1]
such that [|u(to)||re@my) = |[u(to)l|z=s,,) = C|luo||p~@n). Without loss
of generality we shall assume ||u(to)|| oo @y = ||us (to)|| Lo my) (otherwise re-
place u by —u). These considerations and Proposition 3.4 imply the following
estimates

Cuol| Loy < J[u(to)l|ze(B,q) = llui(to) — ua(to)||z=(B,,)
< |uar (to)ll Lo (B,,) < ui(to)|| oo @y
< Cllugy || Lo @yy < C'luol| oo @y,

where C' > 0 depends only on the given quantities. It then follows from
Proposition 3.4 and the Harnack inequality (3.1) that

Cy(r) [uol Ly < wa(w, m0) < Ci(r) [Juol|p=@ry  (w € B;)  (5.9)
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for all » > pg and some Ci(r) > 0 depending only on r and the given
quantities.

We next prove a similar estimate for us. The assumption (ug,?(0)) = 0
and Lemma 5.1 imply

(ur (), (1)) = (us(t), (1)) = const (¢ > 0). (5.10)

Taking r = pg in (5.9), and combining the resulting inequality with (5.3), we
obtain

/RN U2(%1)¢(9€,1)dx:/ s (2, 1) (z, 1) da

RN

— [ wrlo m)oa, 7o) do 2 Co ol 10 o) sy
R

where Cj depends only on the given quantities. Now, by (5.2) and (5.4),
|[1(-, 70)|| Lo (mvy can be estimated below in terms of [[1)(-,1)|fe(®y), and
hence
N U2($, 1)¢(1’: 1) dr > Cs HUOHLOO(RN) H¢(7 1)HL°°(]RN)7
R

with C3 depending only on the given quantities. On the other hand, by
Proposition 3.4, [|ua(1)]|pee@ny < C'[|ug||®n) and we have the exponential
estimate (2.6) for ¢. Therefore, for some ry = r9(C5,C,¢1) > 0 (¢p is as in
(2.6)) we must have

/B ug(z, 1)p(z, 1) de > (C3/2) |[uol| Lo mmy |9 (- )] oo @ry-

70

Consequently, there is a point zy € B, such that us(zg,1) > Cylfug|| pee ()
with Cy = Cy(r9, C3). This inequality in conjunction with (3.1) and Proposi-
tion 3.4 imply (5.9) with u; replaced by uy. Obviously, inequality (5.9) used
for both u; and uy implies (5.7), finishing the proof of the claim.

Fix r = pp in the inequalities (5.7) and (5.9) above. An elementary
estimate using (5.7) gives

|ui(z, 70) — u2(z,70)| < (1 — 01_01(/?0))(“1(%70) + us(z, 70)) (x € By,).
(5.11)

21



Inequalities (5.9) (applied to both u; and wus), (5.3), and (2.6) imply that for
i=1,2

/ ui(, 7)Y (x,70) dr > Cs HUOHLOO(RN) |W(',To)||Loo(RN)
B

PO

> Cs /]RN wi(x, 70)Y(x, 79) dx (5.12)

for some positive constants Cs, (s depending only on the given quantities.
Using (5.11), (5.12), and Lemma 5.1 we obtain

£(10) = (Ju(o)], ¥ (70)) = (Jua(70) — u2(70)], ¥ (70))
- /B iy (70) — sz () [tb(r0) iz + / s (o) — wa(0) ob(r0) diz

RM\B,,
< (1 (o)) / (un(70) + wa(0) (o)

By,

oy ) ()

= [ ) + ualm)) () de = i) [ () + ua() )

By,

< (1 Coci(p0) / (un(10) + ua(0) (o)

RN

= (1 - 0601_01(00))/ (u1(0) 4 u2(0))3(0) dz = (1 — Ceg (p0))€(0).

RN

We thus get the desired claim with p = 1 — Cgepo (po), which clearly depends
only on the given quantities. O]

Lemma 5.5. Let u be a solution of (3.3) with uy € L*®°(RY) such that
(uo,1(0)) = 0. Then there exists 6o > 0 depending only on the given quanti-
ties such that the following implication holds (with &(t) = (|u(t)|,¥(t))):

. ||uo] | oo
if €(0) < 8o ED then [u(ro)|| ey < O ||uol|poeery- (5.13)
H@(O)HLOO(RN)

Here 19 and C' are the constants defined in (5.5).
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Proof. For r > 0 to be specified below we write

uo(x) = xr(@)up(x) + (1 — xr(2))uo(z) = uto(x) + uge(x),

where x, : RY — R is a smooth function such that 0 < y, < 1 and x,(z) = 1
for € B, and x,(x) = 0 if |z| > r+ 1. Let u;, i = 1,2, be the solution of
(3.3) with ug = w0 so that u = uy 4 ug. We first estimate ||uz(70)|| Lo (m)-
In that we can assume without loss of generality that uy > 0. Indeed, other-
wise, writing ugy = uggs — ugo_, we would estimate each of the nonnegative
solutions of (3.3) with the initial condition usgg; (ug0—). Define the set

M = {t € (0,70] : |[[ua(t)|[ oo @) = [[u2(t)||oo(B,,) }- (5.14)

If M is empty then by Corollary 3.6

[z (70) | oo @y < [Juzol| oo @ry < [|uol] oo @y
If, on the other hand, M is nonempty, then by Proposition 3.4 and Lemma

3.3 we have the following estimates for any t, € M

|[uz(70) || oo vy < CT7% [Jug(to)][ Loy = O™ [Jua(to) || os ()
< C™ eN) (t0)M? /(= po)™ |luol | oe ev)-
Choosing r = ry > 1 sufficiently large (independently of wug) we obtain

|12 (70) || Loe () < [|tto] oo (rvy in this case as well.
Let us now estimate u1(79). By (3.4) we have for any z € RY

s (@, 70)] < / P(2, 7019,0) [uno(y)] dy (5.15)
RN
edoo —lz—y|? p
< L . 5.16
N /Br0+1 (47T7'0>N/2 € ’ |u0(y)| Y ( )

It is clear to see that there exists 1 > 1 depending only on N, dy, 79, ro, and C'
such that if € RN\ B,, then (5.16) implies |uy(x, 79)| < (C*—1) ||ug|| o &)

We finally need to estimate |uq(z,79)| for x € B,,. For that we let Cy =
Cs(r) be as in (5.3) with » = ry 4+ 1. Using successively (5.16), (5.3), (5.2),

23



and the assumption on £(0), we obtain for any = € B,,

s (2, 70)| < C /

Br0+1

)y < CsC’ [ fuly) w0

Brg+1 ’lw(a())HLOO(RN)
< 0303 Cy [l 0) e / o)) (3, 0) dy
RN
= 0305 Cy |-, 0) | e ) £(0)
< C3Cy Cy 6o [uo|| ooy,

where C3 > 0 is independent of uy. Choosing &y = Cy(C? — 1)/(C5Cy) we
obtain |u(z,79)| < (C? — 1)||uo||f=®~). Combining the above results we
have proved that with dy chosen as above we have

|[w(70)]| ooy < [Jr (70)]| oo @y + |2 (70) || oo @y < C[Juo]| oo ®ny,
finishing the proof of Lemma 5.5. O

With the above preparation we can complete the proof of Theorem 2.2
using similar arguments as in [12, Proof of Theorem 4.2].

Proof of Theorem 2.2(ii). The symbols 75, C' have the same meanings as
above, see the paragraph preceding Lemma 5.4, and J is as in Lemma 5.5.
Let t > s be arbitrary and let u(t) = u(-,t, s, ug) with ug € Xo(s). Define

Ty for all r € [, ]} (5.17)

o (r)] \Loo(RN)

or set t; = t if this set is empty. Note that the definition of ¢; implies that
we either have

ty =inf {7 € [s,t] : £(r) < o

[u(t1)]| oo (my
o (t1)[| oo mv)y

or (t1) < 0o [|u(t1)]|pee@ny/]|@(t1)]| ooy and then t; = 5. Also, using (2.6)
and (5.2), we get

(1) > do (5.18)

||U(3)HL°<>(RN)

() = (jus)), w(5)) < Callulo)llzn 105) e < Gy Zerr =

(5.19)
We next prove the estimate
|[u(t)|[L=@y) < o9 HU(S)HLOO(RN)7 (5.20)
ot oo mm) ||o(8)] oo @y
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where C' > 0, 7 € (0,1) depend only on the given quantities. If ¢t; — s < 70,
then such an estimate readily follows from Proposition 3.4 and (2.7); in fact

[[w(t1)]] oo vy
[ (t1) ]| Loo (mY

Hulo)ll=@n

<Oy
HSO(S)HLOO(RN)

(5.21)

for some C3 > 0 depending only on the given quantities.

Next assume t; — s > 7. Set £ := [(t; — s)/7] (the integer part of
(t1 —s)/m) and 7; = t; — k19 + j70, 7 = 0,..., k. Lemma 5.4 implies that
for each j = 0,...,x — 1 we have the following two (mutually exclusive)
possibilities:

(a) [u(F)llpe@yy < C%|[w(T)|] Loy,
(b) (1)l ey > C* [[u(7;)]| e vy and then &(7j41) < p (7).

Suppose that (a) occurs exactly [ times (hence (b) occurs kK — [ times). We
distinguish two scenarios:

(3) 1= k(1 =1In2/((r0 — 2) In C)),
() I <k(l—=In2/((1g —2)InC)).

Assume that (j) holds. Note that by the definition of C' and 7y (cf. (5.5)),
and by Proposition 3.4 and (2.7) we have

|[w(Tj1) || Loe@yy < C™ [|u(T5)[] Lo (Y, (5.22)

and
lo(Tja)l L@y > 4 C2 (7)) o ) (5.23)
Using (5.23), (5.22) k — [ times and (a) [ times we obtain

[[w(t1)|] Lo () < 4_HCTO(R_5)_2(,§_Z)||u(7~:0)||L°°(RN)
o)l Loy — |12 (T0)|| oo mV)
L [[u(s)lle@m

<Oz (5.24)
25 |[o(8)|| oo vy

(in the last estimate we used (5.21) with ¢; replaced by 7y and (j)).
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We now show that a similar estimate holds in the case (jj) as well. This
time we use (5.18), the nonincrease of £ (see Lemma 5.2), estimate on £ in
(b) (k — [ times), and (5.19), to derive

[[w(t)]] oo vy
[0 (t1)[| oo mvy

<8y E(t) < 6 et — ko)

< 661 (Iuan/((Tng)lnC))“ f(S)
[[uls)|] oo o)
[l ()] oo vy
where i = pn?/(0=2C) <1 Since k + 1 > (t; — s) /79, estimates (5.24),
(5.25) give (5.20) with 7 = max{21/70 jl/m}.

To conclude the proof, we now estimate |[u(?)||z0®ny/||0(@)|| 1o @y) With
t =t in terms of its value at ¢ = ;. The definition of #; in (5.17) and Lemma
5.5 imply that if we set 7, = t1 + j710, 7 = 0,...,[(t — t1)/70], we necessarily
have |[u(7j11)]|zo@yy < C?|[u(7))|| oo @ny for each such j. This situation
falls into the scenario (j) considered above and hence

[[u(t)]| L @y

) - e, (1>[(t—t1)/m] Hu<t1)HL°°(RN).
()| ey — o ()] oo )

2
Combining estimates (5.20) and (5.26), we conclude that for some con-
stants C7 > 0, v € (0,1) depending only on the given quantities we have

<05t CyLCy it (5.25)

Y

(5.26)

[w(®)]| Lo vy < Gy ) ||u(8>||L°°(RN)'

o]l poe@myy — [[o(8)]] oo vy
Taking v = —Inv, we obtain the desired inequality. This finishes the proof
of statement (ii). O

To conclude this section, we prove that the exponential separation esti-
mate holds with the L*®-norms replaced by L?-norms, as stated in Remark
2.3. We use the following result.

Lemma 5.6. Given any v > 0 there exists a constant Ky = Ko(po,v) with
the following property. Let u be a solution of (1.1) on an interval (t,ts]
having the initial value u(t;) € L2(RN)NL®(RYN) and satisfying the estimate

)l czqay > Follu(®)llzey (¢ € (11, 82]). (5.27)

Then
Ju() | 2@yy < € Ju(ty) || re@sy  (t € [t ta])- (5.28)
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Proof. Let K, :=|B,,|"/?, so that for any ¢ € (¢, t,]

oo
[w(®)l|L2(B,,) < Killu()|z=s,,)-

We claim that the conclusion of the lemma holds with Ky = Ko(pg, V) chosen
so large that

K3
K — K?
(dp is as in hypothesis (A)). To show this assume that (5.27) is satisfied. A
standard energy inequality for (1.1) and (A) give

—2v 4 2(dy — v) <0 (5.29)

d —2v
G ) <2 [ (alet) it do
RN
< —2y/ w?(x,t) dx + 2(dy — V)/ u?(z,t) dx.
RN\B,, By

(5.30)
Next, by (5.27) we have

/ u2(x,t)dx+/ u?(z,t) dx
RN\B,, By,
2

K,
= [u®Za@y) = Kilu®)llze@yy > T3 1u®i2s,,),
1

and hence )

O80Tl O e
Substituting this in (5.30) and using (5.29), we discover that e™*||u(t)|| L2

is nonincreasing in ¢, which gives (5.28). O

Proof of Remark 2.5. In this proof C7; — C}y denote positive constants de-
pending only on the given quantities (appearing in hypotheses (A) and (H1)).

By the Gaussian estimate on the Green’s function, see (3.5), we have the
following estimates on the solutions

(-, s+ 158, u0)|| Loy < Crlluol|L2@yy (s € R), (5.31)
(-, t; S,U,O>||L2(RN) < Crlluol|2myy (s+12>t> s) (5.32)

whenever vy € L*(RY). The estimates on ¢ given in Theorem 2.1 imply

ct < o (5 ] L2y
=l O] poe mmy

<05 (teR) (5.33)
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(the lower bound follows from (2.7) and (5.31)).

Estimates (5.32) and (5.33) readily imply that if ¢ € [s, s + 1], the L*°-
norms in (2.9) can be replaced by L%*mnorms, adjusting the constant C' if
necessary. It is therefore sufficient to consider the case t > s + 1.

By (5.33) and (2.7),

||¢(7t)"L2 RN) > C eeo(t S)

(-, 8)|| 22 (RN) (5.34)

Now, (2.9) (with s replaced by s+ 1 and ug replaced by u(-, s + 1;s,up)) in
conjunction with (5.31), (5.33) and (5.34), give

||u('7t; 57UO)||L°0(RN t—s) ||U0||L2(RN)
< Cipe”
||90('7t)||L2(]RN) ||90('7S)||L2(]RN)

(5.35)

for any t > s+ 1 and uy € X?(s) N L2(RY). There is one last L*°-norm
in (5.35) to be replaced by the L*mnorm. Let Kj be as in Lemma 5.6 with
v = €/2. Denoting u(t) = u(-, t; s, ug) for brevity, set

b= inf{o € [s+ 1,8« [[u(r) | pagen) > Kol[u(r)] e, for all 7 € [, ]}

if the set is nonempty; otherwise set ¢, := t. If t; > s+1 then [|u(t1)||2my) <
Ko||u(t1)|| o (rr), hence by (5.35),
w2 @) < KyChg e 11=9) ||uo | Lo ) .
() r2@m) [lo(s $)l 2y

(5.36)

If ¢, =t we just use this estimate. If t; € [s + 1,¢), we first combine (5.34)
with the estimate |[u(t)]|z2@y) < €72 [|u(ty)|| 2@y (which follows from
Lemma 5.6 and the choice v = €y/2), to obtain

[|u(®)]|z2 @) <ol 0 i Ut |2

. (5.37)
@ 2@yy ()]l Lo @y

Subsequently we estimate the right hand side of (5.37) using (5.36). In either,
case we get the desired estimate (2.10) with a suitable constant C' and with

5 = min{y, /2}. =
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6 Proof of Theorem 2.4

In the whole section we assume that (A) holds and that for some s, € R
there exists a solution ¢ of (1.1) satisfying (2.3). The constants Cy, & are as
in (2.3). We first show the following estimates on ¢ which are analogous to
estimates on the function ¢ proved above.

Lemma 6.1. The following statements hold true.

(i) There is a constant ¢; depending only on the given quantities such that

t ~ =
[9(x,1)] < oy(eBlms0) VAl (e RNt > 50).  (6.1)
D(, )| oo vy

(i) Given any T > 0 there is a constant co(7) > 0 depending only on T and
the given quantities such that

(02(7))—1 < ||¢(‘at)||Lo<>(RN)

- . 6.2
= 116G, )l e @m) <eo(r) (t,s>sp, t—s| <7). (6.2)

Proof. The proof of statement (i) is a straightforward modification of the
proof of Lemma 4.4 and is omitted. Statement (ii) follows readily from (2.3)
and Proposition 3.4. O

The proof of Theorem 2.4 is based on a series of lemmas below. The
first one states that if the positive part of ¢(-, 7) significantly dominates the
negative part of ¢(-,7) then ¢(-,t) becomes (and stays) positive in B, for
all t > 7 + 4.

Lemma 6.2. There exist Ty > 0, a > 1, c3 > 0 depending only on the given
quantities with the following property. If for some T > so + Ty one has

o* (-, )| Looryy = ]| (-, 7)| | Loo ey (6.3)
then
d(x,t) > c3|[o(,t)||pomry (2 € Byy, t > 7+ 4). (6.4)

Proof. Let us first fix Ty > 3 such that

cre @ < 1/4, Cyefolo=3do 5 1 (6.5)
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where ¢; is as in (6.1). Fix further R > pg + 1 such that ¢ e~ Val(R-1) < 1/4.
Obviously, Ty and R depend only on the given quantities and (6.1) implies
that

6.0 < (/2 60Dl im@e) (2] > R—1t>50+Tp).  (6.6)

We are going to use Theorem 3.2 with R as above, T asin (6.3), ; = 741,
1=1,2,3, and 7y =7+ 3+ Ty. We get

$(x,1) > K (|67 || Lo Brxrarr+2) — €T 07|10 By x(rrra+7)

(o] < R, t €[t + 3,7+ 3+ Tp)), (6.7)

where £ > 0 depends only on the given quantities and without loss of general-
ity we can assume x € (0,1]. By a comparison argument, u(z,t;7,¢~ (-, 7)) >
¢ (x,t), » € RN ¢ > 7. Then using the maximum principle we get

L I R JN | L CLI PSS
te[r,7+3+To]
< sup u( 5700 () @)
te[r,7+3+To]
< BB+T0) o™ (5 7) || oo mVy- (6.8)

As a consequence of (6.7) and (6.8),

(b('ra t) > K H¢+HL°O(BR><(T+1,T+2)) - €2d0(3+TO) H(bi(u T)HL‘X’(]RN)
(lz| < R, t€[t+ 3,7+ 3+ 1T1p)). (6.9)

We claim that the assertion of the lemma holds with
e2do(3+Th)

a=___ 6.10
e (6.10)

(note that a > 1 as x < 1 and Cy < 1). Using assumptions (2.3), (6.3) and
Proposition 3.4, we obtain for any s € [1,7 + 3 + Tp)

[o(+, 8)|| ooy = Co e G(, 7)|| oo mvy = Co |Gt ()| | poo vy
> Cpet) o 167 (-, 7) || oo mv)y

> Co e q e |67 (4, 8)|| ooy > |07 (-, 8)]] oo @),
(6.11)
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where we used the definition of « in the last inequality. Using (6.11), (6.6)
and (2.3), we obtain

F (-, 8)l|zoe(r) = 10T (-, 8)[|Loo @y = |-, 8)|| oo (rvy
> Co e |p(-, )|pe@yy (s €[r, 74+ 3+ Tp]). (6.12)
Plugging (6.12) with s = 7 + 1 into (6.9) and using (6.3), we obtain
(1) 2 K Co e |6+, 7) | oo (an) — (T /) |6 (-, )| poe )

=k Co(e® — 1) [&(-, T)|| ooy > 0
(lz] < R, te [t +3,7+3+Tp)]. (6.13)

Next, the positivity of ¢ in Bg x [T+3, 7+ 34 Tp] and the maximum principle
(Lemma 3.5 applied to —¢) give

167 (o7 4+ To)l|oemry < 107 (7 + 3)|[ Lo @m)- (6.14)

As above (see (6.8)), we also have

™ (7 + D ee@yy < ul 7+ 357,07 (7)) Loy
< |7 (-, 7)|| poe vy (6.15)

Now, taking s = 7 + Tp in (6.12) and using successively (6.3), (6.15), and
(6.14), we obtain

o™ (o 7+ To) [y = Co €™)|¢T (-, 7)|| 1oy
> Coe®™ allo™ (-, )| oo ()
> Cp T3 o ||p= (-, 7 + 3)|| oo (r)
> Cop e al|¢7 (7 + To)|lpeer).  (6.16)

Then our choice of Ty (see (6.5)) and (6.16) imply
167 (o7 + To)ll ey = |67 (7 + Do)l oo ). (6.17)

Repeating the above argument with « fixed as in (6.10) and with 7 re-
placed by 7+ Tj, we obtain inequalities (6.13) and (6.17) with 7 replaced by
T + Tp. Continuing in this way indefinitely, it is easy to conclude that

Gx,t) >0 (jo| SR, t€[r+3,00)). (6.18)
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We are ready to prove (6.4). Fix any ¢ € B,, and t > 7+4. By (6.18) and
(6.6) there exists xo € Br—1 such that ||¢(-,t —1/2)||pecmry) = ¢(z0,t —1/2).
By the Harnack inequality we then have

¢z, 1) 2 Cllo(,t = 1/2)||po@ny  (J2] < R =1),

where C' > 0 depends only on the given quantities. Finally, noting that
R —1 > py and using Lemma 6.1(ii), we obtain the claim. O

The further exposition will be simpler with the following result.

Lemma 6.3. There exist a C?-function 8 : [sg,00) — R and constants
cy >0, 05 > 0, > 0 depending only on the given quantities such that 655 >
B> 616> 0 on [sp,00) and

_1< ||¢(7 )HL (RN) §C4

“= TR

Proof. Let 7 > 0 be defined by Cpe®™ = 2, so that, by (H2) and Proposition
3.4,

(t > s0). (6.19)

o |B(-, 50 + (K + 1)7)|| Lo m)
— le(, 80+ E7)|| e @y

for any integer k& > 0. It is then easy to find a C?-function 7 such that
n(so + k1) = In||¢(-,s0 + k7)||pmn) for each k € Z and the slope of 7
is in the interval [In2/7,dy| everywhere. Then, obviously, 3 := e satisfies
0,8 > 3 > 014 > 0 with §; = In2/7 and 0 = dy. Note that 7 and hence 0;,
1 = 1,2, depend only on the given quantities. We claim that this function also
satisfies (6.19). Indeed, given any integer k > 0 and t € [so+kT, so+(k+1)7],
we use (6.2) and the monotonicity of 3 to obtain

> 2

(e2(m)) "l )l oo vy < (16, 50 + k7)o vy = B(so + k) < B(2)

and

B(t) < B(so+ (k+1)7)
=l s + (kb + D7)|[L=@y)y < 27|60, )| 0o ().

Since 7 is determined by Cy and &, ¢4 := ¢3(7) depends only on the given
quantities. Thus § has all the desired properties. O
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It will be convenient in the following to rescale the equation (1.1) by 3(¢),
where 3 is the function given by Lemma 6.3. Obviously, u is a solution of
(1.1) on (¢,00), t > so, if and only if @ defined by u(-, s) = u(-,s)/5(s), s > t,
is a solution of the following equation

w = Au + au, (6.20)
where
g'(t)
A(t)

Below we will use the fact that by (A) and the properties of 5 (see Lemma
6.3) one has

a(x,t) = a(z,t) —

(t > so). (6.21)

&(x,t) < -6, <0 (|$‘ > po, t > 80), Ha’HLOO(RNXR) < dy + 0. (622)
With T and « as in Lemma 6.2 define the following numbers

Tyt = inf{r > 5o+ Tb : [l6% (o) lieny = |6 (o Pl gy} (6:23)
T c=inf{r > s+ T : |07 (-, D)o@y = al|oT (-, 7)||poe@ry ), (6.24)
where we define the infimum to be oo if the set is empty. By Lemma 6.2,

replacing ¢ by —¢ if necessary, we may assume T, < T, = oo (so that the
set in (6.24) is empty) and we then have

1 < " (5 T)[| Lo )

a1 = o0 ey =L €t To00). (6:25)

The proof of Theorem 2.4 uses a family of subsolutions of (6.20) as given
in the following lemma.

Lemma 6.4. For each €y < € there exist R., > po, Tr, > Ty + 1, depending
only on €y — €y and the given quantities such that the following holds. For
each tg > sog + 1T¢, there exists a subsolution u € C(BREO X [to,00)) of (6.20)
on B, x (to,o0) with the following properties:

(i) For some c5 > 0 depending only on the given quantities one has

1™ (5 )l L~ (Br,,)

— > ¢y el =) (4 > 1), (6.26)
@t (-, to) | L= (Br,)
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(ii) u(x,t) =0 for |x| = Ry, t > to.
Before proving the lemma, we show how it implies Theorem 2.4.

Proof of Theorem 2.j. Assume that sy and ¢ satisfy the hypotheses of the
theorem and fix ¢y < €. We prove that (2.11) holds for suitable Ry, Cy. Let
R.,, T,, be as in Lemma 6.4 and, given any ¢t > s > s + 1,,, let u be as in
Lemma 6.4 with ¢, = s. Taking R = R, + 1 in (4.3), we have

1R+ (Ol (Brgyn) < C(Ra) 0 @p(z,t) (tER),  (6.27)
€0
where C'(R,,) > 0 depends only on R,, and the given quantities. Using this
in conjunction with the Harnack inequality and maximum principle, we find
a positive constant C(¢g), depending only on €y — ¢y and the given quantities,
such that

||90R50+1('7 7-1)||L°°(BR60+1)

C™'(eo) <

— SC’(EO) (7-177-2 GR, ’7-1_7-2‘ <T. )
H(pReOJrl('v7-2)||L°°(BR60+1) ’

(6.28)
Set Pr.,+1 = PR, +1/B, where 3 is as in Lemma 6.3. Then ppg,_ 41 is a positive
entire solution of (6.20) on Bg, 41 X R vanishing on dBg, 41 X R and (6.27)
and (6.28) still hold if we replace g, 11 by $r, 11-
For any = € Bg,_,

Broy41(,8) = C 7 (Rey) || @R, 41( )8,y 1) = kIE (5 8)| =B,
> ku(x, s), (6.29)

where the constant k is chosen such that the equation holds. Since the
subsolution @ is equal to zero on 0Bpg_ X [s,00), a comparison argument
gives Pr, +1 > ki in Bp,, X [s,00). Consequently, by (6.29), (6.26),

|’¢R60+1(.7t)HLOO(BR50+1) Ha—‘r(.’t)HLOO(BReO) C5

||¢Reo+1('7S>||L°°(BR€0+1) - O(Reo)”a-l—('vS)HL‘”(BREO) - O(REO)

olco—E0)(t—s)

This estimate together with (6.28) (applied to $g, 1) imply that the above
inequality holds for any ¢t > s > sy with a possibly smaller constant replacing
¢5/C(R,,) but still depending only on € — €y and the given quantities. Using
Lemma 6.3 and the assumption (2.3), we get

@ —éo(t—s) @
B¢ &
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The last two inequalities and the definition of ¢r,_ 41 then imply

H(pREOJFI(.’ t)HLOO(BREOH

) > Cpeot=) (> 5> s) (6.30)
||90R50+1('7 3)||L°°(BR€O+1)

for some Cj > 0 depending only on €y — ¢y and the given quantities. Taking
Ry = R, + 1 we have thus proved the desired estimate (2.11). O

It remains to prove Lemma 6.4.

Proof of Lemma 6.4. Fix an arbitrary €y < €. Define gg = ¢/, where 3
is as in Lemma 6.3. Then, as noted above, ¢ is a solution of (6.20) on
RN x (sg,00). Using Lemma 6.3 and (6.25) we obtain

< ||oT )| oy < ()| oo rvy < t> Ty). (6.31
(@t Do = [T ()| poo@ry S @G Ol|poe@ny < s (8> 50+ Tp). (6.31)
These inequalities together with (6.1) guarantee the existence of R > pg + 1,
T > Ty depending only on the given quantities such that

< (- 7o =T (- Oy < t> T). (6.32
o t)a = o™ (5 Ol (Br) = 107 (- D)l [Loyy S ea (82 50+ T). (6.32)
Again using (6.1) and (6.31), it is easy to show that for each 6 > 0 there
exist R(d) > R+ 1, T(6) > T depending only on § and the given quantities
such that

(@, 0)| <6 (| = R(8), t = 5o+ T(5)). (6.33)
We choose ¢ > 0 sufficiently small so that
1
in{l, ———— .34
d < min{ ’(a+1)c4} (6.34)

and another condition specified below is satisfied. For the corresponding
R(5), T(d), set tg = so+T(0) + 1 and let w’ be the solution of the following
initial-boundary value problem

u = Au+a(x,t)u  in Bpe) X (to — 1,00),
u=2a on  O0Bpg) x (to —1,00), (6.35)
u(z,tg—1) = max{qz~5+(x,t0 —1),0}  x € Bp).
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That such a solution exists is guaranteed by standard existence theory (see
[19]) and the fact that max{¢™ (-, o —1),d} is a continuous function equal to
0 on 0B R(8)-

With 6, as in Lemma 6.3, set v := min{f;, & — ¢} and

iz, t) == e (W (2,t) — 0) (z € Bre), t > to).

We show that u has the stated properties. For this goal we first collect some

properties of the solution w?’.

By (6.33), (6.35), w’ dominates ¢ on the parabolic boundary of Br(s) ¥
(to — 1,00). Therefore, by the comparison principle

w(x,t) > ¢ (x,t) (€ Bre), t >t — 1) (6.36)
Thus, by (6.32) and the Harnack inequality we have

inf w’(x,t)>C >0 (t>t), (6.37)
z€Bp,

where C' depends only on the given quantities. In view of (6.34) and (6.31),
applying the maximum principle we obtain

||w6('7t0>HLOO(BR<5)) S 6’7 (638)

with C' > 0 depending only on the given quantities.
Next we verify that @ is a subsolution of (6.20) on Bps) x (to, 00). For
any (z,t) in that set we have (omitting the argument (x,t) of w’ for brevity)

t(z,t) — Au(x,t) — a(z, t)u(z, t)
=e " (—v(w’ —8) + w) — Aw® — a(z, t)w’ + da(z, t))
= e (—v(w’ — &) + da(z,t)). (6.39)

Since w® > 0, (6.22) and our choice of v imply that the last expression is
nonpositive, for any § > 0, if || > py. On the other hand, if |z| < po,
then by (6.37) and the bound on a (see (6.22)) this expression is nonpositive
whenever § < min{C/2,vC/(2(dy + 02))}. One can therefore choose § > 0
depending only on €, — ¢y and the given quantities such that (in addition to
(6.34)) @ is a subsolution of (6.20) on Bgs) x (to, 00). Fix such § and denote
R, = R(9), T., = T(9). Note that these numbers depend only on &, — ¢, and
the given quantities. It remains to verify (i) and (éi) in Lemma 6.4.
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Obviously, by the definitions of w® and @, we have @ = 0 for || = R,
t > to, verifying (7).

To verify (i), note that v < €y — ¢y and 6 < C'/2, where C'is as in (6.37).
Using this, (6.37) and (6.38) we get for any ¢ > t

aF (s O e (B,

@t (- to)l| o= (B4,

1w’ GOl B,y =0

> e*V(t*tO
1w (- to)l | (B, + 0

> o—v(t—to) ~C > elco—éo)(t—to) ~_C )
- 204+ C 20+ C
Hence estimate (6.26) holds with ¢5 = C'/(2C + C). O

7 Proofs of Proposition 2.5 and Theorem 2.6

Proof of Proposition 2.5. Using the notation as in Theorem 2.2, we first
choose ¢ € R such that v := @ — qp satisfies u(-,0) € X5(0), that is,
S~ w(x,0)1h(x,0) dz = 0. By Lemma 5.1, we then have u(-, ) € X,(t) for all
t € R. We show that u = 0.

Assume not. Then u(ty) #Z 0 for some ¢, (in fact, this is true for any ¢,
by backward uniqueness), and using the exponential separation we obtain

[@(s )|l oo vy > [[w(s ) || oo vy > Ottt (-, to)] oo )y
o (3 ) || oo vy (s )| oo (my (-, t0) [ oo oy

as t — —oo. Since ||G(-,1)||po@nyy < c1l|@(-,t = 1)|[zoo(Bg), by assumption
(2.12) and Proposition 3.4, we also have

”95(7 t— 1) ||L°°(BR)
(-, ) || oo (mavy

Using this and the Harnack inequality, we conclude that

. p(z, )
min
2€Br [[(-; 1)]| Lo )

converges to oo and hence also

/ Pl t) dx — 0. (7.1)
Br HSO('J)HLOO(RN)
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On the other hand, by Lemma 5.3,

/ plat) < 01/ P, ) vlat)
Br 190 )| oo (mmy Br 190 t) | oo @ny 100 )| oo vy

< CQ/B oz, t))(x,t) de < CQ/R o(z, ) (x,t) de,

N

for some constants C7, Cs. By Lemma 5.1 the last integral is independent of
t and we have a contradiction to (7.1). O

Proof of Theorem 2.6. Fix any € < €, and set ¢; = €y —e€. Applying Theorem
2.4 with ¢y = & — €1 /4, we find positive constants Cy, Ry depending only on
the given quantities (N, dy, po, Co, €o) and € such that (2.11) holds for each
sp € R. We now use a robustness result for (2.1). For that we denote by
@R, the positive entire solution of (2.1) with a replaced by a (assuming the
usual normalization ||@r(-,0)||r=(,) = 1). Then by Proposition 8.3 of [16]
there exist positive constants ¢ and C depending only on ¢; and the given
quantities such that if ||a — @|| peo @y xry < ¢ then

o Olliony _ , stemn 18 Dlliioy

. (t>s).
HSORO(.7S)HLOO(BRO) HSORO('7S>HLOO(BRO)

Combining this with (2.11), we obtain

Ty~

e 2 ',t [e’S)
H El:fRo( )HL (Brg) > C;lcoee(tfs) (t > S). (72>
e @Ry (+, 8)|[ Lo (BR,)

—elt/2

Finally, we transform equation (2.13) by u — e u to obtain

ur = Au+ (a(z, t) — %)u in RY xJ (7.3)
If § is greater than €;/2 we replace it by €;/2 and then [|a — a||pe@y) < 6
guarantees that the coefficient in (7.3) is nonpositive outside B,,. Further,
e 2 'Gp (-, t) is the positive entire solution of (2.1) with a replaced by a—e; /2.
Hence, by (7.2), Theorem 2.1 applies to (7.3), which readily implies the
conclusion of Theorem 2.6. O
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8 A remark on the hypotheses

In this section we show that even if hypothesis (A) holds in the strict sense
(a < 0 outside a ball), condition (H2) cannot be relaxed by allowing €, = 0
and requiring instead that the solution ¢ decay exponentially as |x| — oo.
Counterexamples exist even in the autonomous case.

Proposition 8.1. There exists a bounded radially symmetric function a =
a(|x|) with the following properties:

(1) for some py > 0 one has a(|z|) <0 (Jx| > po),

(i1) there exists a radially symmetric positive solution ¢ of the equation
Ap+a(lz])p = 0 on RY satisfying for some ¢ > 0 the following estimate

o(z) < (1/c)ecll (z € RY). (8.1)

(111) o(A + a(x)) = (—00,0], where A + a(x) is viewed as an operator on
LA(RY).

Note that for such a the conclusion of Theorem 2.2 (with p(z,t) =
¥(x,t) = p(z)) cannot hold. Indeed, ¢ is an eigenfunction of A + a(|z|)
with eigenvalue 0. The conclusion of Theorem 2.2 (see also Remark 2.3)
would imply that 0 is an isolated eigenvalue in contradiction to (iii). The
proposition also provides another example of an operator A + a(|x|) which
has an embedded eigenvalue with exponentially decaying eigenfunction (an
example with a periodic a is given [8]).

Proof of Proposition 8.1. Define

alr) =1+ NT_ L ig;((:)) (r € (0,7/4)), (8.2)
and N1
a(r) = —n*(r) — T??(T) —n'(r) (r>mn/4), (8.3)

where the function 7 : [7/4,00) — [—1,0) is to be defined below in such a
way that

n€ Clr/4,00), n(r/4)=-1,

8.4
a € L>(0,00), a(r) <0 for all sufficiently large r (8.4)
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Defining further

p(x) = cos(lz]) (x| <m/4), (8.5)

o) = SO (o> ), (56)

it is easy to check that ¢ is a positive C'-function satisfying Ap(z) +
a(|z))e(z) = 0 for all z € RN \ {|z| = w/4} and hence it is a positive
solution of this equation.

The proof will be completed if we define a function 1 in such a way that
(8.4) and statements (i), (iii) of Proposition 8.1 hold.

We define sequences {a;}°,, {b:}2, {ci}2,, {d;}2, by setting a; = 7/4
and

bi=2a;, ci=b+i' di=ci+i, a1 =d;+it, (i=1,2,...). (87)
Obviously 0 < a; < b; < ¢; < d; < a;41. Set

n(r)=-1 (r € [a;, b)), (8.8)

nr)=— (r €le,d)). (8.9)

Observe that (8.3), (8.8), (8.9), and the fact that ¢; > 2073 (which follows
from (8.7)) ensure that a(r) < 0 for all r sufficiently large belonging to the
intervals [a;, b;) or [¢;, d;).
Next we extend n by

n(r) = 2—21 _ e Ve (e [dy, di + 6)), (8.10)
where ¢; = 1/In(i*). Note that the extension is Ct, n(d;) = —1/(2i), and
n'(d;) = 0. It is also easy to check that a(r) < 0 for all r € [d;,d; + J;]
and i large enough, and since 7/(d; + &;) = —16(In(i))?/i*, we can further
extend 7 to the interval [d;, a;;1] in a C' manner so that 7 is decreasing,
n(air1) = —1, n'(aiz1) = 0, and a(r) < 0 for all r € [d;, a;11]. Indeed, this
can be achieved by first continuing 7 as a linear function on [d; + d;, d;] (with
the slope equal to —16(In(7))?/i*) and then “rounding it off” in a smooth
decreasing manner on the interval [ciz, i1 (Jz is a suitably chosen number
in [d;, a;11]). We also note that thus defined function 7 gives rise to a bounded
function a on [d;, a;11] and the bound is independent of i. Finally, we define
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n(r) = n(d;+c;—r) whenever r € [b;, ¢;). The definition of 7 is thus complete.
It is straightforward to check that a as defined in (8.2), (8.3) is in L>°(0, o0)
and is negative outside a sufficiently large ball B, . Note that (8.7) implies
a; > 20731 and a; < b; = 2a; < a1 = 2a; + 2i* + i < 4a,; for all i sufficiently
large. This fact, (8.8) and nonpositivity of n guarantee the existence of ¢ > 0
such that fgl n(r)dr < —¢élx| for all z € RN with |z| > 7/2. This proves
that o satisfies (8.1) for some ¢ > 0.

We prove that (A + a(z)) = (—o0,0], where A + a(z) is viewed as an
operator on L*(R™). By the Kato-Rellich theorem the operator A + a(z)
is self-adjoint, therefore o(A + a(z)) C R. Further, since o(A) = (—o0, 0]
and —1/(2¢) < a(z) < 0 whenever |z| € [¢;,¢; + i] and i is large enough,
we have o(A + a(z)) O (—o00,0]. Indeed, this is easily proved using approx-
imate eigenfunctions of A (see the proof of [10, Theorem 7.6]). Moreover,
as a(z) < 0 for all large x the essential spectrum of A + a(z) is contained
in (—o0,0]. Finally, since we know that 0 is a an eigenvalue with an expo-
nentially decaying positive eigenfunction, it is must be the largest eigenvalue
(see [35]) hence (A + a(x)) = (—o0, 0], completing the proof of Proposition
8.1. [

9 (Generalizations

In this section we discuss extensions of our results to more general equations.
As we do not want to make the paper significantly longer, we only consider
a class of equations for which the results can be proved with only minor
modifications of the proofs given above. We consider an equation

uwy = L(z,t)u in RN x J, (9.1)

where L(x,t) is a time-dependent second-order elliptic operator in divergence
form:

Lz, t)u = 0;(a;;(x,t)0ju + a;(x, t)u) — bi(z, t)0u + a(x, t)u

(we use the summation convention, and the notation 9; = 9/(0x;)). The
adjoint equation to (9.1) is

—vy = L*(x,t)v in RY x J, (9.2)

41



where
L*(z,t)v = 0j(a;i(x, t)0;v + bj(x, t)v) — a;(z,t)0;v + a(x, t)v.

We make the assumption (A) on the coefficient a (see Section 2.1) and the
following assumptions on the remaining coefficients:

(B) (i) The functions a;j, a;, b; are of class C} with respect to . This
means that these functions and their first order z-derivatives are con-
tinuous and bounded on RY x R. We let dy denote a common bound
on all these functions and derivatives, as well as on a (as in (A)). We
also assume that for some oy > 0 the ellipticity condition is satisfied.

a;i(v, )6E > aolé]? ((z,t) e RN €= (&,...,&n) €RY). (9.3)

(ii) With po as in (A), one has (using the summation convention again)

@ai(x,t), 8jbj(x,t) S 0 <|ZE| Z Po, t € R)

These are rather strong assumptions, but they allow for the simplest
proofs of our results; in fact, the proofs are almost identical to those for the
model equation (1.1). The point is that with the assumed regularity we can
rewrite equation (9.1) in the nondivergence form,

u = a;i(x,t)0;0;u + By(z,t)0iu + A(z, t)u,

with B;, A € L®(RY x R). Hence, similarly as in the case of (1.1), we can
take advantage of both forms - the divergence form in applications of the
weak Green’s function and energy estimates, and the nondivergence form
for the maximum principle and construction of sub- and super-solutions. In
these constructions, it is also needed that A(z,t) < 0 for |z| > po, which is
guaranteed by (B)(ii). Similar remarks apply to the adjoint equation (9.2).
With more general equations in either divergence or nondivergence form,
significantly more involved arguments seem to be necessary.
We remark that one can relax (B)(ii) to require that for some p,

diai(z,t), 9;bj(x,t) < e (|z| = pg, t €R),

where €; > 0 is sufficiently small (smaller than €y or € in hypotheses (H1)’
and (H2)” formulated below). This is satisfied, in particular, if 0;a;, 0;b;
decay to zero as |r| — oo, uniformly in t.
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Given ug € L®(RY), s € R, we consider the unique weak solution (in the
sense of [3, 19]) of (9.1) with the initial condition u(-, s) = ug. The solution,
further denoted by wu(z,t; s, ug), has again the integral representation (3.4),
where I'(z,t; y, s) is the weak Green’s function of (9.1) (cf. [3, Theorem 10]).
At the same time, u(z,t;s,up) is a strong solution (in the sense of [18, 20])
on RY x (s,00), by our regularity assumption.

To reformulate our main results in the more general setting, we introduce
similar instability assumptions as in Section 2: (H1)’, (H2) read as (H1),
(H2), respectively, with (1.1) replaced by (9.1). Given quantities now refer
to N, do, ap, po, Co, €0 and Rg if (A), (B), and (H1)’ are assumed, and to
dy, g, po, Co, and & if (A), (B), and (H2)’ are assumed.

Theorem 9.1. Assume (A), (B) and (H1)’. Then there exist positive entire
solutions @, 1 of (9.1) and (9.2), respectively, such that for all (z,t) € RN xR

go(x,t) —v|z| w(l’at)

<ce , < ¢p el 9.4
oGl = Tl = O

and for allt > s

'7t oo ';t 0o
|l D)o@y S ¢y e gnd (D)oo wr) <o, (95)
(-, 8)[] oo @y 19(, 8)|] 2o @)

Here vy, 1, co, c3 are positive constants depending only on the given quanti-
ties.

Note that the only difference, compared to Theorem 2.1, is that we can
no longer specify vy = /€ in (9.4).
The exponential separation theorem holds in the same form as for (1.1):

Theorem 9.2. The statement of Theorem 2.2 remains valid if instead of
(A), (H1) one assumes (A), (B) and (H1)’, and the reference to Theorem
2.1 is replaced by the reference to Theorem 9.1.

As (H1), (H2), the hypotheses (H1)’, (H2) are equivalent:
Theorem 9.3. Assume that (A), (B) and (H2)’ hold. Then (H1)’ hold.

The last statement can be made more precise as in Theorem 2.4.
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Proposition 9.4. The statement of Proposition 2.5 remains valid if the hy-
potheses are replaced by (A), (B) and (H1)’, or (A), (B) and (H2)’, and
the references to Theorem 2.1 and equations (1.1), (2.4) are replaced by the
corresponding references to Theorem 9.1 and equations (9.1), (9.2).

Finally, we state a theorem on robustness of the instability condition.
We formulate it in a slightly different way than Theorem 2.6 so that we
only need minimal assumptions on the perturbed equation. We consider the
perturbation in the form

uy = L(z,t)u in RY x J, (9.6)

where

Lz, t)u = 0y(ay;(x,t)0;u + ay(z, t)u) — bi(z, )du + a(x, t)u.
We assume that a,;, a, b, € L®(RY x R) and that the ellipticity condition
(9.3) is satisfied with a;; replaced by a;; and g replaced by some &y > 0.
For R > 0 we denote by ¢pg the unique positive entire solution of

u = L(z,t)u, in BgxR,

(9.7)
u=0 on O0BgrxR,
normalized by ||@g(-,0)||z(Br) = 1 (see [16]).

Theorem 9.5. Assume that (A), (B) and (H2)’ hold. Then there is Ry > 0
with the following property. Given any €y < €y, there exists positive constants
0 and Cy depending only on €y — €g and the given quantities such that if

llas = gl llas = @ll, 1o = bl lla —all <6 (i, j=1,....N),  (9.8)

where || - || means || - || Loomn xr), then Pr, satisfies the estimate

~ ‘,t - ~
||SfRO( )HL (BRO) Z CO eeo (t—s) (t Z S Z SO)'
1PRo (5 8)|| 2 (Bry)

This conclusion implies that (H1)" holds for the perturbed equation. If
the perturbed coefficients satisfy a hypothesis similar to (B) and 4 is chosen
sufficiently small, then one can further prove the existence of a positive entire
solution of (9.6) and the corresponding exponential separation as in Theorem
2.6 and Remark 2.7(i).
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To prove the above results, only minor modifications in the proofs of the
corresponding theorems for (1.1) are needed. Indeed, our arguments in Sec-
tions 3-7 mostly rely on general tools, such as the maximum and comparison
principles, Harnack inequality (including its extension in Theorem 3.2), and
the week Green’s functions. All these apply equally well in the more general
setting thanks to the regularity assumptions we have made on the coeffi-
cients of (9.1). The only difference at this general level is that the Gaussian
estimate on the week Green’s function now reads as follows:

0<TD(z,t:y,s) < el (dn(t—s)) N2 lovP/d0=5) ((z ) e RN x RY),

where d; and dy are positive constants depending on the given quantities
(see [3]). This estimate is to replace (3.5) in arguments involving the Green’s
function, in particular in the proofs of Lemmas 3.3, 5.1, and 5.5.

The specific form of equation (1.1) was used only in the proof of Lemma
4.4 (the construction of a supersolution) and in the proof of Lemma 6.4 (the
construction of a subsolution). In the latter, it is sufficient to replace A
by L(z,t) and the arguments go through in the more general setting. In
the former, one needs to change the definition (4.15) of the function (g as
follows:

Cr(w,s) = ge 0670 4 gevlel=r) (1 e RN s € [to,1]).

Here ¢ has the same meaning as in (4.15) and v > 0 has to be chosen
sufficiently small (but depending only on the given quantities) for (g to be
a subsolution. See [31, Proof of Lemma 2.4] for a computation which shows
that such a choice of v is possible (the nondivergence form of the equation is
needed for this computation).

After the above modifications and other obvious changes (like replace-
ments of references to the theorems in Section 2.2 by references to their
counterparts in this section), the proofs of Theorems 2.1-2.4, and Proposi-
tion 2.5 become proofs of Theorems 9.1-9.3, and Proposition 9.4. The proof
of Theorem 9.5 is a straightforward modification of the proof of Theorem 9.5
up to (7.2). The perturbation result of [16] used in the proof also applies in
the more general setting of Theorem 9.5.
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