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Abstract. We consider quasilinear parabolic equations on RV satis-
fying certain symmetry conditions. We prove that bounded positive
solutions decaying to zero at spatial infinity are asymptotically radi-
ally symmetric about a center. The asymptotic center of symmetry is
not fixed a priori (and depends on the solution) but it is independent
of time. We also prove a similar theorem on reflectional symmetry.
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4 Generalizations 31

1 Introduction and statement of the main re-
sults

In this paper we consider the Cauchy problem for quasilinear parabolic equa-
tions of the following form (using the summation convention)

up = Aij(t,u, Vu)ug,, + f(tu, Vu), z€RY, >0, (1.1)
u(z,0) = up(x), r € RY. (1.2)

The nonlinearities A;; and f are assumed to satisfy some regularity and
ellipticity conditions and the initial function wg is taken in Co(RY). Here and
below, Co(RY) stands for the space of continuous functions on RY decaying
to 0 at infinity. Whenever needed, we assume Cy(RY) is equipped with the
supremum norm.

We consider positive solutions u(z,t) which are global (defined for all
t > 0) bounded and which decay to 0 as |z| — oo uniformly with respect
to t. Our main theorem asserts that if the nonlinearities satisfy suitable
symmetry conditions, then each such solution is asymptotically symmetric.

To simplify the discussion of our results and their relations to earlier
theorems, we initially consider semilinear nonautonomous equations

wy = Au+ f(t,u), xRN t>0. (1.3)
Our assumptions on f are as follows

(S1) f(t,u) is of class C! in u uniformly with respect to ¢, that is, f and f,
are continuous on [0,00) x R, and for each M > 0

lim  |fu(t,u) — fu(t,v)| =0,

0<u,v<M,t>0
|[u—v|—0

(S2) f(0,t) =0 (t>0), and there is a constant v > 0 such that

fu(t,0) <=y (t>0). (1.4)



Consider a bounded solution of (1.3) satisfying

supu(z,t) — 0 as |z| — 0. (1.5)
>0

By standard parabolic estimates, for such solution the orbit {u(-,t) : ¢ > 0}
is relatively compact in Co(RY). Consequently, the w-limit set of wu,

w(u) :={¢: ¢ =limu(-t,) for some t,, — oo}, (1.6)

with the limit in Co(RY), is a nonempty compact subset of Cy(R™) and one
has
tlirgo diste, vy (u(-, 1), w(u)) = 0.

In view of the last property, asymptotic symmetry of the solution u in nat-
urally described in terms of the functions in w(u). We have the following
result to that effect.

Theorem 1.1. Assume (S1), (S2) and let u be a positive bounded solution of
(1.3) satisfying (1.5). Then either u(-,t) — 0 in Co(RY) as t — oo or else
there exists € € RY such that for each ¢ € w(u), the function x — ¢(x — &)
18 radially symmetric and radially decreasing:

dlx—&) =o(lz]) (zeRY),
6ng~5(7’) <0 (r=lz|>0).

Similar symmetry theorems for nonautonomous parabolic equations were
previously known for bounded domains. For equations on RY, the asymptotic
symmetrization was obtained earlier for time-independent nonlinearities f =
f(u). We discuss these results and their relation to Theorem 1.1 below in
more details. Before that, to have a broader perspective, we include a brief
account of much older symmetry results for elliptic equations.

The first such result is due to Gidas, Ni and Nirenberg. In [20] they
proved that each positive solution u of the Dirichlet problem

Au+ f(u) =0, xe€Q,
1.7
u =0, x € 01, (17)

reflects the symmetry of the domain. Specifically, if €2 is a bounded domain
in RY which is convex in one direction, say e; = (1,0,...,0), and symmetric
about a hyperplane orthogonal to that direction, say the hyperplane

{z=(21,...,25) € RN : 2y = 0},
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then u is even in x; and decreasing in x; for x1 > 0. If Q is a ball, then
u is radially symmetric and decreasing in the radial variable. The proof
uses the method of moving hyperplanes which has its origins in the work of
Alexandrov [1]; it was further developed by Serrin [38] in his work on radial
symmetry in an overdetermined elliptic problem.

The hypotheses in [20] involved, in addition to the Lipschitz continuity of
f, a smoothness condition on 02, but the latter was later shown unnecessary
(see [9], [15]). The result has also been generalized in other directions. In
particular, in place of the semilinear equation, one can take a fully nonlinear
equation F(D?u, Du,u) = 0 satisfying suitable symmetry conditions (see
[28]). Also systems of equations with structure that makes the comparison
principle applicable have been considered (see [40]). The reader is referred
to the surveys [5], [33] for more results and references.

The paper [20] has a sequel in [21] where equations on unbounded domains
were considered. In particular, solutions of

Au+ f(u)

u(z) —

0, reRY,
0 (1.8)

as |x| — oo,

are examined there. Radial symmetry (about some point) is proved for each
positive solution which decays to 0 at infinity at a suitable rate. It has later
been shown that a mere decay (with no specific rate) is sufficient for the
symmetry if f(0) = 0 and f’ is nonpositive near zero. The proof can be
found in [30] and, under the stronger condition f’(0) < 0, in [29]. Both
papers give a more general theorem dealing with fully nonlinear equations.
Many other extensions of the symmetry results are available. For example,
one can consider yet more general equations [39], special classes of elliptic
systems [13], and different types of unbounded domains [7, 6, 8, 37]. We
again refer the reader to the surveys [5], [33] for more details and references.

The method of moving hyperplanes is the most commonly used basic
technique in all the above symmetry results. More recently, other tech-
niques, relying on the variational structure of the problems in question, but
not necessarily on the minimization properties of the solution, have been
introduced. See [11] for a symmetry result based on the continuous Steiner
symmetrization (a discussion of this technique and related ideas can also be
found in the survey [25]).

We do mention related, though quite different, theorems where symme-
try is shown to be a consequence of other properties of the solutions than



positivity. For example, stability is in many cases known to imply some sort
of symmetry, see [32, 34] and references therein.

Let us now discuss nonautonomous parabolic equations, first on bounded
domains. The simplest case is

u = Au+ f(t,u), reQ, t>0,
u=0, red, t>0, (1.9)
U = uo, refl, t=0.

As above, assume (2 is convex in x; and symmetric about the hyperplane
{z1 = 0}. To avoid certain specific issues, assume N > 2. On f we only
impose minor regularity assumptions (it is continuous and Lipschitz in u).
To examine the asymptotic symmetry of a bounded positive solution u, we
introduce its w-limit set,

w(u) :=4¢: ¢ =limu(-,t,) for some t,, — oo},

(the limit is understood in L*>°(€2)). Observe that it is the nonautonomous
character of (1.9) that makes the symmetry problem interesting. If the equa-
tion is autonomous, f = f(u), each element ¢ of w(u) is a nonnegative so-
lution of the corresponding elliptic problem and one gets the symmetry of ¢
trivially from elliptic results.

For (1.9), the symmetry problems was first addressed in [24]. Under
slightly stronger regularity requirements, it was shown there that each pos-
itive bounded solutions is asymptotically symmetric: if ¢ € w(u), then it is
even in xq,

QS(_xla J‘J) = qb(xla J‘J) ((5(]1, l‘/) S Q>’

and, unless ¢ = 0, ¢ is decreasing in x; > 0. If Q is a ball centered at
the origin, then, similarly as in the elliptic case, each ¢ € w(u) is radially
symmetric and decreasing in the radial variable.

In an independent work, [2, 3], Babin proved the asymptotic symmetry
for fully nonlinear autonomous parabolic equations. More recently, Babin
and Sell [4] extended the symmetrization results to fully nonlinear nonau-
tonomous equations on nonsmooth symmetric domains. A related result,
the spatial symmetry for each time ¢ of bounded positive solutions defined
for all t € R, is also given in these papers (for time-periodic solutions of
time-periodic equations the symmetry was proved in [16]).



Unlike for elliptic equations, symmetry properties of solutions of parabolic
equations on unbounded domains, in particular on RY, are much less under-
stood. The fact that the center of symmetry is not fixed a priori, makes
the symmetry problem more difficult. Already in the autonomous case, the
problem is by no means trivial. Consider, for example, the Cauchy problem

u = Au+ f(u), xRN t>0,

U = U, reRYN t=0, (1.10)
where f is of class C', f(0) = 0, ug € Co(RY), and ug > 0. Assume the
solution w is global, bounded, and satisfies (1.5). The question is whether it
is asymptotically radially symmetric as t — oo about some point. In con-
trast to equations on bounded domain, the answer is not immediate even
when w(u) is known to consist of steady states, each being symmetric about
some center. It is not clear whether all the functions in w(u) share the same
center of symmetry. In fact, that is not true in general. A counterexam-
ple can be found in [36] where equations with N > 11, f(u) = u?, and p
sufficiently large are considered. The proof of the existence a solution with
no asymptotic center of symmetry, as given there, depends on the fact that
the steady states, in particular the trivial steady state, are stable in some
weighted norms but are unstable in L>®(RY) (see [22, 23, 35]). If, on the
other hand, one makes the assumption f’(0) < 0, which in particular im-
plies that v = 0 is asymptotically stable in L>(R"), then bounded solutions
satisfying (1.5) do symmetrize as t — oo: they actually converge to a sym-
metric steady state. This convergence result is proved in [12], under slightly
stronger hypotheses (exponential decay of the solution at spatial infinity);
for more specific nonlinearities proofs can also be found in [18], [14].

The symmetry problem for nonautonomous parabolic equations on RV,
such as (1.3), does not seem to have been addressed previously. Techniques
used in the above convergence results for f = f(u), specifically, various en-
ergy estimates, are bound to autonomous equations. On the other hand, the
method of moving hyperplanes, as applied in elliptic equations or parabolic
equations on bounded domains, does not work the same way for (1.1). In
a customary scenario, the (asymptotic) symmetry of a solution becomes ob-
vious once the process of moving hyperplanes reaches its “limit”. In the
present case, however, by examining the limit case of the process we can
only infer that some function in w(u) is symmetric. To show the symmetry
of all functions in w(u), we consider the situation occurring when the process
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is pushed a little beyond the natural “limit”. We are then led to investigating
solutions of linearized equation that change sign for all ¢t. Careful estimates
on how the restriction of such a solution to a compact region “interacts”
with spatial infinity are needed. Harnack inequality, maximum principles
and constructions of subsolutions are among the basic tools employed in this
analysis.

Let us now give precise formulations of our main results in the quasilinear
case. The first theorem deals with reflectional symmetry. We fix a direction
v, without loss of generality taken to be v = (1,0,...,0), and assume that
equation (1.1) is invariant under reflections in hyperplanes perpendicular to
v. More specifically, for A € R, let P, denote the reflection in the hyperplane
{x € RN : 2; = A\}. We assume the following conditions on the functions
Aij, f:]0,00) x [0,00) x RN — R,

(Q1) A;(t,u,p), f(t,u,p) are of class C* in w and p = (py,...,pn) uni-
formly with respect to t. This means that A;;, f are continuous on
[0, 00) x [0, 00) x RY together with their partial derivatives 9, 4;;, O, f,
Op Aijy oo, OpyAijy Op f, ..., Opy f; and if h stands for any of these par-
tial derivatives, then for each M > 0 one has

: ht — h(t =0. 1.11
OSuw,|p\,1|13|HSM,tzo| (8, u,p) = h(t,v,q)| (1.11)
|u—v|+|p—gq|—0

(Q2) (Ajj)i; is locally uniformly elliptic in the following sense: for each
M > 0 there is o} > 0 such that

Aij<t7u=p)§i§j > O‘éw|§|2
(€= (&,...&n) RN 6> 0,ue[0,M],|p| < M). (1.12)

(Q3) There is a constant v > 0 such that
0uf(t,0,0) <=y (t = 0); (1.13)
(Q4) for each (t,u,p) € [0,00) x [0,00) x RN and i,j =1,..., N one has

Aij(taua Pop) = Aij(t7u7p)ﬂ f(t,U,ng) = f<t7uap)7



We consider global positive solutions of (1.1) satisfying the following
boundedness and decay conditions:

w(z,t), [y, (2, )], [Ugye, (2, 8)| < do (x € RN, ¢ >0), (1.14)
where dj is a positive constant, and

| 1|im sup{u(z,t), [ug, (2, 1), U, (z, 1) 1 > 0,0, =1,...,N} =0 (1.15)
The w-limit set, w(u), of such a solution u is defined by (1.6). Again, one
can show that w(u) is a nonempty compact subset of Co(R”Y) and one has

tlggo dist(u(-,t),w(u)) =0

with the distance in Co(RY).

Theorem 1.2. Assume (Q1)—(Q4). Let u be a global positive solution of
(1.1) satisfying (1.14) and (1.15). Then either u(-,t) — 0 in L=(RY) or else
there exists A € R such that for each ¢ € w(u) and each x in the halfspace
{z : x4 > A} one has
P(Pz) = ¢(x),
O () < 0.

Note that the hypotheses that the derivatives of u are bounded for all
t > 0, which we assume for simplicity, can be weakened to the boundedness
for all sufficiently large t. This case is reduced to the one above by shifting
the time interval. We further remark that if the functions A;; and f are
slightly more regular (Holder continuous in ¢) then it is sufficient to assume
the boundedness and decay of v and u,,. Also, under such a stronger as-
sumption, one can simplify the proof of the theorem a little by employing
“limit equations” of (1.1) as t — oo, similarly as in [4, 24]. As a corollary of
Theorem 1.2, we obtain the following result on asymptotic radial symmetry.

Corollary 1.3. Let (Q1)—(Q3) hold and let A;; =0 if i # j and
Au(ta U,p) = Ajj(t7 u, q)7 f(ta U,p) = f(t7 u, Q)
whenever |p| = |q|. Let u be a positive solution of (1.1) satisfying (1.14) and
(1.15). Then either u(-,t) — 0 in L>°(RY) or else there exists £ € RN such
that for each ¢ € w(u) one has
oz =€) =o(jal) (zeRY),
0(r) <0 (r=|z|>0).

(1.16)



Proof. Assume u does not converge to 0. The equation is invariant under
rotations around the origin. Using this and Theorem 1.2, we obtain that for
each direction v there is a hyperplane I'” perpendicular to v such that all
functions in w(u) are symmetric with respect to the reflection in I'” and have
negative derivative in direction v on the halfspace {z - v > 0}. In particular,
all ¢ € w(u) assume their maximum at the intersection of the symmetry
hyperplanes, which is necessarily a uniquely defined point ¢ € RY. The
conclusion of the corollary readily holds for this point. n

The proof of Theorem 1.2 is given in Section 3. The same arguments,
simplified at several places (see in particular the remark following the proof
of Lemma 3.8), can be used in the semilinear case under the assumptions of
Theorem 1.1. We omit the proof of this theorem. (Theorem 1.1 can also be
derived from Corollary 1.3, although some work is needed to show that the
stronger hypotheses follow from those in Theorem 1.1.)

In Section 2 we introduce the method of moving hyperplanes. Its appli-
cation is facilitated by basic results on linear parabolic equations, maximum
principles and Harnack inequality, which we also prepare in Section 2.

In Section 4 we discuss possible generalizations of our theorems.

Finally, we mention that in a forthcoming paper we will consider entire
solutions (that is, solutions defined for all ¢ € R) of similar parabolic prob-
lems. We establish their symmetry (for all t) and the symmetry of their
unstable manifolds.

2 Reflection in hyperplanes and linear equa-
tions

In this preliminary section we prepare basic tools, moving hyperplanes, maxi-
mum principles and Harnack inequalities, for the proofs of the main theorems.

The following general notation is used throughout the paper. For a set
Q c RY and functions v and w on £, the inequalities v > 0 and v > 0 are
always understood in the pointwise sense:

v(z) >0, w(z) >0 (xe).

For a function z(z) we denote by z*, 2~ the positive and negative parts of



z, respectively:

2(2)| + 2(x))/2 = 0,

ZH(x) = (
P z(x))/2 > 0.

If Dy and D are domains in RY the notation Dy CC D means Dy C D.

2.1 Reflections in hyperplanes

In applications of the method of moving hyperplanes, one considers a solution
u of (1.1) together with another solution u* obtained by a reflection. In this
subsection we introduce a linear equation satisfied by the difference of these

solutions and examine its structure.
For R, A €R, £ € RV, let

RY :={z e RY : 2, > A},
r,:= 8R§\V = {[L’ e RV : T = )\}, (21)
B(€7R) = {ZL’ S RN : |§—l’| < R}7
As above, let P, denote the reflection in the hyperplane I'y. For a function
z(x) = z(z1,2") let 2* and Vyz be defined by
M) = 2(Pax) = 2(2\ — 21, 2'),

Vaz(z) = 2Mx) — 2(x) (x € RY). (22)

Observe that under the symmetry assumption (Q4), if u(x,t) is a solution
of (1.1) then so is u*(x,t) = u(Pyz,t) for any A € R. It follows that the
function v = Vyu = u* — u satisfies the linear problem

U = i (T, )y, + bi(@, )0y, + c(z, t)v, € RN, ¢ >0, (2.3)
v =0, zely, >0, (2.4)
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where
a;j(x,t) = At u(z,t), Vu(z,t)),
bi(z,t) = /0 for (t,u(m, 1), Vu(z, t) + sV (ut(x,t) — u(z,t))) ds

+ u)) (:c,t)/o Agep, (t,u(, 1), Vu(x, t) + sV(uM(z,t) — u(z,t))) ds,

TrTe

c(x,t) = /0 fult,u(z, t) + s(uMax,t) — u(z, b)), Vur(z, 1)) ds
+ ui‘kxé(x, t) /0 Apea(t,u(z,t) + s(u(z,t) — u(z, b)), Vur(z,t)) ds.

Sometimes it will be useful to indicate the dependence of the coefficients b;,
c on X\ by writing b and ¢*.

By (Q1), aij, b = b} and ¢ = ¢* are continuous, in fact, uniformly
continuous on RY x [1,7T] for any T > 1. Moreover, by (1.14), they are
bounded uniformly with respect to A:

|aij(z,b)], |bs(z, )], |e(z,t)| < By (z € RN, ¢>0), (2.5)

where [ is a constant independent of A\. From the ellipticity of A;;, we get
the uniform ellipticity of a;;: there is a constant oy, such that

aij(z, )€ > aolé)? (€€ RNz € RN ¢t > 0). (2.6)

Further observe that, by (1.13) and regularity of the functions A;; and f
(hypothesis (Q1)), we have ¢*(z,t) < —y whenever the values of u, u* and
their first and second spatial derivatives at (z,t) are all sufficiently small.
Hence, the decay condition (1.15) implies that there exists p > 0 such that

NMw,t) < —y  (t>0,2 € RY |z| > p,|Pxz| > p). (2.7)

Finally, note that the uniform continuity of the derivatives of A;; and f
(hypothesis (Q1)), in conjunction with (1.14), implies

lim sup (|0} (2, t) — Wz, )| + |z, t) — (2, t)]) = 0. (2.8)
A=u[=0 LerN >0,
i=1,.,N
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2.2 Basic estimates of solutions of linear equations

In this subsection we use the maximum principle and Harnack inequality to
derive basic estimates of solutions of the linear equation (2.3). The relation
of the coefficients a;;, b;, ¢ to the nonlinear functions A;; and f is irrelevant
here. We consider a general linear equation

Uy = Q35 (T, 1) Vg0, + Ui, D) e, + ez, ), (2,1) € Q, (2.9)

where ) is a cylindrical domain in RY*! and the coefficients satisfy the
following hypothesis.

(L1) ajj, bi, ¢ are functions in L®(RY x (0,00)) satisfying (2.5), (2.6) for
some positive constants [y, «q.

By a solution of (2.9) on () we always mean a strong solution, that is, a
function v in the Sobolev space W]%[Jlrl 1e(@) such that the equation is sat-
isfied almost everywhere. We usually consider solutions with the additional

property v € C(Q). We also use the concept of super and sub-solutions. A
supersolution of (2.9) on @ is a function in Wif’ilvloc(Q) which satisfies the
following inequality almost everywhere in @):

Ve 2> Qi (2, 1) Vg0, + bi(2, 1) vy, + c(z, 1)V, (2.10)

A subsolution is defined analogously.
We denote by 9, the parabolic boundary of Q:

0,0 = {(2,1) €9Q 1 to < t < Tp},

where
to =inf{t: (z,t) € Q}, Tp=sup{t: (z,t) € Q}.
The “side” and “bottom” parts of 0,() are defined by

0,Q = {(x,1) € 0Q : tq <t < Tg},
0,Q = {(2,1) €0Q : t = 1o}

The following lemma is a variant of the maximum principle. The proof of
the maximum principle for strong solutions can be found in [31], for example.
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Lemma 2.1. Let Q be a domain in RY x (0,00) and let v € C(Q) be a
solution of (2.9) on Q such that

lim v(x,t) = 0. (2.11)

(z4)€Q, 2| —o0
Then for each (xo,ty) € Q one has

(g t0) € sup (e, 1),
(z,t)€0,Q

where v and v~ stand for the positive and negative parts of v, respectively,
and m = sup, yeq (7, t).

Remark 2.2. In the previous lemma, the statement regarding v+ remains
valid if v is a subsolution of (2.9) and the statement regarding v~ is valid if
v is a supersolution.

We next state a version of Krylov-Safonov Harnack inequality, see [26,
19, 31]. It is commonly formulated for solutions on parabolic cylinders; one
passes to general cylindrical domains in a standard way using chains of cylin-

ders (cf. [17]).

Theorem 2.3. Let d be a positive constant and D CC Dy be bounded do-
mains in RY satisfying dist(D,0D;) > d. For any ¥ > 0 there exist v > 0,
depending only on ¥, ag, By, D and d, such that if v is a nonnegative solution
of (2.9) on Q = Dy x (11, 72) for some 15 > 1 + 20 then

v(z,s) <vu(y,t) whenever z,y € D and 7y +9 < s <s+9 <t <.
We combine the previous two results in order to prove the following

Lemma 2.4. In addition to (L1), assume that the functions a;; are con-
tinuous. Let d be a positive constant and let D, Dy be as in Theorem 2.5.
There exists a constant k > 0, depending only on D, d, cg and [y, with the
following property. If T > 1 and v € C(Dy x (1t — 1,7 + 1) is a solution of
(2.9) on Q@ = Dy x (1 — 1,7+ 1) then

1 —
v(z, 7+ 1) > klvt (-, 7+ 2) ||l Loy — sup €™~ (zeD), (212)
2 Op(D1 % (r,7+1))

where m = SUPp, (0,00 C-
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Proof. Without loss of generality we may strengthen the hypotheses by re-
quiring that D; has smooth boundary. Indeed, assume that the conclusion
holds under the stronger hypotheses. Then, given general D; and v as in
the lemma, we approximate D; by a sequence of smooth domains D, cc D,
with dist(D, dDy) > d/2. For each such domain (2.12) holds with D; re-
placed by D; (and with x independent of Dl) Taking the limit, referring to
continuity of v on Dy x (7 — 1,7 + 1), we obtain the desired conclusion.

We proceed assuming the strengthened hypotheses. We write v as v =
v1 + Vg, where v = v — vy and vy is the solution of (2.9) on Dy x (7,7 + 1)
satisfying the following initial-boundary conditions:

va(x,7) =—0 ((z,t) € 0,(Dy x (1,7 + 1)),

with o = supy (p,x(rr+1)) v - The (unique) solvability of this boundary
value problem follows from standard theorems (see [27, 31]) thanks to our
stronger regularity assumption. Clearly, v; is a solution of (2.9) satisfying

vi(z,t) =v(z, t)+0 ((x,t) € 0,(Dy x (1, 7+ 1)).

By the maximum principle, using also v + o0 > 0 on 0,(D; x (7,7 + 1)), we
have

—v(z, 7+ 1) <e™o (xz € D),
vi(z,t) > v(x,t) (x € Dy, t € (r,7+1)),
vi(z,t) >0 (z € Dy, t € (r,7+1)).

Applying Theorem 2.3 (with ¥ = 1/2) to the nonnegative solution vy, we
obtain

vi(z, 7+ 1) > v (y, 7+ 1/2)
> vmax{0,v(y, 7 +1/2)} = vv*(y, 7+ 1/2) (z,y € D).

Therefore
1
oa 1) = o7+ D) a7+ 1) 2 VT 4 Dl — €7

as stated in (2.12). O
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The purpose of the next lemma is to prepare a change of variables in (2.9),
which makes the coefficient ¢ negative in a thin slab A < x1 < A+ 6 while not
increasing it much elsewhere (cf. Remark 2.6 below). The observation that
such transformations are possible on thin slabs or domains of small measure
was used and proved in [9] and was attributed there to Varadhan.

Lemma 2.5. Given positive constants ©, €, there exist 6 > 0 and a function
g on [0,00) with the following properties:

g € C10,00) N C2[0,8] N C2[6, 00), (2.13a)
2>q9> %, (2.13Db)
§'(€) + g ()l +9(€) <0 (€€ (0,0), (2.130)
§(€) +Olg' () —29(€) <0 (€ € (5,50). (2.134)
Proof. Choose a smooth function ¢ on [0, 1] such that
P(0) =1, (0) = -1,
V(O <0 (€€,
) =5, W) =v(1)=0
Next, fix a large enough k and a small enough § > 0 satisfying
k>20, §< min{l, % T i S o] } L (2.14)
Define ¢ by
2 — k¢? (0<¢<0),
o) = | e -0) (G<g<it D) 2.15)
5 (€>5+7),

where 7, = 2 — k62, 7 = 2k6.

Verifying the matching, one easily checks that (2.13a) is satisfied. Rela-
tions (2.13b) follow from (2.14) and nonincrease of 1. Finally, (2.13c), (2.13d)
follow from (2.14) by simple computations which are left to the reader. [
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Remark 2.6. When employing Lemma 2.5 below, we rely on the following
observation. If v is a solution of (2.3) on {z : z1 > A} X (fp,00), ¢ is as in
Lemma 2.5 with © = [3y/ap + 1, and §(&) := g(§ — \), then w = v/g is a
solution of

wy = (2, 1) We,a; + bi(xz, )w,, + é(z, t, e RY t >t (2.16)
w =0, v €Tyt > to, (2.17)
with
; _ g'(x1)
bl(l',t) —bi(a:,t)—|—2a11(:£,t) ~( ) s
g\ 1
- - - 2.18
oty = D) b0 ) + a0 @) O
’ g(x1) '

For z; € [\, A\ + ), we have

Bo <~ ~/ ~//
—2m (1) + 7' (20)]) + 3" (21)
&z, t) < an(x, t) 2Ll

(
g(z1)
Bo ( ~/ ~1
< (g, 22T T T (219
(O D) + ) e
- 11( 7t) f](:ﬁ) S 0-

By a similar computation, for any xz; > A,
é(x,t) < ez, t) + age. (2.20)

The above remarks remain valid, if v is a supersolution, rather than solution,
of (2.3) on {z : 1 > A} X (tp,00); w is then a supersolution of (2.16).

3 Proof of Theorem 1.2: moving hyperplanes

Throughout the section we assume the hypotheses (Q1)—(Q4) of Section 1 to
be satisfied. We use the notation introduced in Sections 1 and 2.1.

Fix a positive global solution wu(z,t) of (1.1) satisfying the boundedness
and decay conditions (1.14), (1.15). We assume that

limsup ||u(-, )| Leo @y > 0 (3.1)

t—o0
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and prove the symmetry property of w(u) stated in Theorem 1.2.

We start with basic regularity and positivity properties of u. Below
C}HRY) stands for the Banach space of all functions that are continuous and
bounded on RY together with their first order derivatives. It is equipped
with a standard C! supremum norm.

Lemma 3.1. The solution u has the following properties:
(i) The orbit {u(-,t) : t > 1} is relatively compact in CH(RY) and one has

diste @y (u(-, t), w(u)) — 0 as t — oo. (3.2)

(ii) Given any ball B C RN there exists a constant k(B) > 0 such that

u(z,t) > k(B) (v € B,t>1). (3.3)

Proof. Statement (i) follows directly from (1.14), (1.15), and the definition
of w(u).
To prove (ii), first observe that (3.1) actually gives

Indeed, by (Q1), (Q3), we have 0,f(t,u,0) < 0 for all ¢ > 0 and u > 0
sufficiently small. Thus all solutions of the ODE & = f (t,€,0) starting near
zero converge to zero. Using the ODE solutions in comparison with « (note
that £ — u satisfies a linear equation), we obtain that if u(-,t) is sufficiently
close to 0 in L>(RY) for some ¢, then necessarily [u(-,t)||p~@y) — 0 as
t — oo. This being forbidden by (3.1), we obtain (3.4). It follows that there
is a constant s > 0 such that

(o8| oy > 5 (£ 1),

By the decay condition (1.15), if the ball B is sufficiently large (which we
may assume without loss of generality), then also

sup{u(z,t):x € B} >s (t >1).

Now, since 0 is a steady state of (1.1), u can be viewed as a solution of a
linear equation (2.9), as in Section 2.2. Applying the Harnack inequality,
Theorem 2.3 with D = B and D; equal to a larger ball, we obtain (3.3). [
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We now set up the method of moving hyperplanes. Consider the state-
ment

(S)a Viz=2"—2>0inRY for all z € w(u).
We carry out the proof of Theorem 1.2 in the following three steps.
STEP 1. (S), holds if A is sufficiently large.

STEP 2. We set
Moo = inf{p: (S), holds for all A > u}, (3.5)

and prove that A\, > —oo and V) _z = 0 for some z € w(u). Moreover,
we prove that d,,z < 0 on RY for each z € w(u).

STEP 3. We prove that V)_z =0 for all z € w(u). Assuming the contrary,

we find a contradiction by examining the function Vyu for A < A,
AR Ao

All these steps depend on properties of the function v = Vyu viewed as
a solution of the linear problem (2.3), (2.4). We assume that constants [y,
ap, v and p are fixed such that the coefficients of (2.3) satisfy relations (2.5),
(2.6) and (2.7). Note also that the coefficients are continuous. Denoting

G = B(0,p) U PAB(0, p), (3.6)
condition (2.7) can be rewritten as
AMa,t) < —y (t>0,2cRY\Gy). (3.7)

The following lemma gives a useful criterion for (S), to hold. It will be
used in Steps 1 and 2.

Lemma 3.2. There exists a constant 01 > 0 independent of X\ with the fol-
lowing property. Statement (S), holds provided v = V\u satisfies

v(x,t) >0 (z € Dy, t > to) (3.8a)
li{n inf ||[v(-, )| Lo (Dg) > O, (3.8b)

for some ty > 0 and some domain Dy C R} such that

DyD Gyn{z € RY 12y > A+ 4.} (3.9)
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Proof. We show that the conclusion holds for §; = §, where ¢ is as in
Lemma 2.5 with © = fy/ag + 1 and € = /2.

Let g be as in that lemma and §(§) = g(§ — ). We modify equation (2.3),
satisfied by v, as in Remark 2.6. Set w = v/g. Then w satisfies (2.16), (2.17)
with

¢(x,t) < —ap  if &y € [\, A+ 01] and
&z, t) < AN, t) + ape = Na,t) + % (x € RY,t > 0).

Combining these estimates with (3.7), we obtain
¢(x,t) < =4 = —min{ag,v/2} <0,

whenever z € RY \ Gy or A < 21 < A+ 4.
Let us now assume that (3.8) and (3.9) hold. Then, we have

é(r,t) < =4 (v € RY\ Dy).

Since w = v/§ > 0 in Dy X (ty,00), any connected component @) of the set
{w < 0} is contained in z € RY \ Dy. Clearly, w = 0 on 9,Q for any such
component and w(z,t) — 0 as |z| — oo. Hence, applying the maximum
principle, Lemma 2.1, to w we obtain

||U_<'7t)||Loo(R§\\’) < 2||w_(-,t)||Loo(RzAv) — 0 ast — oo. (3.10)

Now let D, D; be any domains with Dy C D CC D; CC RY. According to
Lemma 2.4, for each 7 > 1 we have

1
v(z, 7+ 1) > klvT (-, 7+ lzee(py — o sup oy~ (x € D)
2 8p(D1x (17+1))

for some constant x > 0. This, together with (3.10) and (3.8b), imply

liminfo(z,t) >¢ (x € D)

t—o00

for some constant ¢ = ¢(D, D) > 0. Since v = Vju, we obtain, as a con-
sequence, that Viz > ¢ on D for each z € w(u). Since D can be taken
arbitrarily large, the conclusion of the lemma follows. m
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3.1 Step 1: Large A
Lemma 3.3. There ezists Ay € R such that (S), holds for all X > ;.

Proof. 1f X is sufficiently large, then
RY NGy = P\B(0,p). (3.11)
Moreover, since
inf{|z| : x € P\B(0,p)} — o0 as A — o0,

the decay assumption (1.15) implies that for A sufficiently large, A > A; say,
(3.11) holds together with

k(B(0, p))
2

u(y,t) < (y € PAB(0,p),t > 0)

where k(B(0, p)) is as in Lemma 3.1(ii). Consequently, for A > A\; we have

k(B(0,p))

u(z,t) — u(Pya,t) > 5

(x € B(0,p),t > 0),

or, equivalently,

V(1) = u(Paz, ) — ula, 1) > w (z € PAB(0, p),t > 0).

By Lemma 3.2 (with Dy = PyB(0, p)), this and (3.11) imply that (S), holds
for A > ;. ]
3.2 Step 2: A=)\,
Let A be as in Lemma 3.3 and A\, as in (3.5).
Lemma 3.4. The following statements hold:

(i) —00 < Ao < Ap.

(it) Vioz >0 (z € w(u)).

(111) There exists zZ € w(u) such that V\_2 = 0.
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Proof. (i) For any fixed  we have |Pyx| — oo as A\ — —oo. Therefore, by
Lemma 3.1(ii) and (1.15), Viu(z,t) < 0 if X is sufficiently large negative.
Clearly, (S), does not holds for such A which proves Ao, > —00. The relation
Moo < A is trivial.

(i) This statement is obvious since Viz(z) — Vi z(x) as A\, Ao-

(iii) In view of compactness of w(u), the statement readily follows from
the claim that for each bounded domain D C Rﬁ\\; there is z € w(u) such
that V\_z =0 on D. We prove the claim by contradiction. Assume it is not
true for some D. Then, since w(u) is compact, we have

Vae 2l ) 2 20 (2 € w(u)),
for some b > 0. Consequently, for large ¢, we also have
Vi, t)l|Loe(p) = b. (3.12)

This of course remains valid if D is enlarged. We make it so large that for
each A\ < A\ sufficiently close to Ao, we have

DD Gy\N{x:z1 > X+ 61}, (3.13)

where d; is as in Lemma 3.2. Now, statement (ii) yields
Tim [[(Vaow) (Ol sy = 0.

This trivially remains valid if Rf\voo is replaced by a bounded domain D; with
D CC D;. Hence, using (3.12), an application of Lemma 2.4 to the solution
v = V) u yields a constant x > 0 such that for each sufficiently large ¢ one
has

Viou(z,t) > kb/2 (z € D). (3.14)

Since Vu is bounded, (3.14) implies that for each A < A, sufficiently close
to A\ We have o
Viu(z,t) > kb/4 (x € D). (3.15)

This, together with (3.13) and Lemma 3.2, imply that (S), holds for each
A < A sufficiently close to A\, contradicting the definition of A\,. This
contradiction proves our claim and thereby completes the proof. O]

We complete Step 2 by proving the decreasing property of z € w(u).
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Proposition 3.5. For each z € w(u) one has 0y,z < 0 in Ry _.

Proof. For each z € w(u) and A > A\, , we have Vyz > 0 in R} and Vyz =0
for 1 = A. Hence

0 S amV)\Z ‘ Z1=X = —289612 | Z1=\"

This shows that z is monotone nonincreasing in x;. Actually, z is strictly
decreasing. Indeed, if not, then there exists 2/ € RV~! such that z; —
z(x1,2") is constant on an interval. Taking A in that interval, we arrive at a
contradiction with Vyz > 0.

We now prove that d,,2(z°) < 0 for any 2° € RY . Fix such an =
and let r be so small that B(z° 3r) C Rf\voo. By the decreasing property
proved above, for each z € w(u) there is a constant w > 0 such that
100, 2|l L (B20.27)) > w. In view of compactness of w(u) in C}H(RY) (see
Lemma 3.1), we may assume that w is independent of z € w(u). It follows
that if hy € (0,r) is sufficiently small, then for each z € w(u) and each
h € (0, ho) one has [|d"z|| (50 > @, where

0

g — 2(zy,2") — z(xy + h, ')
- :

Fix any such h € (0, ho). Clearly,
ld"u(:, )l (5o > @

for all sufficiently large ¢ and any h € (0,hg). Also, since d"z > 0 on
B(2°,2r) for each z € w(u), we have, by compactness, d"u(-,t) > 0 on
B(2°,2r) for each sufficiently large t. Now, d"u(-,t) is a solution of a linear
equation (2.9) whose coefficients satisfy (2.5) and (2.6) with constants [
and «q independent of h. It follows from Harnack inequality that for all
sufficiently large ¢ we have

d"u(x,t +1) > v||d"u(-, V)| p~(B@oy > vw (€ B(a%r)),
with some constant v independent of A. Thus,
d"z(z) >vew (z € B2 1), 2 € w(u)).

Taking the limit as i — 0, we obtain in particular that 9,, 2(z") < —vw < 0.
This completes the proof. n
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3.3 Step 3: AN < Ao, A= Ao

Our aim in this step is to prove that V) _z = 0 for all z € w(u). We first
use the method of moving hyperplanes starting with A\ near —oco. Proceed-
ing analogously as in the steps above, we obtain the following result (cp.
Lemma 3.4 and Proposition 3.5).

Lemma 3.6. There exists Ay, € (—00, \y) with the following properties.
(i) Viez <0 (2 € w(u)).
(i) Viz <0 (z € w(u), A < A).
(ii1) There exists Z € w(u) such that V,-z = 0.

By Lemma 3.6(i), Lemma 3.4(ii) and Proposition 3.5, it is clear that
Theorem 1.2 will be proved once we show

Lemma 3.7. A\ = \».

In the proof of this equality, the following lemma is crucial. Its meaning
is roughly as follows. For A > A, we know, by (S),, that if z € R}, then
the function t — Vyu(z,t) is bounded below by a positive constant. This
may no longer be true for A = A\, however, using the next lemma we will
show that for large ¢, Viu(x,t) stays above the exponential function e~ with
arbitrarily small € > 0. The same is true for each A < A, A & A\, as long as
Viu(z, t) stays positive. To prove these lower estimates, we use a subsolution
provided by Lemma 3.8.

Lemma 3.8. Given any domain Dy CC Rf\voo and any 6 > 0 there exist
A2 < Ao, to > 0, domain D and a function ¢ : D X [tyg,00) — R with the
following properties:

(i) Dy cC D CC Ry,
(i4) ¢ is C? in x and C* int on D X [ty, 0),
(111) ¢ >0 in Dy X (tg,00),

(iv) ¢ <0 on D X (ty,0),
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(v) one has

+(. t oo
Hw+(,)HL D) > 0o 06=9) (1> 6> ty), (3.16)
It (-, 8l Lo ()

for some constant C > 0 independent of t and s,

(vi) for each N\ € (A2, M), @ is a (strict) subsolution of (2.3) on D %
(t07 OO)

o1 < a5 (2, 1) Pgie; + b?(az,t)gpxi +AMa,t)p, x €D, t>t.

The proof of this lemma is given at the end of the section.

Proof of Lemma 3.7. The reader may find useful to recall the meaning of ~
and G, see (3.6) and (3.7).

The proof is by contradiction. Suppose A\ | < Aw. Let 2,z € w(u) be as
in Lemmas 3.4 and 3.6. Then for each A € (A, A») the following holds:

Vit <0 (zeRY), (3.17a)
Wz>0 (zeRY). (3.17b)
Indeed, since V)2 = 0 and 2 is decreasing in x; for 27 > A (see Propo-
sition 3.5), (3.17a) holds for each A\ < A. Similarly, (3.17b) holds for each

A> AL
Fix 6 > 0 is as in Lemma 2.5 with

6 = By/ap + 1, 522%0. (3.18)

Choose a domain Dy, CC ]Rf\voo such that the following inclusion holds for
A= Ao!
GyN{z cRY : 2, > A+ 6} cc D,. (3.19)

Clearly, this is still valid if A < A is close enough to A, say if A € (A3, Ao,
for some A3 < A.
Let Ay < Ay and D be as in Lemma 3.8 with

0 := min{~y/2, ap}.
Fix any A satisfying max{As, \a} < A < Ay, and set v = Vyu.
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By (3.17), there is a constant ¢ > 0 such that

Va2 < —q (x € D), (3.20)
Viz>q (z€D). '

Since %, Z € w(u), there are sequences t,, < t, such that

(3.21)

It follows that there exists T}, € (t,,%,) such that

v(r,t) >0 ((x€D,telt,,T)), (3.22a)
v(+,T},) vanishes somewhere on 9D. (3.22b)

We claim that (3.22) have the following consequences:
(C1) T,, — t, > 2 for all n large enough,
(C2) supep, 1] =t o= (-, ) Lo wyy — 0 as n — oo,
(C3) there is a constant Cy > 0 such that

[infT } )| o (1) || oo (py > Cp for all n large enough.
te tn7 n

To verify (C1), we first find a sequence v of smooth nonnegative functions
with compact support in RY such that v§ — V3z in L®(RY). This can be
achieved by suitably molifying V,z > 0. Let v™ be the solution of the problem:

v = ag (T, 1) vy, + bz, vl + ANz, )", x €RY, > t,,
" =0, rely, t>t,,

V" (z,t,) = g, e RY
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(cf. [31, Theorem 7.17]). Then v™ and v solve the same equation and bound-
ary condition, and they both decay to zero as |z| — co. By the maximum
principle, for ¢ € [t,,t, + 2] we have v, > 0 and also

0" (-, 1) — U('7t>||L°°(Rf\V)
< ePolt=tn)||yr — y(-, tn)llLe@yy — 0 asn—oo. (3.23)

Now, by (1.14) and (1.1), u; (and hence v;) is bounded. Therefore, (3.21)
implies that there is ¥/ > 0 such that for each sufficiently large n

v(x,t) > q/2 (v € D,t € [ty t, + 20)). (3.24)

By (3.23), the same is true if v is replaced by v" for any sufficiently large n.
Applying Harnack inequality to v,, we obtain

vp(x,t) > Cs  (w € D,t € [t, + 20,1, +2]),

for some C3 > 0 independent of n. Combining this with (3.23), we conse-
quently obtain

v(x,t) > C3/2 (v € Dt € [t,+20,t, +2]).

Thus v(-,t) > 0 on D for t € [t,,t,+2], in particular T,, > t,, +2. (The same
arguments can be used to show that T, — ¢,, — oo, but this is not needed.)

We next show (C2). Let g be as in Lemma 2.5 with © and ¢ as in (3.18).
Recall that we have chosen 4 as in that lemma.

Consider the function w = v/g, with (&) := g(§ — A). Then w satisfies
the linear problem (2.16), (2.17), with coefficients specified in Remark 2.6.
In particular, we have ¢(z,t) < —agp if A < 23 < A+ 4. Also, by (3.7) and
(2.20),

é([t,t) <—’7+€Oé0=—% (ZEGR&V\G)\)
Thus, if z € RY \ D C RY \ Dy, we have, by (3.19),
é(x,t) < —min{vy/2,a0} = —6.

Since v(-,t) > 0 in D for t € [t,,T,], we have ¢ < —6 on any connected
component of {(z,t) : t € [t,,T,],w < 0}. Therefore, by the maximum
principle, for each t € [t,,, T},] we have

ee(t—tn)HU—(.’t)||Loc(RJAV) < Qee(t_t")Hw_('yt)||L°°(R§V)

< 2w () [[peeyy < 4llv™ o tn)ll @y — 0
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(the convergence follows from v(-,t,) — V3zZ > 0). This proves (C2).

Finally, we verify (C3). For that we use the subsolution ¢ as in Lemma
3.8. Denote 1, := ||oT (-, tn)||oo(py and ¢ := qo/n, (¢ is as in (3.21)). Then,
if ¢ is large enough, v and v are, respectively, a solution and a subsolution
of the same linear equation on D X [t,,T,] and they satisfy the following
relations:

Y(z,t) <0 <w(x,t) (xe€dD,telt,T,]),
U(z,t,) <q¢ <v(x,t,) (v € D).

Therefore, by the maximum principle, for each t € [t,,, T,]

Supv(x’t> 2 Supw‘i’(x’t) — q||§0 (7 )HL (D) 2 qceie(titn)
xeD x€D Mn,

(see (3.16)). This proves (C3).

We now complete the proof of the lemma by showing that (C1)-(C3) lead
to a contradiction. For this we apply Lemma 2.4. Choose any bounded
domain D; C Rf\v such that D CcC D;. Using the conclusion of Lemma 2.4
with 7 = T,, — 1 we find constants x and m independent of n such that

1 _—
e, Tn) 2 w07 o = Sy = €07 e @y sz (@ € D).

By (C1) - (C3), this inequality implies that for each x € D

o(z, Ty) > efe(Tnftn)(Coee/zﬁ . emee(Tnftn)HUfHLOO(RJAVX(TFLTM)

> e I In=t) el /2 > 0

if n is sufficiently large. We have thus derived a contradiction to (3.22b),
which completes the proof. ]

It remains to prove Lemma 3.8.

Proof of Lemma 3.8. Suppose 8 > 0 and Dy CC Rf\voo are given. Without
loss of generality we shall assume that @ is so small that

0 < max{l,%},
where 7 is as in (2.7).
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We first find a function ¢ which serves as a subsolution for (2.3) on
Rﬁf X (tg,00) for each A =~ A,. Here u > Ay is close to A and ty is
sufficiently large. We construct ¢ using the function v := V,u. Specifically,
we set

o(x,t) = e "0 (z,t) + s (—e (21 — p)’) = wy + sw,, (3.25)

where @ > 1 > [ and s > 0 are to be determined (this construction was
partly inspired by [10, Proof of Proposition 5.1]). Then we choose a domain
D such that all the statements in Lemma 3.8 are satisfied.

In computations below we take

Ao — (<A< Aoand g = Ao +¢

where ¢ € (0,1) is sufficiently small. How small it has to be is specified by a
condition below and by the requirement that

Dy CC R,

To simplify the notation, we let b; = b, ¢ = c*, b; = b}, ¢ =

Muw = a;(2, t)Wea, + bi(T, )Wy,
Muw = i (T, 1) Wee; + Z)Z(ZE, t)wy,,
Lw =Muw + c(z,t)w, Lw= Mw+ &, t)w.

By (2.8), we have

sup ((|Ez(x,t) —bi(z, )] + |¢(x,t) — c(z,t)]) <9,
xg_ﬂ%N,t>0,

where 0 = 6(¢) — 0 as ¢ — 0. Also, since 0 < ¢ < 1, using (2.7) we find
o > 0 such that

c(x,t),c(x,t) < =y (x| > o,t > 0). (3.26)

Recall that, as in (2.6) and (2.5), ag, By are the ellipticity constant and
bound on the coefficients, respectively, for both L and L. Note that v satisfies
o — Mv = cv.
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With w; introduced by (3.25), we compute (for z € RY)

e (Dywy — Lwy) = av® Y (9w — Mv) — oo — 1)v*a505,v,, — v*(0 + ¢)

< o (0w — Mv) + o Y (M — M)v

— aga(a — D)v* 2| Vol —v*(0 + ¢)

< v*(ac— 0 — &) + av* W0V N|Vo| — apa(a — 1) 72| Vo|?

<0 ((a = 1)y — 0+ 6) + av* 16V N|Vu| — apa(a — 1)v* 2| Vo|?
v (= 1)B — 6+ )0 + adV Nv| V| — apa(a — 1)|Vo|?)
Using |[Vv|v < 0?|Vv]?/2 4+ v?/(20?) with 0? = 2ap(a — 1), we obtain

ot z a 52N
0 —

Choose o > 1 so close to 1 that —0 + (a« — 1)By < —360/4. If ( > 0 is
sufficiently small, then § = 6(() satisfies

0 [Oop(a—1
6<max{§, %} (3.28)
For such ¢ we have
e (Dpwy — Lwy) < —gva. (3.29)
Next, for wy = —e~%(z; — )P we have the following (assuming z; > p):

(0, — L)w,
< (O+8)(xr — )’ + 0Bl — )+ anBB — 1) (z — p) 2

< (1= )2 (0 + &) (21 — 1) + BoB(x1 — p) + aB(B — 1))
(3.30)
(since f < 1). We now continue with two kinds of estimates. First, for
|z| > o, relations (3.26), (3.30) and 6 < /2, yield

(0, — L)w,

< (2 — p)?2 (—%(5131 — 1) + BoB(zy — p) + BB — 1))
-9 2 5(2)5 2
< (w1 — )’ (—%(ml — )+ m(ml — 1) )
g e
- (371 - N)ﬁ<_§ + 4(1 _ 6)040



This is negative, provided § > 0 is sufficiently small. Fix any such . From
(3.30) we further obtain

(9, — i)wz
< (@1 = W) ((1+ o) (@1 — ) + BoBa1 — ) + 0B — 1)) < 0

if x1 — p < d, where d = d(ay, By, ) > 0 is a sufficiently small constant.
Summarizing, we have shown that, with «, 8 and d chosen as above, and
with each ¢ > 0 sufficiently small, we have, independently of s > 0,

(0, — L)p = (0, — L)(w; + swy) <0,

whenever |z| > o or z; — 1 < d. In the remaining region, £ := {z € Rﬁ] :
Ty —p Z da |$| S Q}a we have

6
(0, — L)(wy + swy) < —gva + sK,

for some constant K. Since y > A, there are C; > 0 and t; > 0 such that
v(-,t) = Vyu(-,t) > C; on & for each t > ty. Therefore, if s > 0 is sufficiently
small, (0 — E)gp is negative in £ and hence everywhere is Rﬁf . Making s yet
smaller and ¢, larger, if necessary, we achieve that, in addition,

Po(x,t) = vz, t) —s(x —p)’ > Cy (x € Dy, t > 1y). (3.31)

This means that statement (iii) of Lemma 3.8 is satisfied and, setting Ay =
Aoo — (, statement (vi) is satisfied for any domain D C Rﬁf . Now, since 0,,u
(hence 0,,v) is bounded and v = 0 for 1 = p, we have v(z,t) < Cs(z1 — p)
for some constant C'3. This implies, since o > 1 > [, that there is d; > 0
such that ¢ < 0 if 1 — pu < d;. On the other hand, if 1 — pu > dj, then
by the decay condition (1.15), we have p(z,t) < 0 if |z| is large. We can
thus choose a bounded domain D CC ]Rfy such that Dy CC D and ¢ < 0 on
0D X [ty,0). For any such domain, statements (i)-(iv) and (vi) are clearly
satisfied. Since v is bounded, €|/ (-,t)||1(p) is bounded. This and (3.31)
imply statement (v). O

We remark that when carrying out the proof for the semilinear equation
(1.3), the construction of the subsolution ¢ can be simplified. It is sufficient
to take @« = 1, =0 in (3.25).
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4 Generalizations

In this section, we discuss possible generalization of our main theorem.

Taking symmetry theorems in elliptic equations as a model, it is natural to
address the asymptotic symmetry question for equation with a more general
structure. Specifically, consider the equation

u, = F(t,x,u, Du, D*u), xz€RY t>0, (4.1)

where F(t,z,u,p, H) is a function of ¢t € [0,00), x € RY u € [0,00), p =
(p1,-..,pn) € RN and H = (Hyy, Hyo, ..., Hyn) € RN*. Assume that F is
of class C' in (u, p, H) uniformly with respect to x € RY and ¢ > 0, that the
equation is uniformly parabolic, and that

F,(t,2,u,0,0) <0 (4.2)

if t > 0, |x| is sufficiently large and u > 0 is sufficiently small. Assume further
that F' is radially symmetric in z: F = F(¢,|z|,u,p, H) and nonincreasing
in r = |z|, and for each admissible values of the arguments and each iq # jo
we have

F(ta LyP1y- -y Pig—15 —Pigs Pig+15- -+, PN,

H117 ey _Hiojoa ceey _Hj0i07 . 7HNN) = F(t,:mu,p, H)
This is the structure considered in [30] in the elliptic case. It is natural to
address the question whether the asymptotic radial symmetry result holds
in this more general setting. Let us comment on some difficulties that arise
when we attempt to apply our method. The structure of (4.1) is more general,
compared to the quasilinear equations considered in the previous sections, in
the following regards:

a) the explicit spatial dependence is allowed,
b) the equation is fully nonlinear, and
c) the strict negativity condition (Q3) is relaxed.

We do not see a way of dealing with the generalization c). Even in the
simplest case of the semilinear equation (1.3), the strict negativity condition
(Q3) is needed for our method to work.
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Replacing (4.2) by a stronger relation similar to (Q3), it is still not clear
whether our proof can be modified to be applicable to (4.1). The main
problem is in the construction of a subsolution ¢; Lemma 3.8 appears difficult
to generalize. Other difficulties that arise because of a) or b) do not seem
to be so essential. For example, the spatial inhomogeneity causes that the
function Vyu is a supersolution of the underlying linear equation, rather than
a solution as in the homogeneous case. For this reason, all arguments relying
on Harnack inequality would have to be modified. This can be dealt with
without major trouble, as the weak Harnack inequality for supersolutions
(see [31]) would serve our purposes equally well.

We leave the possibility of extending our symmetrization theorem to equa-
tions of the form (4.1) open.
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