The Muain Debinclions and T heorens,

The URT for S-wffs, (or the S-URT, or the URT for S).

Let a be an S-wff, i.e. o belong to S (see p. 65 in the Notes). Then exactly one of
the six possibilities happens:

(1) There exists a unique (i.e. exactly one) natural number n such that « is A,, and A,
belongs to S.

(2) There exists a unique (i.e. exactly one) S-wff f3, i.e.  belonging to S such that a is

(= B). Moreover 8 is also the unique wif (ordinary wff ) such that o is (= ).
(3) There exists a unique (i.e. exactly one) S-wif 3, i.e. B belonging to S, and a unique

(i.e. exactly one) S-wif 7y, i.e. v belonging to S,such that « is (8 A y). Moreover, § and v
are also the unique (ordinary) wifs such that a is (8 A 7y).

(4)-(6) are similar to (3), with o being (8V %), (B8 = 7), (8 ¢ 7) respectively.
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The §1,55-UR Agreement Theorem.

Suppose that « is both an S;-wif, as well as an Sy-wff. Then « falls under exactly
the same unique case, of the six cases of the S1-URT as for the So-URT. Moreover it is
the same unique case,that o falls under, for the "basic” URT. Furthermore, for each of the
cases (1)-(6), the following holds:

Case (1). If « falls under this unique case for all three URTs (51, So, basic), then there is
a unique natural number n such that the sentence symbol 4,, belongs to S; as well as 92,
and « is A,. 7o

Case (2). If o falls under this unique Case for all three URTS, then there is a unique wif 8
such that § is also an S1-wff, as well as an So-wff, and « is (= 8). Thus « is expressed as
(- B) when we view « as an S1-wif, as well as when we view « as Syo-wif, as well as when
we view « as an ordinary wif.

Case (3). When « falls under this unique case for all three URTS, then there exists exactly
one (unique) wif 3, and exactly one (unique) wif «y such that « is (8 A ). Moreover,
and y are also the unique S1-wifs, as well as the unique Se-wifs such that « is (8 A ¥).

Cases (4)-(6), dealing with ”V”, ”—”, ”43” are similar to Case (3).
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The Truth Assignment Theorem (Theorem 12A in the Book)

For any truth assignment v for a set .S (of sentence symbols) there is a UNIQUE function
v: S — {F,T} satisfying the conditions 0. — 5.:

0. For every sentence symbol A; in S, the value 7(A;) is equal to the given value v(4;),

) T ifv(e)=F
L o((-a) = {F if 17((04)=T,

which has to hold for every wif o belonging to S, i.e. for every S-wif.

T if o(a)=T and p(B)=
e T
or “(a) =F and p(B) =

Le. v((aAB)) =T if both 7(a) = T and #(B) = T, and 7((a A B)) = F if either one of
v(a), v(B) = F, or both v(a), 7(B) = F.

The condition 2., as well as the conditions 3.,4.,5. below, have to hold for every pair
of wifs a, Bin S, i.e. for every pair o , B of S-wifs.

o - T #v(e)=T orpB)=T
al3"”((‘”5))“{1? if D(a) = F mﬁﬂA:F

_ T #v(a)=F orpf)=T
4”«“%5»:{F ﬁ%&zT wd&A:F

5.o((aoB)={F  ifo(a)=
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The following theorem is the Exercise 6 at the bottom of p.27 and top of p.28 in the
Book.

The Truth Assignments Agreement Theorem

Sy nd 52 be sets of sentence symbols and v : §1 — {T, F}, vy : S — {T,F} b:»\
' truth assignments. Let

S = {Az S Slﬂ«_g;i Vl(Ai) = I/z(AZ)}
\ Then for every S-wif a (i.e. @ belonging to ), we have

| 51 (a) = 7a(a). /
T ] e

Proof.

First some comments: 7 : 51 — {T,FY}, g : 8, — {T, F'} are as obtained in Theorem
12A.

<5
Thus - o is both an S;-wfl, as well as anigz—wﬁ, ie. a€ 5,
and a € Sy. Thus 7 (a), Us(a) are both defined. If thus remains to be proved that
i (a) = va(a) for every such o in S. We will prove this by induction on £(c), as we have
done with other theorems, notably the FACT.

) g If o isin S, i.e. if o is an S-wff, then S(a) C S C S; N S, Sc Sy
> 4

Base Case.
la)=1

o is an S-wif, so a is a wif, so £(a) = 1 means « is a sentence symbol, i.e. ais A; for a
unique natural number 4. But « is an S-wif, so A; belongs to S . Thus by the Definition
of S, we obtain 11 (A4;) = va(4;).

By the condition 0.,0f theorem 12A, we obtain 7 (4;) = v1(A;), 7a(4;) = vo(4;),
hence U(A;) = Ua(A;). But A; is a, hence 73 (a) = 7y(a).
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Suppose 71 (8) = 12(8), v1(7) = Da(y), ete., for all B, 7, etc. belonging to S such that
UB), tly) < n
Suppose £(a) =n+ 1> 2 (since £(a) = 1 is done in the base case)sa is an S-wif,

~ hence « is both an S;-wff, as well as So-wiF ¢ c2a (%) prececling page) Thus by the
{51, So- URT (pages 91,92), one of the Cases (2)-(6) must ogeur. suppose Case (2) oc
Thus (see near top of p.92) there exists a unique B whichvboth an Sy-wif, as well
Sz-wil, such that a is (= 8). But « is also an S-wff, hence B is an S-wif, and £(8) < n.
Thus by the Induction Hyp, we obtain 1 (8) = 72(8). But then 7y (= ) = iy ((—
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