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Abstract. Compared with the color histogram, where the position in-
formation of each pixel is ignored, a simplified color correlogram (SCC)
representation encodes the spatial information explicitly and enables an
estimation algorithm to recover the object orientation. This paper ana-
lyzes the capability of the SCC (in a kernel based framework) in detecting
and estimating object motion and presents a principled way to obtain
motion observable SCCs as object representations to achieve more reli-
able tracking. Extensive experimental results demonstrate the reliability
of the tracking procedure using the proposed algorithm.

1 Introduction

The computer vision community has witnessed the development of several ex-
cellent tracking algorithms using color statistics, e.g., color histogram, as rep-
resentations. There statistics features can be convolved with an isotropic kernel
to allow gradient estimation of the representation [1]. One inherent limitation of
such kernel based methods is the singularity problem, where the representation
is blind to certain motion.

Most existing kernel based tracking algorithms are concerned only with the
tracking of object locations [1], or object locations and scales [2]. Since isotropic
kernels are often used [1,3,4], rotational motion can not be estimated using these
methods. Recently, Zhao and Tao [5] proposed the simplified color correlogram
(SCC) representation to efficiently track location and orientation simultaneously.
Although the kernel is also rotationally-symmetric, the underlying SCC represen-
tation is sensitive to orientation changes. This property makes the representation
capable of tracking rotational motion as well as translational motion. As in most
kernel based algorithms, the assumption is that the statistics of the SCC feature
be sufficient to determine the motion of the object [4]. However, this assumption
needs to be validated. This paper shows that under certain degenerated cases,
ill-conditioned cases may occur, i.e., translational and/or rotational motion may
not cause changes to the SCC, therefore the motion is not observable. In this
study, we derive a criterion to evaluate the numerical stability of the tracking
solution, according to which, schemes for the SCC selection are designed.

The paper is organized as follows. Section 2 reviews the simplified color cor-
relogram (SCC). Section 3 analyzes the properties of the SCC in a kernel based
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framework, and proposes the solution to obtain the motion observable SCCs.
Section 4 discusses implementation details. Section 5 shows experimental results
and demonstrates the improvement over the standard mean shift algorithm, and
section 6 concludes the paper.

2 Introduction to Simplified Color Correlogram (SCC)

Color correlogram expresses the correlation between color pairs in an image,
which has been commonly used in the literature of image retrieval/indexing [6].
Zhao and Tao [5] has recently proposed a simplified version of color correlogram
(SCC) for tracking purpose. Instead of including pixel pairs along all directions
and with a set of distances, the SCC only counts pairs along one or several axes,
i.e., pre-selected directions, with predefined distances. Formally, the SCC with
L axes are defined as

Su,v = Pr(I(p1) = u ∧ I(p2) = v | f(p1 − p2) = (θ, d)). (1)

Here, f is a function to obtain the direction and the distance of a pixel pair,
representing the spatial relationship of two pixels p1 and p2. θ ∈ {θl, l = 1, ..., L}
and d ∈ {dl, l = 1, ..., L}, where L is the number of axes, θl is the direction of
axis l and dl is the pair distance along axis l. We use the L2 norm to measure
the distance between pixels.

Though the conclusions about the singularity problem in the kernel based
representations made in this study is not restricted to the SCC representation,
we focus our discussions on the SCC due to the following reasons [5]:

1. The SCC achieves a natural integration of color and spatial information.
2. Since certain directions are emphasized, the SCC is effective in manifesting

rotational variations.
3. The SCC is computationally inexpensive.
4. Being a middle ground of the template based methods and the pure statis-

tics based representations, the SCC can have desired properties from both sides.
Similar to the conventional color histogram, the SCC is also integrated into a

kernel framework to allow efficient localization, thereby the singularity problem
exists. This paper presents two methods to approach this issue in the SCC con-
text, where both translation and rotation are concerned. One is to select more
than one axis to form a multi-axis SCC, therefore motion ignored by pairs along
one axis can be recovered along other axes, as will be justified later. This strategy
suffices in most cases. However, efficiency consideration suggests an alternative
of obtaining one optimal axis and its corresponding pair distance, so that the
resulting SCC is the most sensitive to all different motion. Details of the two
approaches are provided in the next section.

3 Motion Observability Analysis

The SCC based tracking method enables the detection of both translational and
rotational motion, therefore reliable tracking in this context requires that both
types of motion be distinctly observed and reliably recovered.
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3.1 Representing Objects Using SCC

In this subsection, we first address necessary notations for the later analysis.
Specifically, each pair of pixels counted in the SCC representation can be pa-
rameterized using a 3-dimensional vector Φ = [cx, cy, θ]T , where (cx, cy) are the
image coordinates of the midpoint of each pair and θ is the angle between the
axis of the object and the object coordinate system. Consider for a moment a
target model/candidate for the SCC with one axis l and the index l is omitted
to keep the notation simple.

Target Model. Similar to [4], we define the matrix form of the target model
as

M = αUT
MK(0). (2)

In Eqn.2, UM = [u11,u12 · · ·u1m,u21 · · ·u2m · · ·um1,um2 · · ·umm], where
urs = [δ(I(Φ111) − Irs), δ(I(Φ112) − Irs) · · · δ(I(ΦWHO) − Irs)]T , r, s = 1 · · ·m.
I(Φijk) represents the colors of the pixel pair Φijk in the image I. W , H and O
are the numbers of cxs, cys and θs considered in the SCC. If the colors of pixels in
the pair Φijk are r and s, then the corresponding element in the vector is assigned
1, otherwise it is 0. The subscript M represents “model” and α normalizes the
representation. K(0) = [K(Φ111

h ), K(Φ112
h ) · · · K(ΦWHO

h )]T , where K is a kernel
function that assigns a smaller weight to the locations and orientations that are
farther from the center of the object, h is the kernel radius, and the kernel is
centered at 0.

By definition, L different axes yield L different target models M1, ..., ML.

Target Candidate. Similarly, the target candidate is defined as

C(Φ0) = βUT
C K(Φ0), (3)

where Φ0 is the initialized location and orientation in the current frame. β and
UC are defined the same way as α and UM for the target model, and the subscript
C denotes “candidate”. K(Φ0) = [K(Φ111−Φ0

h ), K(Φ112−Φ0
h ) · · ·K(ΦWHO−Φ0

h )]T .
L target candidates C1, ..., CL can be defined for L axes.

3.2 The Objective Function and Solution for Reliable Tracking

We focus on the single-axis case in this subsection and the multi-axis cases would
be analyzed in the next subsection. For the mean shift based tracking algorithms
[1,5], the objective is to seek the maximum of the Bhattacharyya coefficient [7].
Its well known connection with the Matusita metric opens the possibility that we
analyze the Matusita metric other than the Bhattacharyya coefficient to better
illustrate the inherent problem of kernel based tracking [4].

Using the notations given in section 3.1, the objective of tracking using the
Matusita metric is defined as

minΦ(DM (Φ)) = minΦ||
√

M−
√

C(Φ)||2 = minΦ(
∑

u,v
(
√

Mu,v−
√

Cu,v(Φ))2),

(4)
where Φ is the object location and orientation in the current frame.



348 Q. Zhao and H. Tao

A Newton-style iterative procedure is applied to convert this optimization
problem to a more explicit form (Derivations provided in the Appendix)

d(C(Φ0))−
1
2 UT

C JK(Φ0)ΔΦ = 2(
√

M −
√

C(Φ0)), (5)

where Φ0 is the initialized object location and orientation for the current frame
and d(C(Φ0)) denotes the matrix with C(Φ0) on its diagonal. In Eqn.5, JK(Φ0) =
[∇ΦK(Φ111−Φ0

h ), ∇ΦK(Φ112−Φ0
h ) · · · ∇ΦK(ΦWHO−Φ0

h )]T , where ∇ΦK(Φijk−Φ0

h ) =
2
h2 (Φijk − Φ0)g(||Φijk−Φ0

h ||2), and g(x) = −k
′
(x), k(||x||2) = K(x).

Denoting A = d(C(Φ0))−
1
2 (U)T

CJK(Φ0) and converting the matrix before ΔΦ
to a square matrix for further analysis, we obtain

AT AΔΦ = 2AT (
√

M −
√

C(Φ0)). (6)

Therefore the solution to the optimization problem in this 3-dimensional case
is unique if and only if the 3 × 3 matrix AT A is of full rank. Additionally, the
stability of the solution depends on the magnitude of its condition number. In
the single-axis cases, the SCC with the parameters (θ, d) corresponding to the
smallest condition number of AT A is the optimal SCC.

3.3 SCC with Multiple Axes

If multi-axis correlograms are used, denote

AL =

⎡

⎢
⎣

d(C1(Φ0))−
1
2 (U1

C)T J1
K(Φ0)

...
d(CL(Φ0))−

1
2 (UL

C )T JL
K(Φ0)

⎤

⎥
⎦ ,

and
Al = d(Cl(Φ0))−

1
2 (U l

C)T J l
K(Φ0), l = 1, .., L,

then we have
AT

LAL =
∑L

l=1
(Al)T Al.

In this paper, we explore further into this multi-axis problem considering the
simple yet effective two-axis cases. A useful property of the semi-positive definite
matrices (A1)T A1 and (A2)T A2 states as

min(cond((A1)T A1), cond((A2)T A2))

≤ cond(AT
2 A2) ≤ max(cond((A1)T A1), cond((A2)T A2)), (7)

where AT
2 A2 = (A1)T A1 + (A2)T A2.

These inequalities indicate that the condition number of a two-axis SCC is
between the two condition numbers of the corresponding single-axis SCCs. A
consequence is that for a SCC defined with two axes, unfavorable condition
numbers are less possible to be generated, since it requires both corresponding
single-axis SCCs to have sufficiently large condition numbers. To make full use
of this point, the two axes should be as independent as possible and in our work,
two orthogonal axes are used.
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3.4 Visual Interpretations and Verifications on Example Patterns

Using the SCC as an object representation, an image patch can have different
SCCs, with some being more favorable than others in terms of motion observ-
ability. To provide a visual interpretation on the SCC representation, we make
further analysis into the matrix A, which is

d(C(Φ0))−
1
2 UT

C JK(Φ0) =

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

2
h2 C

− 1
2

1,1
∑

I(Φijk)=I11

(Φijk − Φ0)g(||Φijk−Φ0

h ||2)

...
2
h2 C

− 1
2

1,m

∑

I(Φijk)=I1m

(Φijk − Φ0)g(||Φijk−Φ0

h ||2)

...
2
h2 C

− 1
2

m,m
∑

I(Φijk)=Imm

(Φijk − Φ0)g(||Φijk−Φ0

h ||2)

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

.

(8)
To obtain a unique solution for ΔΦ in Eqn.5, at least three of the row vectors

of the above matrix need to be linearly independent. In this paper, we analyze
two typical image patterns that are inherently unobservable to certain motion.

Fig. 1. Illustration for visual interpretation of SCC choice

Concentric Circles (Fig.1(a)): In color histogram based kernel methods,
concentric circles are regarded as a degenerated case [4], where translation can
not be detected. In this SCC based kernel methods, due to the spatial information
encoded in the pixel pairs, translation along the SCC axis can now be observed.

Without loss of generality, we set the SCC axis to be along the y direction, as
shown in Fig.1(a), and validate the translation observability through Eqn.8 by
examining the weighted distance vectors (Φijk −Φ0)g(||Φijk−Φ0

h ||2) for pixel pairs
of two certain distinct colors. The cx component (recall that Φ = [cx, cy, θ]T ) of
this term is cancelled out by every two corresponding pixel pairs, i.e., two sym-
metric pairs w.r.t. the SCC axis, like pairs a and b in Fig.1(a). However, the cy
component of the term can not be always cancelled out by corresponding pairs,
i.e., symmetric ones w.r.t. the x direction. For example, pair c in Fig.1(a) is of
color (i, j), while its corresponding pair (pair d) is of color (j, i), therefore they
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can neither cancel out each other for Cij , nor for Cji. Since the representation
is rotationally-symmetric, the θ components are all cancelled out. As a result,
the row vectors in Eqn.8 is κ[0, 1, 0]T . The intuition behind this is that among
the three degrees of motion, only the translation along the SCC axis can cause
sufficient changes to the SCC. Although one may use two axes to detect trans-
lation in both dimensions, the blindness to rotation is the inherent limitation of
Concentric Circles.

Parallel Stripes (Fig.1(b)): Independent of the axis choice in the SCC, the
parallel stripes pattern is sensitive to motion along the x direction, while blind to
motion along the y direction. However, its observability to rotation depends on
the direction of the SCC axis. If the axis is defined to the be along the x direction,
then the elements for the orientation dimension in (Φijk − Φ0)g(||Φijk−Φ0

h ||2)
cancel out. Intuitively, this means that slight rotation does not cause enough
change to the SCC. On the other hand, if the axis is some degrees away from
the x direction, then rotation makes a difference in the SCC by causing some
pixels in the boundary of two stripes to be the other color.

Fig. 2. Quantitative relationship between condition numbers and parameters (θ, d): (a)
Image patch (96 × 96), (b)-(d) Condition numbers w.r.t. axis directions with different
pair distances: (b) d = 5 (Symbols at the top line represent overflow values), (c) d =
10, (d) d = 40

We evaluated the quantitative relationship between condition numbers and
parameters (θ, d) for the image patch of the Parallel Stripes pattern, shown in
Fig.2(a). The axis direction θ is defined in the object coordinate system, i.e.,
with along the x direction being 0 degree, and increases counterclockwise. We
observe the condition numbers of the single-axis SCCs with different axis direc-
tions and those of two-orthogonal-axis SCCs, where the directions of the axes
are θ and θ + 90. Fig.2(b-d) show the relationship of condition numbers w.r.t.
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different axis directions with pair distances of 5, 10, and 40, respectively. From
the illustrated outputs, following conclusions can be made:

1. The pair distance can not be too small. This is due to the discrete nature
of the image and the fact that the colors for the SCC are assigned in a nearest-
neighbor manner. For short pixel pairs, small image rotation may not cause any
changes to the SCC. As shown in Fig.2, the results with pair distance of 5 pixels
(Fig.2(b)) are much poorer than those with longer distances(Fig.2(c-d)).

2. Some axis directions are more favorable than others in terms of stability.
For the patch shown in Fig.2(a), the most favorable axis direction for single-axis
SCCs is along the y direction (θ = 90 in Fig.2(c-d)).

3. When two axes are used, due to the inequalities given in Eqn.7, no matter
what the directions of the axes are, the condition number is between the two con-
dition numbers generated independently by the two single-axis SCCs. Fig.2(c-d)
show that the average condition numbers provided by the two-orthogonal-axis
SCCs are significantly smaller than those generated by the single-axis ones.

4 Implementation Details

For most real objects, textures are irregular enough to avoid the extreme cases,
as shown in section 3.4, thereby a two-orthogonal-axis SCC suffices in most
cases. However, in applications where speed is an important factor, single-axis
SCC is greatly favored for efficiency considerations. In this case, we search for
the optimal axis direction in the orientation space to obtain the SCC with the
smallest condition number.

The pair distance is an important parameter in that it influences not only
the SCC’s sensitivity to rotation, but also the stability of the solution. On one
hand, the larger the pair distance, the more observable the orientation changes,
as discuessed in section 3.4; on the other hand, a SCC with a large pair distance
tends to have too few pairs counted (both pixels should be in the tracking win-
dow), which decreases the stability of the tracking. By trial and error, we set the
default distance to be max(1/8(l + w), 10), where l and w are the length and
width of the kernel size. The lower bound of 10 pixels ensures the stability of
the tracker when the object is small.

In this paper, similar to [5], mean shift algorithm is extended to a translation-
rotation joint domain to locate the object position and orientation simultane-
ously, in a gradient descent manner. However, the proposed idea can be easily
incorporated into any tracking framework other than the mean shift one.

5 Experiments

The usefulness of the proposed schemes to ensure reliable tracking have been
demonstrated on vehicle and pedestrian sequences under various environmental
conditions. In the following, the first two real-time tracking tasks compute and
use the optimal single-axis SCCs as representations, and the two-orthogonal-axis
SCCs are used for the other sequences.
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a-1

b-1

c-1

a-2

b-2

c-2

Fig. 3. Car-Chasing Sequence

Car-Chasing: The Car-Chasing is a live video sequence of 2250 frames. It has
been tested using the standard mean shift (MS) based tracking algorithm, the
single-axis SCC based tracking algorithms with and without the optimal SCC
selection.

The possible problems in vehicle tracking using the MS tracker are revealed in
Fig.3: (1) Loss of tracking tends to occur when the car makes turns (Fig.3(a-1));
(2)Fixed orientation of the tracking window causes scale adaptation difficult to
realize and the mismatch of the window to the object makes the tracker sen-
sitive to background clutter (Fig.3(b-1)). In Fig.3(c-1), although the window
direction adapts to the object, using a non-optimal single-axis SCC, the tracker
is less stable. In Fig.3(a-2),(b-2),(c-2), we show results of the optimal single-axis
SCC based tracker, which tracks the car throughout the entire sequence. Re-
sults demonstrate that challenging issues like object rotations, heavy occlusions,
background clutters, scale changes and motion blur are handled elegantly.

PETS 2001 Data: The proposed schemes are further evaluated on the PETS
2001 Dataset [8]. Compared with the color histogram based methods, the SCC
based tracker successfully removes the restrictions brought up by certain object
shapes and/or camera viewpoints. The proposed optimal single-axis SCC selec-
tion scheme further ensures both reliability and efficiency of the tracker. Sample
frames of the experimental outputs are shown in Fig.4.

Multiple Human Parts: Other experiments are shown in Fig.5. The two-
orthogonal-axis SCCs are used to track multiple human parts. Although only
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Fig. 4. PETS 2001 Sequences

Fig. 5. Stretching and Walking Sequences

color information is extracted, the reliable tracking results indicate the algo-
rithm’s potential in being a useful module in any human tracking or behavior
analysis tasks.

6 Conclusion

This paper analyzes the capability of the SCC (in a kernel based framework)
in recovering both translation and rotation. A criterion to evaluate the SCC
in terms of motion estimation is provided to guide the SCC selection. Two-
orthogonal-axis SCCs are proved to be practical sufficient, while in tasks where
speed requirements are high, optimal single-axis SCCs are desired. The discus-
sion is focused on, but not limited to, the SCC representation. The SCC in an
extended mean shift tracking framework is not computationally expensive. The
tracker runs comfortably at 30 fps on a PIV 3.20GHz PC.
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Appendix: Derivation for Eqn.5

Optimization on the objective function of min||
√

M −
√

C(Φ)||2 results the fol-
lowing equation: d(C(Φ0))−

1
2 UT

C JK(Φ0)ΔΦ = 2(
√

M −
√

C(Φ0)), where ΔΦ is
the motion vector in terms of both translation and rotation, and Φ0 is the ini-
tialized object center in the current frame.

Applying the Taylor Expansion on
√

C(Φ) and dropping higher order terms
yields

√
C(Φ) =

√
C(Φ0) +

d
√

C(Φ)
dΦ

|Φ=Φ0ΔΦ. (9)

Since C(Φ0) = UT
C K(Φ0), therefore dC(Φ)

dΦ |Φ=Φ0 = UT
C ∇K(Φ0). Introducing

this into Eqn.9, we have
√

C(Φ) =
√

C(Φ0) +
1
2
d(C(Φ0))−

1
2 UT

C ∇K(Φ0)ΔΦ, (10)

where d(C(Φ0)) is the matrix with C(Φ0) on its diagonal.
Rewrite the objective function in terms of the motion vector ΔΦ, we obtain

argminΔΦ||
√

M −
√

C(Φ0 + ΔΦ)|| (11)

Substituting Eqn.10 into Eqn.11, the resulting objective function is

argminΔΦ||
√

M −
√

C(Φ0) − 1
2
d(C(Φ0))−

1
2 UT

C ∇K(Φ0)ΔΦ||, (12)

the solution of which equates to the solution of the linear system
1
2
d(C(Φ0))−

1
2 UT

C ∇K(Φ0)ΔΦ =
√

M −
√

C(Φ0). (13)

Denoting ∇K(Φ0) as JK(Φ0) and scaling both sides up by a factor of 2 results

d(C(Φ0))−
1
2 UT

C JK(Φ0)ΔΦ = 2(
√

M −
√

C(Φ0)). (14)

http://visualsurveillance.org/PETS2001/
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