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Math 5651 (V. Reiner) Final Exam
| Tuesday, May 10, 2016

This is a 120 minute exam. No books, notes, calculators, cell phones, watches
or other electronic devices are allowed. You can leave answers as fractions,
with binomial or multinomial coefficients, and Gamma function values I'(cx)
unevaluated.

There are a total of 100 points. To get full credit for a problem you must
show the details of your work. Answers unsupported by an argument will
get little credit. Do all of your calculations on this test paper.

Problem Score

A R

Total:

Reminders:

Pr(AiU---UAp) = (-1)F! > Pr(Ay N NA;)
k=1 1<ig < <ig<n

S =0l B, =Pr(A)= Xn:Pr(Aﬂ B;) = zn:Pr(A]B.;)Pr(Bi) and Pr(B;|A) = Pr(A|B;)Pr(B;)/Pr(4A)
i=1 i=1

r=+00
cdf F(z) := Pr(X < ), while pdf f(z) = %F(m), and g1 (zly) = f(z,v)/ f2(y) with fa(y) = / flz,y)dz

T=—00

When Y =r(X) & X = s(Y), then f(z), g(y) satisfy g(y) = f(s(y)) - |J| where J := det <g;>

EX = /joo zf(z)dz, and var(X) = B(X — EX)? = E(X?) — (EX)?, with o(X) := ++/var(X)

cov(X,Y) = B((X — EX)(Y — EY)) = E(XY) — EX - BY = axoyp(X,Y)

var (Z X¢> = Zvar(Xi) +2 Z cov(X;, X;5)
i=1

i=1 1<i<j<n

=00 .
() = / 2% te™%dz for o> 0, and I'(a + 1) = al'(a) for o > 1, with I'(1) =1
=0




Discrete Distributions

Bernoulli with parameter p

Binomial with parameters » and p

pf F@=pd-p', F@y=pra-pr,
forx=0,1 forx=0,...,n
Mean P np
Variance | p(1—p) np(l— p)
mgf | Y@ =pc+1-p Y() = (pe! +1-p)"
Uniform on the integersa, ..., b Hypergeometric with parameters A, B, and n
A B
j: 28 f&x)= E':}ma fx)y= ——-(-‘(l(r";)*),
forx=a,....b for x =max{0, n — b}, . .., min{n, A}
Mean ke pio:
. b—a)(b—a+2 -
Variance | C=0(-ai2) (::g)z Ao
1y __a N . -
m.g.f. ()= (—e% Nothing simpler than y (1) = 3, f(x)e™
Geometric with parameter p Negative binomial with parameters r and p
pf. F=pl-py, fo =" -
forx=0,1,... forx=0,1,...
Mean e rd=p)
P 7
Variance 112’1 At 2N (1_2” )
E 7 r
m.g.f v = m%7 v = (m%;g) )
forr <log(1/[1 ~ p] for t <log(1/[1— p])
Poisson with mean A Multinomial with parameters n and (py, .. ., pr)
pi. Fey=e4y, Fen )= () P
forx==0,1,... forx;+ - +x,=nandallx; >0
Mean A E(X;) =np;,
fori=1,...,k
Variance | A Var(X;) = np;(1 — p;), Cov(X;, X;) = —npip;,
fori, j=1,...,k
m.g.f. Py =MD Multivariate m.g.f. can be defined,

but is not defined in this text.




Continuous Distributions

Beta with parameters o and g

Uniform on the interval [a, b]

p.df.

Mean
Variance

m.g.f.

£ = 1 5H A - P,

for0<x <1

.
a+p
)

@+ (a+p+1)
Not available in simple form

1
&)= 5=,
fora<x <b
ath
7
(b—a)?

12

at_g=bi

W(f)f—‘%gzg—

Exponential with parameter g

Gamma with parameters & and 8

p.d.f

Mean
Variance

g

FOo) = e,

forx =0

F) = fggrete

forx >0

e =R

v =(#)"

forr < g

Normal with mean g and variance o?

Bivariate normal with means i1 and p,

variances 012 and o2, and correlation p

p-d.f

Mean

Variance

m.g.f.

2
fx)= _(2,,)11/26 exp (" (‘\2;;) )

“w

o?

Y () =exp (m + #)

Formula is too large to print here.

See Eq. (5.10.2) on page 338.
E(X)) = i,

fori=1,2

2
Covariance matrix: ( 1 ’00120 2 )
po10y Oy

Bivariate m.g.f. can be defined,

but is not defined in this text.
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Problem 1. (20 points) Assume that each of the functions f(k) or f(z) }
below defines a p.f. or p.d.f., and find the unknown constant c. |

a. (4 points) f(k) —c( ) for k=0,1,2,.

*P@(M) oo @if. ‘“’”(% - c=e"?

Sorloss, 2

cxd3(1 —2)™%  for z € (0,1),

b. (4 points) f(z) = {

0 otherwise.
.
&Ea((’o 3,8.14) has pdf Te.3<810 520" oo r@;aj;;q
5 GG 4, Me3)r(ed)

DM"”@W’

c. (4 points) f(k) = c(4ko) (13 ,) for k=0,1,2,...,13.

Aypergee(40,50,2) s pf. (EEL) oo Lo
A 13 .

“’ i)
: (%fa ( 2
v/ 'Cm‘ (rzf:a,\ JE
. _ Jee33 2 for x>0,
| d. (4 points) f(z) = {0 otherwise.
| ~5.3 _ -S5.8% _ -S3x+d
| EXP<~5.§> has Pa.i?, 53¢€e x =» 5.3€ = Cea 3
7 ?%w¥>? = C@ R é ng?(
© e 5’.3:C€Q
C= 5.5e
A e. (4 points) f B forzeR,
V 77 ot 2
L L(v_c_g) ~5.3x%2 4 -»5239(9‘ a
/\(’@ MPA£ e e ) S© recvite CE = Ce-€ = (e 6 of
/ locks [lk??
N I
_¢> Ce__@nx’—’« m&? 1,)u)
’gl@@

-

. - 5

C= € \{-'::
L




Problem 2. (20 points) Let X = Unif(0,1) be uniform on [0, 1].

a. (5 points) For which parameters (o, ) is X = Unif(0,1) the same as the
Beta distribution with parameters (o, B)7

R L

b wate e pd(, 11 Erme@ ] o e Uit o, 1), Hewce x=1, P=1.

b. (15 points) Given v > 0 a positive real number, and X = Umf( 1) as
before, prove that Y = X7 is Beta distributed with parameters o = > 6 =1,

that is, ¥ = Beta(l 1).

N=xX"- r(x> © >< w—gw\)

i {Mcrws'\ W+ o< 2d
| decressing ik 1< ¥

for xe(oq’)

ﬁhacﬁse Y=1 s el
" skee (=X indhat (“a.sg>

o
g: Wﬁx

e P4 ) %¥(s@> G| fraron)] e -1 £ nc >§
efdramsi te

o cfreriise
sme X=Und(o,1)

Tias = dve Soume ‘P.ﬁlf@ AS %{ 4> whizh weuld be

(L L L
DHENCE N~ IR )
o  elherdise, ﬂ
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Problem 3. (20 points) A group of 20 people { Py, Q1, P, Q2, .. ., Pio, @10}
who happen to be 10 pairs {P;, Q;} of twins are going swimming, and ran-
domly pair off as 10 pairs of swimming buddies. Assume all possible pairings
of the 20 people are equally likely. In particular, two twins {F;, Q;} may or
may not pair with each other.
Let X be the number of pairs of twins which end up as swim buddies,
that is, X is the number of indices i for which P;, Q; are paired with each
other. Thus X takes values in {0,1,2,...,10}. N

a. (5 points) Find the probability that P, Q) are paired with each other.

?\’({P« Q. W’WO mﬁg’“ here S =jall ?ogsfb)@ pw”\n\ﬂgig

A = (ao_sy-m—-sg-fu o

o (2@-3)----531 ~ 19

Vb

b. (5 points) Compute the expected value EX. evenl A=

X=X 8K+ X where X’s '; ﬁsm

so EX = BBy A8 = 10BK) - 10 P{A) = 10 \@u

10
19

c. (5 points) Find the probability that both Py, Q1 are paired with each other
and P, Qo are paired with each other.

Pr(A )= LADA @og) 581 |
1SY T Goma) ) - 531 11T

d. (5 points) Compute the variance Var(X

\(fa,,<;>€>m— Vex Xﬂﬁ‘ “"X(a WLVWQX\)% @ZWCXW j>

p . =0 vM(XQ.% g;(ﬁD> wv@{),)‘x‘)
va@‘) ()~ £04) = £ 0 = - L5

(92

e (%) = E(XKa) - ERIECS) =P AR~ Ex) = 7' - Toa

= — A |
7 \er)- 4O<“" - "\l‘%@* A )mm ”T%‘?)
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Problem 4. (20 points) Let (X1, X2) have a bivariate normal distribution
with means EX; = 10, EXy = 8, standard deviations 0(X;) = 1,0(X2) = 3,
and correlation p(X7, Xo) = 0.5. Let ¥ = X; — X».

a. (5 points) What choice of an estimate mq for ¥ will minimize the mean
square error B((Y —mg)?)?

me= EY = EfG-%) = BX-Bg=10-8 =2,

b. (5 points) What choice of an estimate m,; for Y will minimize the mean
absolute error E(|Y —mq|)?

Shce Q@ XB oure bivewiale ”@W‘B )

\{: X,\“"X’Q; e (wwmate) mm‘ owd its W\edam w, (w‘/\d: we W} {’

is Y seune as s wieam £Y - rkS pokt & St)mmee\/\f ahom‘%%e t«we@x
Heuee WA, = M, = Ef=a.

c. (5 points) Choosing mg as in part (a), compute E((Y — mo)?).

E(Cr )= E(r-8rY) = Wc\o £ (Y))- w@< x;;)
4 “\/M(Xq)ﬁ'\fa#(\xi ’Qm\/ Q{q))(p_) e
= o4 06)'- 205, %) «rcm@(x)

Ales ﬂ; 4+ 30— 2 (CD 5) 1

L= A+ 9 —3 = 12

v\(

2
d. (5 points) Express Pr(X; > X2) in the terms of the cdf ®(2) = . eTdt
for a standard normal Z = N(0,1) having mean 0, standard deviation 1.

R, B> ©) - (e B 1 bz
* = )
N(o’l ) Z= Mo/'l) =1- § (ﬁ)
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Problem 5. (20 points) Let X be a Poisson random variable with unknown
mean A, and you have been told, a priori, that A comes from a Gamma

distribution Gamma(2, 3) with parameters oo = 2,8 = 3.
You sample X and obtain the value X = 5.
Show that the posterior distribution for X still follows a Gamma distribu-

tion Gamma(&, 8), and find the new values (&, ,8) explicitly.

(X, AB ﬁ

i ‘ ’ ”D}\ I8 / H\%

1 L, oo

/ %&@mw %&,2,55 = % )»’ or A7,
i P ’M&yu abL ]

e I o - g g "y : - A ™
Theretve He ﬁéwi pd L der (XA yis

S = GUAINE) = § ¢

=A-BA A2
A Jne;

Q e j,.lﬂ LA 3 <8

K,\IL b%w’i\ 5@&‘ ““ﬁwﬁtué/w f}w/g

;&@) _ (@% f\) 5 Fo 6\%@%@%%% L 4o
5)  LTEeslEE)

g::’@"’@\,f/u( S5

4N

o

s

/
%

’ VG
Ly V“‘b‘hu%t

) isthe V%% dor (“*;‘@W wal 7 "*?L >

= 4lis)

f/
i




