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Math 5651 Lecture 002 (V. Reiner) Midterm Exam II
1610 emm—I2:0Saw Via i3 Thursday, March 31, 2016

This is a 115 minute exam. No books, notes, calculators, cell phones, watches
or other electronic devices are allowed. You can leave answers as fractions,
with binomial or multinomial coefficients unevaluated.

There are a total of 100 points. To get full credit for a problem you must
show the details of your work. Answers unsupported by an argument will
get little credit. Do all of your calculations on this test paper.

Problem Score

A e

Total: ! o0

Reminders:

Pr(41U - UA,) = zn:(—l)’H > Pr(Ay N-- NA;)
k=1 1<ig < <ig<n
S=ul4B; = Pr(4) = zn:Pr(A NB;) = iPr(A|B,;)Pr(B.;) and Pr(B;|A) = Pr(A]B;)Pr(B;)/Pr(A)

i=1 i=1
cdf F(z) := Pr(X < x),while pdf f(z) = %F(m)
a1(zly) = fz,9)/ f2(v),  92(ylz) = (=, )/ f1(=)
y=-+o0 T=+00
a@= [t fa)= [ Sy

y=—oc0

When Y = r(X) ¢ X = s(Y), then f(z), ¢(y) satisty g(y) = f(s(v)) - |J| where J = det (%;)
J
BEX = York- f(k) X discrete,
- fj:: zf(z)dr X continuous.

| X | 0] [EX |
Bin(n, p) (DL —p)™F for k € {0,1,...,n} pn
Hypergeom(A, B, n) (‘2) (nfk)/(A:B) for k € {0,1,...,min{4,n}} ﬁgn
Poi()\) e for k €{0,1,2,...} A
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Problem 1. (20 points) Let X1, X, be random variables with joint pdf

2z HO0<z<land 0< 2o <1,
fzy,22) = ]
0 otherwise.

a. (10 points) Are X1, X» 1ndependent7 You must justify your answer.

;f@g shvice F(x, % )< )ﬁ- (WQ here F(x)- 5 i
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b. (10 points) Defining the random variable Y := X; — X3, compute the pdf
g(y) for Y for all y in R.

Lt Yo M= X 1 esa)e (0)%(01)
7 j& {i ¥ Y, =X
aiﬂff";/&@ﬁj (; <+

Pﬁgﬁ“fx 2 Thout WW W‘\nv@v"(}b\@ Me—at VM“%\@S)
Lwnee 5( \(—%Y =S, Y.;J _[)U/ fﬁ”ﬂ)—) },\‘—ﬂ,\*s Y@SW ’T" W’)

gz 3 gy&% Y =Y, =5V, )Y) I — ,
A= y
The Tewcbion J= Ae{’[% 3%3‘]:Aaj([4 ﬂ,fi S
28z 93 O

?‘51 rd

P ( g >€T {@ ﬁ Wisire w@um% <
5= i) 54N {%‘L H'ng;j% )

4 gf@
W%(e =Y e ngw <
@( %) j 3(@4;‘”}9’7‘3& S gaadidl ba "p =

d= s !;4?;4 9 & o y Y4 pls
9 e _ L o<q, <] | Y pig
j -0 20" [%]‘350 by) 7%

N ; E fs@
ga;;ﬂ»f @M%Weﬂfwwg} e s o U'WW'S

v{i/”"i’p kD 5 ?&{’?ﬁj@j




3

Problem 2. (15 points) Assume that a 10 person committee is chosen from
among 60 women and 30 men, with all possible choices equally likely. Let X
denote the number of women on the committee, and ¥ the number of men
on the committee.

A "
a. (5 points) Calculate EX. X = %@@%&W (@)3%3 ’ibj)

el 60 . (O 2
o EX= g M= g0 107 2 AR: 03

b. (10 points) Calculate B(X —Y). \{;/g@w)( AAAAA

s> EY)EE(x—(10-x))
= [(2x-10))
=2 EX—-10
“2:(%)-10 - §- %+

Problem 3. (15 points) Let X be a discrete random variable whose values
lie in {0,1,2,...,n}. Prove that

EX=Pr(X>1)+Pr(X>2)+---+Pr(X >n—1)+Pr(X >n)
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Problem 4. (20 points) Let X be a continuous random variable with pdf

c(z2-1) if —1<z<],
fz) = .

otherwise,

where ¢ is some constant lying in R.

a. (5 points) Find the value of c.
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b. (5 points) Compute EX.
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d. (5 points) If X, X are independent and identically distribute .
the same distribution as X, then what is Pr(X1 > X2)7? | Whrte aﬁ:ﬁﬁ“ﬂ/f@ @(Phcft 5 ‘Fi‘:]
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Problem 5. (15 points total) Let X be a continuous random variable,
uniformly distributed on the interval [0, 4].

a. (10 points) Let ¥ be a continuous random variable chosen uniformly on
the interval [0, z] after knowing the value X = z. Compute the Conditignal
pdf gi(z|ly = 1) = g1(z|1) for all values of z. s
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b. (5 points) Compute the pdf g(z) for Z = X°. é%
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Problem 6. (15 points total) A group of n people walk into a restaurant,
hand their hat to the hat-check attendant, and after dinner, the attendant
hands back one of the hats uniformly at random to each person.

Let X be the random variable which is the number of people that receive
their own hat. Compute EX.

(Hint: Try writing X as a sum of simpler indicator random variables, that
is, random variables that take on values 0 or 1.)
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