







































































































Chromatic polynomials BondyMurty 8 4

In an unsuccessful attempt to prove the
4 color Theorem G D Birkhoff 1912 introduced

DEFINITION For amultigraph G V E

the chromaticpolynomial

T G k ofproper vertex
k colorings f 11.2 h

Sometimes
denoted G k Tetaleathat
If inBondyMarty

it's a polynomial in
k

EXAMPLES
For completegraphs Kn

k 1k
k

T ro k k k s k k

cmpᵗEhrÉo
k kck 1 k 2 B 3242k

and Ku k k k 1 k 2 k Ca y



ACTIVE LEARNING Prove this

PROPOSITION For any tree T V E

onehas T.la klk 1
WH Eet tsEi

e g 70 010 b kck 1

Gk does not always factor completely
as Gk k k r k r k rm

s.fi k 11E 31 EEE 3
k1 k23rd k1ˢ b 1 2004

4
11
p

Id
630

k k 1 k 2 k k 172

k k 1 k 27 k 1

k k 1 k 4k 4 k 1

k k 1 Edcib.ie
over IR

124 413 613 3

Cy k doesn'tfactorcompletely but is still a polynomial



THEOREM Birkhoff1912 Birkhoff1946

Let G V E be a multigraph

i G k o if G has any loops D

ii For any non loopedge e of G

G k East Certo

iii If G is simple then TIG k is a

polynomialfunction of k of the form

G k k mk an.sk an.sk accok

where n V1 m IE c G ofconnectedcomponentsofG
with coefficientsalternating in sign so that

every ai 221 542,3

n Nt
g

m let

EXAMPLE
9 k 12 413 6k 3k

proof i shouldbe clear by convention
if G has a self loop
it hasno propercolorings



For ii let's instead show for a non loop e x g

Gre k G k Gle k

because

proper1peons the Ty a T.fi
e fly

i figG

f xy f x fly

proper k coloringly properfghously
of G

For iii show it byinduction on E using ii

BASECASE EKO Then G n isolatedvertices

T G k k k G

noting m Ge m 1 m G 1

n G le n G n

n Ge n G 1 n 1

Ge C G



From ii willvanish if e hadparallelcopies

G b Gre k t a ekT thiophene

k me k an2k an.sk at
pak

1k an.sk ain k Iacok

with di 512,3 exceptmaybe
9116 0

k m k an2k _an.sk ago k

where a a'it e 12,3__ If

There is more one can say about the alternating

coefficients a 11133 appearing in Gk

DEFINITION Given G V E pick an ordering

E hence c em of the edges and then

call a subset BCE a broken circuit if there is

some cycle C ei eis clip in G

and B 4 e c eir C 19dg

THEOREM Whitney1932

G k Inian k
where are Inftinottiencities



EXAMPLE G Cy do E asbacad

G contains only one cycle C a b c d

sothere is onlyonebrokencircuit B b c d C a

A containing
nobrokencircuit

1A Cyk

0 31 94 k
a 1

4 93 4k

d
ab 2
as
ad 6k
be 6 as

abc
y3 a 3k

Tdd

Whitney's Theorem is not so hard to proveby

induction on IE using

Gk t.GGe.kl fGe k but let's skip it



There is an interesting interpretation for the sum Iai
THEOREM For amultigraph G V E

stanley's 1973
ai e it G 1t color

Tumi
acyclis orientations ofE

choiceof offing foreachedge
oy

creating no directed giles

EXAMPLES
For trees T V E

we saw T T b a k k 1

set k 7 multiplyby1 17

1 1 T 1 G A 2

2 2m where m El

TO acyclicorientations
of T

sinie all orientations are

acyclic
040 0 040 0 0 0 0 070 0

50 00 o og o p
23 8



For completegraphs
kn k k k 1 k 2 k n n

set k 7 multiplyby117

GJ Kn 1 55 1 f 2 3 n

n

acyclicorientations
of Kn

since they are in bijection with
linear orders on 91,2 3 n

make it if is in the order

EXAMPIE
20

K3
03

20 0

10 03,0 03,0 03,0 03,07 03,0 503

142 3 143 2 241 3 2 341 3 142 3 2 1

proof of Stanley'sThem

First since G k k anktan.sk
Eentiaiki

one has Gita 1 CD ftp.iaifi

Eai



Letting as G acyclicorientationsofG

one can show as G 11 G 1 by

induction on m El
BASECASE m o so G with no edges

has G k km

c75 G 1 AMMM Iac G

INDUCTIVE STEP M 21

CASE 1 G contains a loop
Then G k 0 FIP
so i G 1 0 Iac G

CASE 2 G has no loops
Pick a non loopedge e His and use this

LEMMA as G as G e a Ge

Prod Let ACCG acyclicorientationsnot G

Thendefine a map
AC G AC G e

a AloneEliastoG e



We'llcounthowmanypre images F s one

has for three cases of I AC Gre

CASEA IF 5 1 2

I has no directedpaths 19

and no directedpaths y x

Notethat such I bijestwith AC Ge

CASEB IF 2 1 oftom

I has a path x 1g but none y x

CASEC IF 5 1 oftom

I has a path y ex but none x y

CASED F 2 0 I hasbothpaths
into.si ETinEE yclic



Hence as G ACCG ad

2111lt iEshlEiel
2x β 8

at β t

as G e as Gre

proving the LEMMA

Now we can induct on IE to show all G HF G 1

ac G ac Ge ac Ge

eDo care 1 i Ge 1
induction

C1 are 1 Ge 1

Had em CG 1



REMARK The chromaticpolynomial

G k has a root at k m

G has no proper vertexm coloring

G m

eg G 1 0 X G 1 G has an edge

TCG27 0 G 2 G is non bipartite

Onthe otherhand EEYTG 3 to G 3 G outerplantar

CG 4 0 G 4 G planar

is a rephrasing of the 4
colortheorem

Birkhoff hoped to understand
roots of chromatic

polynomials T G k wellenough for Gplanar

toshow G 4 0 But nobody

has ever completed this approach
so far


